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On the characters of Wenzl’s (3,1)-diagram
representatlons of the Iwahori-Hecke algebras

a,t\/_

Hiroyuki Yamane
Seiji Kono

§ 1. Wenzl’s (k,!)-diagram representations

(1.1) Throughout this note, we assume q to be a non-zero compler number. Let N,
Z, R, C be the set of natural numbers, the additive group of integers, the field of real
numbers, the field of complex numbers, respectively, For n € N, define H,(q) to be the
C-algebra (with 1) by the generators T}, 1 <4 < n — 1, and the relations:

(T; - )T +1) =0, TTnT = Ty T, TLT; =TT (Ji — 5] > 2).

The algebra H,,(q) is called the Jwahori-Hecke algebra af type A,. Let C* = C\ {0} and
=N\ {1}. Let1: C* — N' U {oo} be the map such that

r=2 t=0
400 otherwise.

s r—1
1(g) = { min{a € N'|¢* =1} if J[(3¢") =0 for some s € N,

Let Z, = {0} UN. Put Z¢ = {(z1, 22,...) € Z®|z; € Z,(: € N)}. For i € N,
let p; : Z3¥ — Z, be the map such that p;(z;zy,...) = z;. An element X of ZY
is called a partition if pi(A) > piya(A) for any ¢ € N and there exists j € N such
that p;(A) = 0. Let A be the set of partitions. Let k : A — Z, be the map such
that k()\) = min{j € N|p;(A) = 0} —1. Let n : A — Z, be the map such that

n(A) = TP pi(A). Forn € Zy, let A, = {X € Aln()) = n}. For k € Z,, let
AF = {X € Alk()\) = k).

(1.2) Let 6 =(0,0,...) € A, and let A’ = A\ {¢}. For | € N' U {400}, let

AD = {8} U A€ N [K() < T-1, pi(d) = pry(N) S T k(N }.

Fork,1<k<l—1,let A®D = Uk_,(A® N Alra=R)  Note that AW = Ui<k<i— 1A®D and
A(+°°) = A. Let A(') = A0 N A, and A(" b = AkD N A,. The element A € A will also be
denoted by

[ =1}l =2} . )
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if X € N, and [0] if A = 4. For example, we have A’ = {[0]}, A = {[1]} and
AP = (2], [17]}.

(1.3) For p1, X € A, we write g ™ XN if g, A € A®D and p; (n) < p,()\) for any i,
1<i<k. Wewr1tepC+1))\ if pc™ ))\andn(p) n(Xx) — 1. ForuC+1 A, put

) = S (i) i), and el ) =, cnoy ()

i=0

(1.4) For 1 c*" A, we set n(A/p) = n(A) —n(u), and call an element (Ag, A1, . .., An(r/u))
of Am(y X Am(ay+1 X+ -+ X Ay 2 (k,1)-standard tabuleau of \/p if Ag =-p, An(d/uy =-A
and A; ) i1, 1 < i < n()/ p) — 1. Let STab®()) denote the set of (k,{)-standard
tableaux of M.

(1.5) A standard tabuleau (Ao, Ay, ..., Anga/s)) € STab®D(\/p) will also be denoted by
the table such that the i-th Arabic figure is put on (r(X\i_1, Ai), €(Ai—1, A;))-position.

(1.6) Example. |
| (Lo s
. ‘ Tal T 23 Y .
ST =] {2 M) =,
(B} if1=3
(1.7) For p c™” A, and for ¢, 0 < i < n(A/p), let h; : STab® DN p) — Aflk(‘?m be the map
such that h;(x) is the i-th component of :c, and let f; : STab®D(A/u) — STab®D(A/p)

be the map such that fi(t) = (ho(t),...,hi-1(t),, hir1(t), ..., hu(r/)) if there exists an

element v of A®D with h;_4(t) C(k < CHI hiy1(t) and v=th; (t), and f;(t) = t otherwise.

For « C e C(fll) v, put

d(a, B,7) = c(a, B) — ¢(8,7) + (8,7) — r(a, ).
For t € STab®)(\/p) and i, 1 <4 < n(A/p) — 1, put d(t;d) = d(hi1(t), hi(t), hip1 (t)).

(1.8) Forge C*,and ford € Z,1 < |[d| < 1(q) — 1, put

1-2
ba(q) = — lim 10

and let cy(q) € {w € Cllmw > 0} U {z € R|z > 0} be such that

s v 2(1 =241 = 24
Cd(Q) = ;1_,(1 (1 _ zd)2
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Note that b;(¢) = —1, b-1(¢) = ¢.

Theorem (1.9) ([Wenzl]). (i) Let ¢ € C*, and let k € N be such that k < 1(q) — L.
Let p, A € ABXD) be such that p CFND) X, Let V/\(Z’} @) pe q C-vector space with a basis

{v |t € STab®¥D(\/u)}. Then there exists a representation Wf\';’;(")) : Huoyu(9) —
End(VA(f,“;‘l(q”) of Hua/uy(q) such that

Ry = | ban(@v+ caun(@vn 1 S8 7S,
M ot baesi(@)ve otherwise

1<i<n(\/p)—1).
( |

(i) For A € AU@), Jot 71\ @ = 73D Then 7D is irreducible. For p, A € AL,
p#X, 7 and 78D are not equivalent.

(iii) Let 1(q) > n. Then H,(q) is semisimple, AMD) = A, and {70 N e A isa
complete set of irreducible representations of Ha(g).

§2. Note on irreducible characters

(2.1) Denote by H,(g)* the C-vector space of C-linear maps of H,(g) into C. If an
element f € H,(¢)* satisfies the condition such that

YX,"Y € Ho(g) f(XY -YX) =0,

we call f a class function of H,(q). Denote by CF(H,(q)) the set of the class functions
of Hy(q). For A € Al®) denote by W) the character Trace o 74, Tt is clear that
X € CF(Ha(g))-

Fork,meN,1<m<k<n,put

Smk = (Them T (Themsr - Ta) - (Thmr- - T)
= (Teem Thet)Thome1 - Tecz) - (Ty - T)-

Then we have Sy 15 = TjomSmp (m+1 < j < k—1) and SppTi = Th-m+iSmp
1<i<m-1).

For a,n € N, 1 < a < n, denote by ¢, ,, the monomorphism of H,(q) into H,(g) such
that 1,,(T) =T; (1 < i < a—1). For X € Hu(q), tan(X) will also be denoted by X. For
kE,meN,1<m<k<n,and for X € Hy(q),Y € Hy-m(q), put

XY = XSh-mz¥ Sitms € Halg).
For f € CF(H,(q)), we have
FXEY) = F(YSiLu X Siomi) = F(YSmaXSih) = FVEX).
We also have f((X£Y)4Z) = f(XH(Y1Z)).
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Let M40 = Trace o ,r(l;(x) 1)

definition of 7,

. The following lemma is easily obtained by the

Lemma (2.2) Let k, m € N; 1 < m < n, and X € Hn(q), Y € Hy_,.(q) .
A € A4@), Then

Wf\l(ﬂ))( XﬁY) o @ 7rg(fl))(X) ® ng;fj)’l(q»(Y).

HEAKOI@)

In pa,rticular, " o
X,\{q))(XﬁY) - Z (l(q))(X)X( (A), (q))(Y).
e AG))

(2.3) For A € AU, denote by e"? a primitive idempotent of H,(q) correspond-
ing to the irreducible representation ﬁ(l(q)). For kK, m, n € N, 1 < m < n, and for

p € ABND e ABKD) \ e Ak, cl@) )| define the integer d*MO)(A: p, v)
to be X(k l("))(e(’(q’)iie(l(‘l))) = x(';l(q)) (e(’(‘f))) Denote by S(N) the group of the bijective
maps of N onto itsself. Let s; € S(N) (i € N) be the map such that pi(si(@)) = piva(a),
pina(3) = i) and () = (@) i, 1+ 1. Let s € S(N) (i € N) be the
map such that pi(s§""(a)) = pr(@) +1, pe(s§" (@) = pa(@) — 1 and p;(s§"(@)) = p;(a)
(j#1, k). Let W®D be the subgroup of S(N) generated by s5” and s; (1 < i < k).
Define 4(k) € A to be (k -1,k —2,...,1,0,...). Goodman-Wenzl [GW] proved:

Theorem (2.4)(|[GW])
A0 Nipr) = Y sgu(w)d®)(w(A+8(k)) - 8(K); 4, v).

weWw (kD)

Since this identity is coincides with the Kac-Walton one, d*D(); u,v) is the same as the
SU(k)-fusion coefficient with level I — k (see [GW]).

(2.5) An element a of ZY is called a composition if there exists j € N such that p;(a) > 0
for i < j and pp(a) = 0 for k > j. Denote by Q the set of the compositions. Let
w : © — A be the map such that w(«) = o(a) for some o € S(N). Let Q, = w™}(A,) and
O =w (A,

(2.6) The maps kow, now of Q into Z, will also be denoted by k, n respectively.
For o € ' and i, 1 < i < k(a), let z;(a) = Ti<jcipj(0) € Z,, and let X(a;7) be the
element of Hy(,)(q) such that X(osé) = T1T5 -+ - Tpya)-1 if pi(e) > 2, and X(asi) =1 if
pi{a) =1. Put :
X(a) = X(a5 18 -+ X (0 (a)).

By the following theorem proved by Ram|[Ram], we see that any class function f : H,(¢) —
C is determined only by the values f(X(X)) (A € A,).
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Theorem (2.7)([Ram]). Let n € N. Then
"X € Ha(g) "ex € C (A € Ay) Yf € CF(Ha(g)) f(X)= Y arf(C(X)

A€A,

We can calculate the coeflicients x)’s via an inductive process.
(2:8) For s, A € AR, 5 CHOD) ), put ACKD (/) = XKD (/) (X ([m(Mw]). Tt

turns out that
A(k,l(q))()\/u) - Z H bd(t;i)(q)-
 teSTab(HHO) (A/u) 1<i<n(M/p)

As an immediate consequence of Lemma (2.2), we have:

Theorem (2.9) Let A € A®D. Let o € Q,,. Then

XE0(X (@) = > TT A®O) i/ piy).

b=pg C(kvl(q))-..c(kvl(q)) Hr=A 7=}
pi(a)=n(p;/u; 1)

Ram[Ram] gave an explicit formula of A®YD) (g, /pu; 1) for 1(g) > n()).

§3. Main result

(3.1) Let I = 1{g). In §3, @ = b means a — b € IZ. For A € AN A()\/4) will
also be denoted by {p1(A),...,py(A)}. I k(X) = 2, we have:

—q o3 r=-1

g 2 a>1l, r=0
{r,r—a}l =4 ¢ 24+¢"! a=0,r=a

—¢° r=a+1

0 otherwise

(3.2) I k() = 3, we have:



{=a+3

{r,r,r} 1>5 g Hr=-1),¢3+¢ 24+ ¢ (r=0),1(r=1), 0(oth)
—_ = 1(r=1,3),-1{r=0,2)
{r,r,r -1} 1>8 g8 (r=-1), ¢4 (r=0), ~1(r=1), 0(oth.)
D 1= C i(r=-1),q(r=0), —1(r=1),0(r =2), —g(r = -2)
— =4 1(r=0,2), ~1(r=1,3)
{r,r,r—a}(a>2) 1>2a+5 g~ (@) (r = ~1), ¢=(a+3) (r = 0), 0 (oth.)
- l=a+4 g(r=0), ~¢® (r = =2), 1(r = ~1), 0(oth.)
—_ l=a+3 | 1(r=0), ¢ (r=-2), ¢ +¢+ §¢*+2(r = 1), 0(oth.)
{r,r=1,r—1} 1>6 —g=t(r=0),1(r=1), ¢(r = 2), 0(oth.)
— {=5 ~q(r=0),1(r=1),q(r=2), ~1(r=3),0(r=4)
— =4 (r=1,3),-1(r=0,2)
{ryr —a,r—a} (a > 2) {2a+5 g~ (r=a), ¢*(r=a+1), 0(oth.)
e =a+4 ¢ Hr=a),¢*(r=a+1), ~1{r =a+2),0(cth.)
—_— l=a+3 'q‘;"“*l'(rsa),q“+q“+“+q“+2(rEa+1'),1(r.—..‘-‘a+2),0(oth.)
{r,r—1,r -2} 1>7 ~g=5 (r=0), —q(r = 2), 0(oth.)
—_— 1=86 ~q(r =140, 2, 4), 0(oth.)
—— I=5 ~1(r=0),0(r=1), q(r=2), 1(r=-2),¢(r=-1)
{rr—1r—~a}(a>3) {>a+5 7 —g~(a+3) (» = 0), 0 (oth.)
—_ l=a+4 ~q{r =0), =¢*~1 (r = ~2), 0(oth.)
— {=a+3 -1{(r=0),¢* % (r=~2),¢* ! (r = -1), 0(oth.)
{r,r—a+1,r~a}(a>3) I>a+5 -q““‘(rsa),ro(oth.) |
— l=a+4 -q*~ 1 (r =a), ~¢(r = a+2), 0(oth.)
— I=a+3 ~¢*~1(r=a),1(r=a+1), g(r =a+2), 0(oth.)
frr—br—a}(a=22b>2) || I>a+5 0o
— l=a+4 ~q% b (r = ~2), 0(oth.)
—_— @1 (r = ~2), g%t (r'= ~1), 0(oth.)

§4. On Littlewood-Richardson rule

165

(4.1) In this section, we use terminology in [Macdonald]. Let u C . Denote by LP()\/p)
the set of the lattice permutations of shape A/u. For z € LP(A/p) and v € Apnp/u),
let LP(A/p;v) be the set of the lattice permutations of shape A\/u and weight v. It is
well-known that the cardinarity of LP(X/p;v) is equal to dFMO)(X; u, v) for g) > n(X).

See [Macdonald].

(4.2) The set LP([2'3'4!]/[2]) consists of the lattice permutations

1
112
2 2

’

11
2 3

11 11
2, 2,

[N
w o
[

1 2
2 3
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_ The weights of the first, the second, the third, and the fourth lattice permutations are
[3141], [112%41], [113?], [223!], respectively.

Theorem (4.3) Let p, X € AGY be such that p COY X. Assume pi(p) — pa(p) < 1.
For z € LP(\/p), let z;; be the Arabic figure at (i, 5)-position, and let bot(\/;a) be the -
number of j ’s such that z3; = a. Denote by YOUD(\/ 1) the set of the lattice permutations
z € LP(\/u) such that

(1) bozt()\/u;l) +14+p(A) —ps(A) < Xg) =3 if pr(p) = pap) + 1, Zopyy = 1,
Z3.p1(p) = 4

(2) bot(A/p;1) + 1+ pr(A) — ps(A) < 1) = 3 of pi(p) = palp) + 1, Zapy = 1,
Zs ;) F25 POE(A/p32) = p1(A) — p2(A) + 1,

(3) bot(A\/p; 1) + 1+ p1(A) —p3s(X) £ Kq) —3 otherwise.

Then d®YD)(X; i, v) is equal to the number of the elements of Y®UD)(X/p) whose weights
are v.

Example (10.3).On Y(3’l(4))([71161121] /[5%]). We shall only write abcde for
1111111
zZ= v 2 2 2 2 2
a bcded3
(z,y, z) denotes weight. Then it consists of:
I(g) > 8, (7,7,5) 22333,
(q) > 9, (8,6,5) 12333, (8,7,4) 12233,
1(q) > 10, (9,5,5) 11333, (9,6,4) 11233, (9,7,3) 11223,
1(g) > 11, (10,5,4) 11133, (10,6,3) 11123, (10,7,2) 11122,
1(g) > 12, (11,5,3) 11113, (11,6,2) 11112,
I(g) > 13, (12,5,2) 11111,

Example (10.4). On Y3ND)([619'11%]/[3'41]).

N

il
o R
W
GO NS
(NI
[T
[N
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I(g) 2 8, (7,6,6) 333§ , (1,7,5) 233§ » (8,6,5) 233; , (8,7,4) -223:13 ’

M@ 29 (86,5) 13> B.T4) o> 8:83) gy (9.5:5) som > (9,6:4) 1> (9.7,3)
1223 7

Kg) > 10, (9,6,4) ;53 (9,7,3) 112.?5 , (9,8,2) 122% » (10,5,4) 113§ , (10,6,3) 112.}5 ’

Kq) 2 11, (10,6,3) 111§ , (10,7,2) 112; » (11,5,3) 111§9

I(g) > 12, (11,6,2) 5
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