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1 Introduction

In the theory of operator algebras, study of automorphisms is one of the most important
subjects. In [3] and [5], A. Connes has classified automorphisms of approximately finite
dimensional (AFD) semifinite factors. After Connes’ classification, V. F. R. Jones has
introduced the characteristic invariant and classified actions of finite groups on the AFD
type II; factor in [14]. Immediately after that work, A. Ocneanu succeeded in classifying
actions of discrete amenable groups on AFD semifinite factors. Based on these results,
actions of discrete amenable groups on AFD factors of type IIl have been classified in
[30], [21] and finally [16].

In subfactor theory, P. H. Loi first studied the automorphisms of subfactors in [23].
He introduced the invariant of automorphisms ®(c), which we will call the Loi invariant,
and obtained some structural results on type III, subfactors. In [28], S. Popa has intro-
duced the proper outerness for automorphisms of subfactors, and proved that properly
outer actions of discrete amenable groups on strongly amenable subfactors of type II; are
classified by the Loi invariant. (In [1], Choda-Kosaki have introduced the same property
independently and they call it strong outerness.)

So it is natural to ask if we can classify not necessary strongly outer actions of discrete
amenable groups. Several people have noticed the similarity between theory of subfactors
and (single) type III factors, and especially this similarity has been emphasized by Kawahi-
gashi in [17]. Based on this similarity, Kawahigashi has introduced two outer conjugacy
invariants for automorphisms, i.e., the higher obstruction and an algebraic v invariant
in [20]. The former is an analogue of the Connes obstruction (or modular obstruction)
and the latter is an analogue of Sutherland-Takesaki’s modular invariant. With these two
invariants, Kawahigashi has classified approximately inner automorphisms of subfactors
under some extra assumptions on subfactors. After this work, Loi removed these extra
assumptions and generalized Kawahigashi’s results by commuting square technique in
[24]. .

The aim of this article is generalization of Kawahigashi’s result to the case of actions
of arbitrary discrete amenable groups. Out idea is based on [30] and [16], that is, we use
duality technique. In the classification of group actions on type III factors, by taking the
crossed product by modular automorphism group, the classification problem is reduced
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to the case of semifinite factors. In subfactor setting, non-strongly outer automorphisms
correspond to the modular automorphism, and we take the crossed product by the relative
x group and reduce classification problem to easier case.

To classify actions, we consider two kinds of invariants. One is the characteristic in-
variant, and another is a v invariant. Our characteristic invariant may or may not be
different from the original one introduced by Jones, and is the generalization of Kawahi-
gashi’s higher obstruction. Our characteristic invariant has relation with the « invariant,
which has been introduced by Jones in [13]. In this article, we consider the “algebraic”
version of the x invariant, and if this x invariant is trivial, then our characteristic invari-
ant coincides with the usual characteristic invariant. The second invariant v invariant
is precisely Kawahigashi’s algebraic v invariant, and this is an analogue of Sutherland-
Takesaki’s modular invariant mentioned as above.

This article is a brief explanation of [25], and more details will be found in [25]..

2 Preliminaries and notations

In this section, we recall several facts on automorphisms of subfactors and fix notations.
Let N C M be a subfactor with finite index and N C M C M; C M, C --- the Jones
tower. (In this article, we consider only minimal index, and assume that every subfactor
of type II is extremal in the sense of [29].) Let o be an automorphism of N C M. Then
a can be extended onto Mj inductively by setting a(ex) = ek, where e; is the Jones
projection for My_» C Mj_;.
First we recall the Loi invariant and the strong outerness for automorphisms.

Definition 2.1 ([23, Section.5]) With above notations, put
| \ (o) := {a|mnm i
We call this ® the Loi invariant for o.
Definition 2.2 ([1, Definition 1], [28, Definition 1.5.1]) An automorphism

a € Aut (M, N) is said to be strongly outer or properly outer if we have no non-zero
a € Up My, satisfying a(z)a = az for every x € M.

According to the notation of [16], we use the notation Cnt, (M, N) to denote the set
of non-strongly outer automorphisms of N C M.
In [28], Popa proved the following important results.

Theorem 2.3 ([28, Theorem 1.6]) Non-strongly outer automorphisms are centrally triv-
ial. Moreover if N C M is a strongly amenable subfactor of type I, then these two
notions are equivalent.

Theorem 2.4 ([28, Theorem 3.1]) Let N C M be a strongly amenable subfactor of
type I, and G a discrete amenable group. If a and B are strongly outer actions of G on
N C M, then a and B are cocycle conjugate if and only if ®(a) = ®(8) hold.

In [23, Theorem 5.4], Loi gave the following chara,ctemzatlon of approximately inner
automorphlsms
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Theorem 2.5 If N C M is a strongly amenable subfactor of type II,, then Ker ® =
Int(M, N) holds.

Loi proved above theorem when N C M is of finite depth. But his proof works when
N C M is strongly amenable.

‘In [17], Kawahigashi defined the relative Connes invariant x(M, N) for a subfactor of
type II; N C M as an analogue of Connes’ x group [4]. Based on this, Goto defined the
algebraic x group for subfactors in [11] as follows.

Definition 2.6 Set
Ker ® N Cut, (M, N)

AAN(M,N)

where N (M, N) is the normalizer group. We call this group an algebraic x group for
NcCM.

Xo(M,N) :=

In [11, Theorem 2.1], Goto proved that x,(M, N) is an abelian group.
When N C M is strongly amenable and has the trivial normalizer, x(M,N) =
Xa(M, N) holds because of Theorem 2.3 and Theorem 2.5.

-3 Connes-Radon-Nikodym type cocycle theorem

Throughout the rest of this article, we always assume that N C M has the tr1v1al nor-
malizer.

Theorem 3.1 For every o € Cnt, (M,N) and o € Ker ®, there ezists a unitary u,, €
U(N) such that

(1) Aduy .0 = aca™,

(2) Uo,o100 = ua,ﬂal(ua,az )}

(3) tape = (g )tao,

(4) Ug,Adv = a(v)v y UAdv,e = ua( ) vE U(N);

(5) Take nonzero a '€ M, satzsfyzng o(z)a = ax. Then a unitary u,, satisfies a(a) =
Ugy, o 0.

We only explain how to construct u, .. Since o is non-strongly outer, there exist £ > 0 and
0 # a € My such that o(z)a = ax holds for every z € M. This implies yy Miar > ppo—1 M.
Fix an intertwiner T' € Hom (ar Mim, mo—1 M) with TT* = 1. Let U, be the canonical
implementing unitary of a on L?(My). Set u,, := o(TU,T*1). By using a € Ker®,
we can prove that this u,, does not depend on the choice of k£ > 0 or an intertwiner 7.
Hence u,, is well-defined and satisfies the properties in the above proposition.

Remark. When o itself is non-strongly outer and has the trivial Loi invariant, u, o is
equal to the higher obstruction v,(a). So in general, u, , fails to be 1. Examples of such
automorphisms are non-strongly outer automorphisms of subfactors with Dynkin diagram
Ayn-1. See [18], [33] and [9].

We compare the above theorem and Connes-Radon-Nikodym cocycle theorem. Let M
be a type III factor, F(M) the flow of weights of M and ¢ a dominant weight of M. (See
[6] for these notations.) For each ¢ € Z'(F(M)), we can associate an extended modular
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poa™!

automorphism ¢ € Aut(M). Take @ € M. Then we have acfa™ = ofo @ =
Ad[Déoa™t: D¢]caf:m d(a)(0)" Especially if mod () is trivial, then & and ¢¢ commute in
Aut (M)/Int(M). Hence we have the correspondence as in Table 1.

Table 1:

Subfactor case a € Kerd o € Cnt, (M, N) U0
Type 111 factor case | a € Kermod | 02, c€ Z'(F(M)) | [Dpoa": D¢l

Here we take o, 8 € Ker ® N Cnt, (M, N) and assume that o and 8 commute. In this
case Uy,p is a scalar. We set &,(a, 8) := u} , and call this scalar the algebraic x invariant,
or the x invariant simply. The origin of this notation is Jones’ « invariant in [13] and when
N C M is strongly amenable, it can be proved that this coincides with the relative Jones
% invariant defined in [19, Section 2] in the same way as in the proof of [20, Theorem 4.1].

Here we make following assumptions.

(A1) x.(M, N) is a finite group. ‘

(A2) There exists a lifting from x.(M, N) to Aut (M, N). We fix one of the lifting o.
This o can be regarded as an action of x,(M, N).

(A3) Ker® = Aut (M, N).

Set K := xa(M, N). By using Theorem 3.1, we can extend a € Ker ® onto the crossed
product subfactor N X, K C M %, K in the same way as [12].

Proposition 3.2 Let w, be an implementing unitary in N X, K C M x, K. For each
o € Ker®, there exists a unique automorphism & € Aut (M %, K, N x, K) satisfying
&(z) = a(z) forz € M and &(w,) = g, Wy

Moreover we have the following. ~
(1) For o, € Ker ®, &3 = af and &' = a1 hold.
(2) For o = Adu, u € U(N), & = Adu holds.
(3) The extension & commutes with the dual action of K.
(4) If k(ag,0n) = 1 hold for every h € G, then o, is an inner automorphism and 6, =
Adw, holds.

4 Cocycle conjugacy invariants -

Let G be a discrete group and a be an action of G with trivial Loi invariant. We consider
the cocycle conjugacy invariants for . ‘

Set H :== {n € G|a, € Cnt, (M, N)}. Obviously H is a normal subgroup of G
and a cocycle conjugacy invariant. Define a homomorphism v from H to X«(M, N) by
v(n) = [om] € xa(M, N). Since we assume that a has the trivial Loi invariant, this v
is well defined. This v satisfies v(gng™) = v(n) for every g € G and n € H. In [20],
Kawahigashi introduced an algebraic v invariant v,y and an analytic v invariant Ven, as
an analogue of Sutherland-Takesaki’s modular invariant in [30, Definition 5.8]. Obviously
our v is a generalization of an algebraic v invariant vgg. .
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Hence for n € H we have o, = Ad v,0,(n) for some unitary v, € U(N).

From equations a0, = ay,, and QyQy-1ng0; 1= aq,, mne Hand g € G, we get
scalars A(g,n) and u(m,n) by the following equations in a similar way as in the single
factor case. ' '

VnOy(m)(Vn) = (M, N)Vmn,
O‘g(vg"l’ng)uagﬂu(n) = A(g,n)vs.

~ Proposition 4.1 For h,k,l € H and g,g1,9; € G, we have the following equalities.
(1) p(h, k)p(hk, 1) = p(k, Dp(h, KL),
(2) AMg192,m) = Mg1,7)A(g2, 91 'nga),
(3) A(h, k) = p(h, A kh)u(k, h)k,(v(k),v(h)),
(4) A9, hk)/\(g, RING, k) = u(h, k)u(g~hg, g Tkg),
(5) Mg, 1) = A(L, h) = p(h,1) = u(1,h) = 1.

By Z(G,H|k,), we denote the set of (\,u) satisfying the above conditions. The
above definition of A and p are depend on the choice of unitaries v,. To get rid of this
dependence, we define the equivalence relation in Z(G, H|k,) as follows. Two elements
(A1, 1) and (Ag, po) are equivalent if and only if there exists a map ¢ from H to T with
ce = 1 such that A\;(g,n) = G,;X2(g9,n)c, and pi(m,n) = e c,pa(m,n)cypy, hold. We
set A(G,H|k,) = Z(G, H|k,)/~, where ~ denotes the above equivalence relation. If the
k-invariant is trivial, then this is a usual characteristic invariant A(G, N).

For a given action o of G, we get [\, u] € A(G, H|k,) and v € Homeg (H, xo(M, N)).
When we have to specify an action «, we also use notations H,, A(a) = [A,, o) and v,.

We have the following proposition.

Proposition 4.2 The triplet (H,,A(a),v,) is a cocycle conjugacy invariant.

5 Classification results

Here we can state the main theorem in this article. We always assume (Al), (A2) and
(A3) in Section 3.

Theorem 5.1 Let N C M be as above and G a discrete amenable group. Let o and (3
be approximately inner actions of G, whose range of v are cyclic groups. Then o and
B are cocycle conjugate if and only if (Hy, Ala),ve) = (Hp.A(B),0(v)) hold for some
6 € Aut nep(x(M, N)).

Examples of subfactors satisfying the assumptions of the above theorem are SU(n);
subfactors, where n is a odd number, or n is even number and 2n divides k.sec See [7],
[33] and [10].

To prove Theorem 5.1, we use the following theorem.

Theorem 5.2 Let ) C P be a strongly amenable subfactor of type II;, G a discrete
amenable group. (Here we never assume Ker ® = Aut (P,Q).) Let a and 3 be actions of
G on Q C P such that H := o Y(Int(P,Q)) = o (Cnt (P, Q)) = B8 '(Int(P,Q)) =

~}(Cnt (P,Q)). Then o and  are cocycle conjugate if and only if (®(a),A(a)) =
(8(8), A(8)) holds.
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Outline of proof of Theorem 5.1. Set @ C P := N x, K C M x, K. By [32,
Theorem 6.1], @ C P is strongly amenable. By Proposition 3.2, we have an action of
G x K by (9,p) —> &,6,, which we denote d&,, for simplicity. We also get an action J

of G x K on Q C P. Here by assumptions A(a) = A(B) and v, = vp, we can show
8(a) = 8(5), M, = a-*(Int(P, Q) = 4~ (Int(P,Q)) = & (Cut (P, Q)) = A~'Cat (P,Q)
and A(@) = A(B). (Here we use (4) in Proposition 3.2 and the triviality of algebraic
invariant to determine inner part of & and 8.)

By Theorem 5.2, & and 8 are cocycle conjugate. Then we take the partial crossed
product Q %5 K C P x; K extend the actions & and ﬂ of G canonically and we denote
them & and 8 respectively. Then by [30, Proposition 1.1], & and B are cocycle conjugate.
With Takesaki’s duality theorem, we can conclude o and 3 are cocycle conjugate. O

To prove Theorem 5.2, we need some preparations. - The following lemma can be
verified in the same way as in the proof of [26, Lemma 2.3].

Lemma 5.3 Let N C M, G and o be as in Theorem 5.2. Assume A(a) is trivial. Then
we can choose a-cocycle wy such that Adwpoy =1id for h € H.

Lemma 5.4 Let N C M, G, o and 3 be as in Theorem 5.2 and assume that the charac-
teristic invariants of o and (3 are trivial. Then o and § are cocycle conjugate.

Proof. By the previous lemma, we can choose an a-cocycle w; and a §-cocycle w? such

that Adwiey = Adw?B, = id for h € H. So we can regard these action as the centrally

free actions of G/H. Since they have the same Loi invariant, these two actions are

cocycle conjugate by [28, Theorem 3.1]. Since this means that they are cocycle conjugate

as actions of G, original actions a and 3 are cocycle conjugate. - o
The following lemma is the subfactor analogue of [26].

Lemma 5.5 Let N C M, G and o be as in Theorem 5.2. Then a is cocycle conjugate to
the action a ® ¢, where o© is the model action of G/H on the AFD type II, factor Ro
constructed by Ocneanu in [26], and we regard o as the action of G in the natural way.

Proof of Theorem 5.2. Let o be an action of G on Ry whose characteristic invariant
is an inverse of A(a) and & an action of G on Ry with the characteristic invariant A(e).
Then the characteristic invariants of a ® ¢ and 8 ® o are trivial, so they are cocycle
conjugate by Lemma 5.4. Then we have

a ~ a®0(0)~a®0®&
~ BRoQF~ R0
~ B.

Hence o and 8 are cocycle conjugate. o

References

[1] Choda, M., and Kosaki., H., Strongly outer actions for an inclusion of factors, J.
Func. Anal. 122 (1994), 315-332. '



51

[2] Connes, A., Une classification des facteurs de type III, Ann. Sci. Ec. Norm. Sup. 6
(1973), 133-252.

[3] Connes, A., Outer conjugacy classes of automorphisms of factors, Ann. Sci. Ec. Norm.
Sup. 8 (1975), 383-420.

[4] Connes, A., Sur la classification des facteurs de type II, C. R. Acad. Sci. Paris 281
(1975), 13-15.

[5] Connes, A., Periodic automorphisms of the hyperfinite factor of type II;, Acta. Sci.
Math. 39 (1977), 39-66.

[6] Connes, A., and Takesaki, M., The flow of weights on factors of type III, Tohoku.
Math. J. 29 (1977), 473-555.

[7] Evans, D. E. and Kawahigashi, Y., Orbifold subfactors from Hecke algebras, Comm.
Math. Phys., 165 (1994), 445-484.

[8] Evans, D. E. and Kawahigashi, Y., Quantum symmetries on operator algebras, Ox-
ford University Press, (1998).

[9] Goto, S., Orbifold construction for non-AFD subfactors, Internat. J. Math , 5 (1994),
725-746.

[10] Goto, S., Symmetric flat connections, triviality of Loi’s invariant and orbifold sub-
factors, Publ RIMS 31 (1995), 609-624.

[11] Goto, S., Commutativity of automorphisms of subfactors modulo inner automor-
phisms, Proc. Amer. Math. Soc. 124 (1996), 3391-3398.

[12] Haagerup, U., and Stgrmer, E., Equivalences of normal states on von Neumann
algebras and the flow of weights, Adv. Math. 83 (1990), 180-262.

[13] Jones, V. F. R., A factor anti-isomorphic to itself but without involutory anti-
automorphisms, Math. Scan. 46 (1980), 103-117.

[14] Jones, V. F. R., Actions of finite groups on the hyperfinite type II; factor. Memoirs
of Amer. Math. Soc. 237, (1980).

[15] Jones, V. F. R., Index for subfactors, Invent. Math. 72 (1983), 1-25.

[16] Katayama, Y., Sutherland, C., and Takesaki, M., The characteristic square of a factor
and the cocycle conjugacy of discrete group actzons on factors, Invent. Math. 132
(1998), 331-380.

[17] Kawahigashi, Y., Centrally trivial automorphisms and an analogue of Connes’s x(M)
for subfactors, Duke Math. 71 (1993), 93-118. :

[18] Kawahigashi, Y., On flatness of Ocneanu’s connections on the Dynkin diagfams and
classification of subfactors, J. Func. Anal. 127 (1995), 63-107.



52

[19] Kawahigashi, Y., Orbifold subfactors, central sequences and the relative Jones in-
variant &, Inter. Math. Res. Not. 129-140, (1995)

[20] Kawahigashi, Y., Classification of approximately inner automorphisms of subfactors,
Math. Annal. 308 (1997), 425-438.

[21] Kawahigashi, Y., Sutherland, C., and Takesaki, M., The structure of the automor-
phism group of an injective factor and the cocycle conj ugacy of discrete abelian group
actions, Acta. Math. 169 (1992), 105-130.

[22] Kosaki, H., Automorphisms in the irreducible decompositions of sectors, Quantum
and non—commutatlve analysis, (ed. H. Araki et al.), Kluwer Academic (1993), 305-
316.

[23] Loi, P., On automorphisms of subfactors, J. Func. Anal. 141 (1996), 275-293.

[24] Loi, P., A note on commuting squares arising from automorphisms on subfactors,
Internat. J. Math. 10 (1999), 207-214.

[25] Masuda, T., Classification of approximately inner actions of discrete amenable groups
on strongly amenable subfactors, preprint, (1999).

[26] Ocneanu, A., Actions of discrete amenable groups on von Neumann algebras, Lecture
Notes in Math. 1138 (1985), Springer, Berlin.

[27] Ocneanu, A., Quantized group string algebras and Galois theory for algebras, in
“Operator algebras and applications, Vol. 2 (Warwick, 1987),” London Math. Soc.
Lect. Note Series Vol. 136, Cambridge University Press, 1988, pp. 119-172.

[28] Popa, S., Classification of actions of discrete amenable groups on amenable subfactors
of type II preprint, (1992).

[29] Popa S., Classification of amenable subfactors of type II, Acta. Math. 172 (1994),
163-255.

[30] Sutherland, C. and Takesaki, M., Actions of discrete amenable groups on injective
factors of type III,, A # 1. Pac. J. Math. 137 (1989), 405-444.

[31] Takesaki, M., Duality for crossed products and the structure of von Neumann alge-
bras of type III Acta. Math. 131 (1973), 249-310.

[32] Winslgw, C., Crossed products of II,-subfactors by strongly outer actions, Trans.
Amer. Math. Soc. 347 (1995), 985-991.

[33] Xu, F., Orbifold construction in subfactors, Comm. Math. Phys 166 (1994), 237~
254.

[34] Yamagami, S., A note on Ocneanu’s approach to Jones index theory, Internat. J.
Math. 4 (1993) 859-871.



