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Abstract

We consider stochastic optimization of not necessarily additive but recursive util-
ities over multi-stage decision processes. Without assuming any monotonicity, we
optimize a regular process through a direct dynamic programming approach. On the
regular decision process, we propose two related conditional decision processes: an a
posteriori conditional decision process and an a priori. When the Markov transition
law degenerates into a deterministic dynamics, the two conditional processes reduce
to the same deterministic decision process. The conditional processes with mono-
tonicity are optimized by the usual backward dynamic programming. We show that
under additional convexity the regular process dominates the a priori in maximum
value function and the priori does the a posteriori. We show that the a posteriori pro-
cess illustrates Kreps and Porteus’s dynamic choice problem. The numerical example .
also verifies the dominace relation in three optimal value functions.

1 Introductio_n

In this paper we are concerned with a broad class of multi-stage stochastic decision pro-
cesses with recursive utility system. It is well known that a dynamic programming re-
cursive equation is valid under both separability and monotonicity in criterion function
([11,(5],6],22},[23],(26],(27]). The criterion for stochastic optimization problem is the ex-
pected value, which is a multiple summation in discrete process ([4],[7],{10],{11],[18],{19],
[25]). The expected value of additive or multiplicative utility is easily decomposed into the
current (immediate) return and the resulting remaining. Thus the expected value is sepa-
rable, because of lineality of expectation operator. Of course, it is monotone. We forcus on
the decomposition (separability and monotonicity) of the ezpected value of nonadditively
recursive utility, which is generated by the recursive system.

In Section 2, we optimize a regular process without an explicit monotonicity through a
direct dynamic programming approach. .

In Section 3, in contrast to the regular decision process, we propose two related condi-
tional decision processes, which admit separability and monotonicity. One is an a posteriori
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conditional decision process. The other is an a priori. The conditional processes are op-
timized by the usual backward dynamic programming. We show that for-a deterministic
dynamics the two conditional decision processes reduce to a common deterministic decision
process.

In Section 4, we cmpare three decision processes under convexity or concavity. It is shown
that, for convex utility system, the maximum value function of regular process dominates
that of a priori, which in turn dominates that of a posteriori and that the dominance is
reversed for concave system.

In Section 5, we illustrate three decision processes through a three-state, two-decision and
two-stage model. We show that Kreps and Porteus’s dynamic choice problem is nothing
but an a posteriori decision precess.

2 Regular Decision Process
Throughout the paper, the following data is given :

N > 2 is an integer; the total number of stages

X = {sy, $3,...,8p} is a finite state space

U ={ai, as,...,aq} is a finite action space

gn: X x U x R' — R! is an n-th utility function (1 s n < N)

k: X — R! is a terminal utility function - ' : (1)
p is a Markov transition law

p(ylz,u) >0 V(xuy)EXxeX > pylz,u) =1 Y(z,u) € X xU
yex

y ~ p(* |z, u) denotes that next state y conditioned on state z and action u
appears with probability p(y|z, u).

We use the following notations :

X" := X x X--+ x X (n-times)
Hpo=XxUxXxUx---xX ((2n— 1)-factors)

h’n = ($1,U1,$2, Uz, ... 1:rn)
9n(Gns1(- - - gn (k) --+))
= gn(xm Un; gn+1(a:n+11 Untly- -y gN(xN, UN; k(xN,-H)) °e ))

E; g1(g2(- - gn (k) -+ ) -
=30y gu(, vy go(Ta, U -5 g (N, uN; B(ZN4)) )
(2, TN+1)EXN
XP(Z2|Z1, U1)p(T3| T2, Ug) - - P(TN41|TN, UN) }
| (unzan(:nl,...,xn) 1<n<N)
EX =" l(y)p(ylz,u) for I =1()

yeX
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As a regular decision process, we consider the followmg optimization problem subject to a
succesive constraint :

Maximize EZ 2.91(92(- -~ gn (k) - -+)) (2)
subject to  ()a Tnsr ~ (1 Zn,un), un €U 1<n<N

where E7, denotes the (regilar) expectation operator on X" induced from the conditional
probability functions p(Zni1|Ta,un), & general policy ¢ = {01,09,...,0n} and an initial
state x;.
We derive dlrectly a recursive formula for this process. Let us consider for any given
n(1<n<N+1), hy, = (z1,u1,T2,Us,...,Z,) € H, the maximization problem :

Un(hn) = M;?‘x Ep [91(---gn(k) )| ()n n<m<N] h,€H, 1<n<N(3)
Unt1(hn) = gz, ug; - s gn (TN, U B(Zn41)) -+ 7) At € Hya (4)
where the sequence of action and state (un, Zni1, Unt1, - - - , UN, 41 after starting state h,
is governed stochastically by a primitive policy p = {tn, tin+1, ..., un} consisting of decision

functions
Pm Hn—U n<m<N (5)

as follows :

“n(hn) = Uy — p(. I-'Dmun> ~ Tn+l

= pni1 (A1) = Ungr = P |Trt1s Uni1) ~ Tngz

— o+ = un(hy) =un — p(*|zNn, UN) ~ TN (6)
The maximization is taken for all primitive policies u for the subprocess starting from state
hn € H, at stage n and terminating at state Ay4; € Hy4;. Note that any primitive policy

t = {pn; bbnt1, ..., pn} for the subprocess yields the expected value in (3) defined by the
multiple summation :

EL loi(---gn(k) ) (Dm n<m < N
ZZZ 91(331;1/:13"';gN(.’EN,uN;k(:r?'V_H))...)

(TrtipeTNg1)EXN-—1+1

XP(Tns1]|ZTn, Un) - P(TN41|TN, UN)- (7)

Then we have the recursive equation between value v,(h) and two-variable function
vn+1(h7'7'): A

Theorem 1
vn(h) = Meach;‘vnH(h, v,’) h€H, n=12,...,N | (8)
un+1(h) = gu(T1, w5 - 59N (TN, uni B(Zna)) - 1) B € Hyaa (9)

Proof The addition a+b: R' x R' — R is commutative, associative, and distributive
over multiplication x. These properties imply the validity of recursive formula (8). a
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Solving the recursive equation (8) yields an n-th optimal decision function yy, : H,— U.
- As a whole, we have a primitive optimal policy

»u —{“1:/'527 s/J"I‘V}

By successively projecting the optlmal demsmn function yf, : H, — U onto the original
state space X™, we obtain a general optimal policy

o* = {07,03,...,0x5}

as follows :

o1(z1) == pi(h) (b =1z )
03(z1,22) 1= ps(he) (hg = (z1,u1,22), ur = pi(h1))
03(1, 2, 23) = p3(hs) (hs = (he,uz, 73), uz = ps(hs)) (10)

0}($1,-’1?2,-_-- T ) —MN( ) (hN—(hN-huN-thN) uN—lz_/J*N—l(hN—l))-

3 Conditional Decision Processes

~ In this section, we propose two conditional optimization problems subject to the successive
constraint; one is an a posteriori conditional decision process and the other an a priori.
Throughout this section, we consider the class of all Markov policies on the original state
space X. Note that any Markov policy 7 = {m, 72, ..., *x} is specified by a sequence of
Markov decision functions : -
:X—-U 1<n<N. (11)

We assume that the utlhty system {gn(x u; )} is monotone with respect to the third-
variable :
a<b = gulz,y; a) < ga(z, u; b). (12)

Then we are concerned with optimization of expected value of the backward accumulated
returns :

Ez,91(g2(- - gn(K) - -+))
ZZ Z 91(71, w15 g2 (%2, U2 -+ s g (T, un; K(TN41)) -+ )

(z2, @ N 1)EXN '
Xp(x2|21, u1)p(T3]|T2, U2) - - - D(Tn+1]|TN, UN) - (13)

where the sequence of actions are determined through Markov policy = :
Up =Tn(Tn) 1< N

The multiple summation (13) is not necessarily decomposed into iterative (or repeated)
summation. We present two types of decomposition by taking backward expectations.
In the following subsections, we optimize such decomposed forms in the class of Markov
policies.
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3.1 A Posteriori Conditional Decisi_on Process -

First, we take at each stage backward conditional expectation of remaining process after
performing take-action for regular decision process. This generates an a posteriori condi-
tional decision process as follows:

Maximize g1(z1,u1; B3l ga(2a, ug; -« ; Ezitgn(zn,un; EpNE)--4))  (14)

subject to (i) Znt1 ~ (| Zn,un), U, €U 1< n<N.

Here we note ‘that
Bl =Y I@)p(yle,w) for 1=1(). (15)

yeX
For the sake of simplicity we use the following short notations :

E" = Ezrl ' (16)
I E™) = gn(Tn,un; EM) 1<n<N. (17)
Thus the objective function in (14) is written as follows :
91(E ga(--- ENIgn(ENE) - 4)) |
= (@1, w; E3} 9222, ua; - -5 Eg¥-ign(an, un; E2NE) -+ ). (18)
We should remark that Markov policy = is implicit in the notation E™ in (18). That is,
E" =E;*l, up=mn(z,) 1<n<N. (19)

Thus the a posteriori conditional expected value in (14) is not always equal to the called
expected value (13). That is, in general, the equality

EZ91(g2(-- - gn(k)-+4)) = qi(E'ga(--- EN"Lgn(ENE)-- ) - (20)

does not hold. However, two typical processes admit the equality (20). One is the additive
process : gn(Z,u; h) = gn(x, w)+h. The other is the multiplicative process with nonnegative
stage-wise return : gn(z,u; k) = go(z,u) X b (gn(z,uw) > 0). Throughout the remainder,
we are mainly concerned with the class of processes which do not admit the equality (20).
Let us consider for any given n (1 <n < N +1), z, € X the maximization problem :

Wn(%n) = Max [ga(E"Gnsi(--- BV gn(EVE)--)) | ()m n<m<N]  (21)
Wy (Tne1) = k("L'N;l-l)- (22)

Then we have the recursive equation between value wy,(z) and one-variable function wpy; =
Wni1(+): '

Theorem 2
Wn(z) = I\/Ieag{gn(x,u;E;‘wnH) ze€X, n=12...,.N (23)
wys(z) =k(z) zeX. (24)
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Proof The monotonicity in utility systems implies the validity of the recursive formula.
a
The validity of recursive formula (23),(24) is equivalent to the validity of equality
Mex g1(E'gz - BN gn(EVE) )
= N,Ir?x a(E* ng g2(- .- ENT1 l\/}%x gN(ENk) “++)) (25)
(Un = mn(zn) 1 <n < N).

We remark that the a posteriori cdp (14) is expressed in the following problem with |

backward aggregated return-variables {m,(-)}A3:

Maximize m;(z1)

subject to  ()a ZTny1 ~ P12, un), un €U 1< N (26)
(i) myp(zn1) = k(@N41)
(iil)y Mp = gn(E"Mpy1) N2n2>1L

3.2 A Priori Conditional Decision Process

Second, before in turn performing take-action for regular decision process, we take at each
stage backward conditional expectation of remaining process. This generates the following
a priori conditional decision process: ’

Maximize E;‘llgl(zl,ul;Eﬂjgg(xz,m;---;E;‘ggN(mN,uN;k)---)) (27

subject to  ()a Tn+1 ~ P(*|Zn,Un), un €U 1<n <N,
Here we note that

Elgn(z,ul) = Y gulz,ui l(y))p(ylz,w) for I =1(-). (28)

yeX
We use the following short notations :
E™gn(l) := E™gn(Zn, Un; 1) := Ep"gn(Tn, un;l) 1<n<N. (29)
Henceforth,.the objective function in (27) is Written as follows :
E'g1(E?gs(--- EVgn(K)---))
= E;‘fg1($1,ul; E;‘fgz(wz, Us 3 E;‘ggzv(mzv,um k)---))- (30)
In the above notation E™, the relevant Markov policy 7 is also implicit : |
E*ga(l) = E¥ga(l),  tn=7n(za) 1Sn<N. (31)

We remark that the a priori conditonal expected value in (27) is not always identical
with the a posteriori in (14). It may also different from the so-called expected value (13).
However, the three expected values are identical both for the additive process and for the
multiplicative process. The reason is nothing but the linearity of the expectation operator.
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Let us consider for any given n (1 <n < N +1), z, € X the maximization problem :
Wo(2n) = Max [E"gn(E™ gni1(-+- EVgn(k)--)) | ()m n<m<N] (32)
Wyii(zns1) = k(zn41)- | (33)

Then we have the recursive equation between value Wy, (z) and one-variable function
‘Wn+1 = n+1('):

Theorem 3

Wa(z) = I\/Ieach;‘gn(m, uyWon) z€X, n=1,2,...,N (34)
Wisi(z) = k(z) zeX. (35)
Proof  The monotonicity also implies the validity of the recursive formula. m]

The recursive formula (34),(35) states the equality
Max E'gi(E®gs(--- EVgn (k) -+ -))
= Max E'g,(Max E?gy(- - - Max EVgn(k) - -)). (36)
We remark that the a priori cdp (27) is stated in the following problem with backward
aggregated return-variables {m,(-)}\+1:
Maximize my(z;) ) R
subject to  ()n Zn+1 ~ 0(*|Zn,Up), U €U 1<n<N (37)

(i) myu(@ven) = k(zng)
(ili)a Mp = E"ga(Mmny) N2n2>1

3.3 Deterministic Decision Process

We consider the special dynamics where the Markov transition law p = p(y|z, v) degener-
ates into a deterministic dynamics :

f = f(z,u) represents the successor state of z for action w. (38)

(See also [5],(6],[8]). Then we have no difference between the a posterior conditional decision
process and the a priori process :

Maximize g; (21, w; 9o(z2, ug; - -+ N (TN, UN; k(Zn41)) - ')) (39)
subject to  (i)n f(ZTn,Un) = Tnt1, Un €U 1<n<N

Then the correponding optimal value functions {v,(-)} satisfy the following :
Corollary 1 _
(i)  Wa(z) =wn(z) =wa(z) ze€X - (40)

(ll) 'U‘n-(m) = l\fea'[}(gn(myu ;Un-i-l(f(x: u)) S X; n= 17 2, s aN (41)

un+1(z) = k(z) z€ X. (42)
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4 Convexity/Concavity

In this section, we compare the optimal value functions of regular, a priori and a posteriori
decision processes under an additional convexity or concavity. We say that utility system
{gn} is convez (resp. concave) if gn(z,u;-) : R! — R! is convex (resp. concave) for
(z,u) € X xU, 1<n< N, '

Theorem 4 Let utility system {gn} be convex. Then we have

EZ, gn(gns1(--- gn(k) -+ ) -
> E"gu(E"gnii(--- ENgn(k)--+)) (43)
2 gn(Enng-l(‘ ©t EN—lgN(ENk) e ))

for any Markov policy ® = {my, Tny1, ..., *n}. The inequalities are reversed under concavity.

Proof We prove the inequalities for two-stage convex processes, because the inequalities’
for N-stage processes are similarly proved. First we note that the convexity implies

Egg(znuil) 2 gz w; Bgll)

and
E¥2gy(z1,u1; g2(%2, u2s ) > g1(21, ur; ER2ga(22, ugi k)
where |
,Ei‘igx(whul;gz(mz,uz;k)) = ;Xgl(zl,m;%(@m%k($3>))P($3|$2,U2)
z3
g1(z1,u1; B2 ga(m2, u2i k) = g1(Z1, wi; nggz(:rz,w;k(ws))p(xslwz,uz))-
x3 .

Since the expectation operator £} is monotone, we have

Ez 91(21, us; 9o(z2, up; k)
= EPE;20:(%1, w; g2(T2, uz; k)

2
2 nggl(fﬂl,ul;Eg§92($2,u2;k))-
This implies ;
ET g1(g2(k)) > E'g1(E%gs(K)). (44)
Second, we have .
E22go(20, u; k) 2> ga(2, ug; EZ2K).

This together with monotonicity of gi(z1,u;; ) implies
g1(z1, w; E;§92($2,U2; k) > gi(z1,u1; ga(z2, u; E;‘ik)) (45)
Thus by taking expectation operator E}! on both hand-sides, we get |

E¥ gi(z1,u; B2 ga(22, U0 k) = Eglgi(z1, 1 ga(2, v EZ3E))
> g1z, wi; EGlga(22, up; EZ3K))

1
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which implies _
E'g(Egy(k)) > g1(E"g2( E*K)). (46)
This completes the proof. |

Theorem 5 Let utility system {gn} be convez. Then we have for any givenn (1 <n < N )

(i) 'Un(hn) 2 91(3.'71,‘ Up;- - ;gn—l(xn—l: Un-1,; Wn(xn)) °r )
' 2 q1(Z1, %5 5 g1 (Tt Un—1; Wa(Zn)) - - 2) (47)
hn = (21, u1, 22, U, ...,2T,) € Hy,
(i)  Wal(zn) 2 wa(z,) ZTpn € Sp.

The inequalities are reversed for minimization problems under concavity.

Proof =~ We show the inequalities for two-stage convex processes, because the inequalities
for N-stage processes are similarly shown. First we note

Us(ivl,uniz,uz,fﬂs) = .91(5617”1;92(932,“2; Ws(x3))), Wa(z3) = ws(x3) = k(x3).

Let 73 : X — U be an optimal (Markov) decision function for the remaining one-stage a
priori process. Then we have

E3iga(z2,upi k) = Walza)  uj = m3().
* From the definition of vy(+) and convexity of g;(z1,us;-) we have

v(Z1,u1,T2) > E;tégl(xlyul;QZ(x%u;; k))
> gi(m1,w; Eg2ga(ze, us; k))
91(z1, uy; Wa(22)).

Further we get

’Ul(.’El) Mr?x '1]2(1'1,'&1,1'2)

v

Max g1(z1,w; We)
Wi(z1). |

Second, taking maximum operator Nfng on both hand-sides

E?gy(k) 2 g2(E%k) |

we have
W2($2) 2 wg(.’lfz).

Further by succesive operation of Max, Mrax for
2 1

E'g1(E*g2(k)) = 91(E" g2(E®k))
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we get
W]_(l‘l) Z wl(ml).

This completes the proof. a

Example 1. (Non-additive/Additive Utility System [11])  Let
9n(7,u; ) = [ga(m,w) + h]V® ga(z,u) 20, a>0. (48)

Then gn(z,; ) is increasing on [0,00). f 0 < & < 1 (resp. @ > 1), it is concave (resp.
convex). Then the utility function (48) generates the recursive utility :.
(g1(z1, u1) + g2(22, u2) + - - - + gn(Tw, un) + k(@ n41)) e
If o = 1, it is linear. The resulting utility is additive :
qi(@1,u1) + ga2(@2,u2) + - - + gn (@, un) + k(zn).
Example 2. (Maximum/Minimum Utility System [9],[12],{13],(14],[15],[16],{17])  Let
Gu(Z,u; B) = gn(z,¥) VA (resp. ga(z,u) Ah)  — 00 < gu(z,u) < 00. (49)

Then gn(z,u;-) is nondecreasing and convex (resp. concave) on R!. The utility system
yields the maximum (resp. minimum) utility : '

gi(z1,w) V ga(Ta, u2) V- -+ V gn(zn, un) V E(ZN41)
(resp. g1(z1,u1) A ga(T2,u2) A+ -+ A gn(zn, un) A k(ZN4)-)

5 Examples

In this section, we illustrate three decision processes; a regular decision process and two
conditional decision processes. One conditional decision process is the dynamic choice
theory which has been originally introduced by Kreps and Porteus ([20],[21]). The other is
its a priori process. In this section, we consider the utility system {gn(z,u; I} as follows

9n(z, 4 1) = [gn(w) + ATV (gn(u) 20, & >0). (50)

(see also Epstein and Zin [3] and Ozaki and Streufert [24]). For the sake of simplicity we
take the case N =2, o = 2 over Bellman and Zadeh’s data (2, pp. B154]:

k(s;) =03  k(s2) =10 - k(s3) =038 (51)
g2(a1) =1.0  go(az) = 0.6 (52)
(@) =07  gi(az) =10 (53)
U =0 U = ap "
TeN\Tepr | 81 52 83 Ty \Typr | S1 S22 83
S1 0.8 0.1 0.1 : S1 0.1 09 0.0
S9 0.0 0.1 09 So 08 01 01

S3 08 0.1 0.1 83 0.1 0.0 09
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5.1 Regular Decision Process
First we note that

g1(z1,u1; 92 (332_, ug; k(z3)))
[92(w1) + ([g2(uz2) + K*(z3)] /%)% /2
= (qi(w) + ga(ug) + K*(z3)) 2. (54)

Then the resulting optimal equations (8),(9) reduce to the recursive equations :

va(ha) = "(g1(u1) + ga(up) + K*(23))"/?

va(hg) = ngz?}é(hz,U27$3)P($3lxzyuz) (55)
z3
vi(z1) = Mﬁxzvz(xhu1;$2)P($2|$1,u1)
T2
where
Max = Max |, = . 56
Un unE{al,GZ} ; mne{gvz,sa} . ( )
First, we have vs(hs); hs = (21, U1, T2, us, T3): '
7)3('79_17 ',U2,2?3) ’1)3_(',22_, ',’U,2,.’E3)
ug \ 23| s Sa - 83 Cug\z3| s S9 S3
a 1.3379 1.6432 1.5297 ay 1.4457 1.7321 1.6248
as 1.1790 1.5166 1.3928 as 1.3000 1.6125 1.4967

Second we calculate vz(hz); hy = (z1, up, z2):

'U2( ) u17$2)7 .u';( ©y Un, -T2)

Uy \ T2 | S1 S2 S3
ay 1.4828, a; 1.5411, a; 1.3876, q;
as 1.5813, as 1.6355, a; 1.4923, a,

Here we note that
v3(Z1, U1, T2, Up, T3) = V3(TY, Uy, Th, Un, T3) "Xy, T, 24, 3h € X
Vo(Z1, W, T2) = v2(T], U, T2)  Vxp,z) € X
Finally, we get
vi(s1) = 1.6301, w(se) = 1.5778, w;(s3) = 1.5012
pi(s1) =a,  pi(s2) = a2,  pi(ss) = a.

The optimal primitive policy g = {pi,ps} yields an optimal general policy o* =
{of, 03}

*a{'(sl) = ay, aL(sz) = ag, a{(sa) = ay (57)
05(s1,81) = ag, 02(32:31) =az, 03(83,81) = ay
U;(sh 32) = ay, 0;(32.7.32) = ay, 0.;(8,37 32) =ay (58)

05(31,33) =a 05(32,33) = a1, | 05(33753) =ay.

Note that this optimal general policy o* is Markov.



5.2 Dynamic Choice Process

We consider the following conditional optimization problem :

Maximize [g1(w1) + (B2 [ga(u2) + (E22k)%)M%))H/?

1
subject to  (i)n ZTnt1 ~ D1 ZTnyus), un € {a1,82} n=1,2

40

(59)

Then, the “deterministic” dynamic programming technique, as we have already pointed

in §3.1, yields the identity

Mﬂ_aX [g1(w1) + (B} [g2(u2) + (E::k)z]l/z)z ]1/2

= Max [g1(w) + (Ez! Max [ga(u) + (E22k)/%)? V2

(un = mn(zn) n=1,2).
This reduces to the recurrence equations :

w3(x3) = k‘(.’L‘3)
wa(T2) = %gx[gz(uz) + (D ws(zs)p(zs|z2, ug))? |12

T3

wi(z;) = Max{gi(w) + (D wa(z2))p(walzs, w))* ]2

T2

We have the following optimal solution for the a posteriori conditional process :

ws(s1) = 0.3, ws(sz) =1.0, ws(s3) =08

wa(sy) = 1.2103, wa(sg) = 1.2932, wy(s3) = 1.0846

ma(s1) = az, mas2) = a1, wa(s3z) =a,

wi(s1) = 1.6282,  wi(sg) = 1.5667, wi(s3) = 1.4845
7T1(31) = ay, 7T1(32) = G2, 71(33) = aa.

Now we evaluate g;(z1, u1; wa(z2)):

g1( -, uy; wa(z2))

up \ Z2 l 31 S2 S3
a; 1.4713 . 1.5403 1.3698
as 1.5700 1.6347 1.4753.

where |
91(+, ur; wa(22)) = [g1(w) + wh(z2)] /2

(60)

(61)
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As an a aprior procees for the Kreps and Porteus’s process ([20],[21]), we consider the

following problem :

Maximize E%(g1(u1) + (E¥2[ga(ug) + k?]1/2)2]1/2

1

SubjeCt to (i)n Tnt+1 ™ p(.‘ ZIn, un), Up € {alaa@} n= 1a 2.

Then, for the preceding data, the corresponding recursive equation

Ws(z3) = k(z3)
Wa(zs) = Max 3 [ ga(ua) + W3(z3) 11/2p(x3]z2, uz)

Wi(z1) = Max [ g1(wr) + Wi(z2) | 2p(aaley, w)

yields in turn
Ws(s1) = 0.3, Wa(sz) =1.0, Wi(ss) =0.8,

Wa(s;) = 1.2215, Wy(sy) = 1.2040, Wy(ss) = 1.1047

T5(s1) =@z, my(s2) =a;, my(s3) = a,

Wi(s1) = 1.6207, Wy(ss) = 1.5754, Wi(ss) = 1.4990
m1(s1) = as, 7(s2) =as, 7i(s3) = as. |
Now we evaluate g;(z1, u1; Wa(z2)):

g1(+,ur; Wa(zz))

uy \ Zo l 81 S2 53
a; 1.4806 1.5409 1.3858
as 1.5786 1.6354 1.4901

where :
gi1( -, u1; Wa(22)) = [g1(w1) + W2(z2)] 2.

Finally we observe that

v3(Z1, U1, Tz, Up, T3) = g1 (5221, u1; g2(%2, uz; Wa(23))) = g1(21, u1; ga(T2, up; wa(3)))

V(21 w1, T2) > g1(z1, ug; Wa(z2)) = g1z, ur; wa(z2))
v1(z1) 2 Wilz;) > wi(z)

and

k(z3) = W3(z3) = ws(x3)
Wa(z2) > wa(zs).

(67)

(68)

(74)

(75)
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