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Hierarchical model and triviality of qﬁf{
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abstract

Hierarchical Ising model @ { b ¢ AF#iiE %, characteristic function ZFH\VTH~<% C
Lick b, 4 KBl Eic 3w, EikRIE Gauss TH % & #7RT approach 235 5.

1 Hierarchical model

4 RTE ¢* RO triviality 283 5 I, S THBICE T 5 < Y THEED trajectory *38
BLAODRIEADbAEW. 2T, ¢* model DIBFEEHEIRCH % Ising model @ hierarchical
WL, 2, 3, 4, 5] I L, BEEEEO ) CHAHENEEXS.

1.1 Hierarchical model OESE

I<EmbhTwn3 X5ic, | REORBEMEVER Ising model BAHEE L&V Ll
spin 7% long range interaction %#F0 & ¥ [XABE#R L1825, Dyson [1] i, 4 H hierarchical
model &FEEI 24584 spin REBA LT, T DEE%R/RL . Hierarchical model (&, <
D ¢ BEEZEHAEEHIC K B X 5 I Gaussian measure DT EWE L 7z model TH Y, B
b, X ) CHBFEITOMEETH 5.

2N fEo spin 225

o = Pon,r, 0=00n,..,01)€E {0,1}" (1-1)'

(Z ¢‘9N ----- 91) (1'2)

Byt
¥3 X Uf single spin distribution h(¢g) H3ED Bt IR E
1
<F>wi = 5 [ dgF(g)exp(-pHx(9) T he) (13)

Znn = [ ddexp(~BHn(4)) T[ h(40) (1.4)
6



TS, REL,
/m he)dz = 1 (1.5)

E+ 3. cihvk BEEEE (hierarchical model) 5.
Hic, K& & s @ Ising spin measure

huing(2) = 3(5(a — )+ 8(z +3)) (16)

ix, ¢* 7 single spin measure
hux(z) = const.exp(—pz® — Az?) (1.7)
DRGSR
p=-2xs2 A > o (1.8)

LEZDNRBDT, ) CHBEOBMESHEIREDH & L T hierarchical Ising model % #%%3

5.
Hiercarchial Ising model &, $&f

0<c<?2 (1.9)
® % & T infinite volume limit 2FFELE L, S
1<e<2 (1.10)

Db &C, HHEBRD B [1]. £/ spin B ¢ ¥EBIET 5 2IckD, B> 0 ZEEDIE
BICT BT L HTEBOT, T

1 1

Bl T B,
1.2 Block spin & ) ¢ »g¢
Block spin ¢’ %

¢; = % ¢T€17 T = (TN—17"'7T1) (112)

61=0,1
TERXT S L,
S o = L Ly (113)



XoT
1
Hy(4) = Hy-1(4) - —2-2 ¢’
L% Y, F(p) # block spin DEFEL
F(¢) = F'(¢)
DLE,
<F>yn = <F'>y_izm

Rh(z) = cons‘c.ex1:>(§:1;2)/mdyh(\/iE + y)h(% —y),z€ER
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(1.14)

(1.15)

(1.16)
(1.17)

BT 5. HIb, QW o HBEHE h OIEEHERE R L LTERINS. 20T, x0

PIHAE ho KT LT, R @ trajectory
hn = Rnho y n=0,1,2,...
BHRDCLBBECAD.

1.3 Gaussian trajectory
Single spin measure % Gauss

ho(z) = const.exp(— %O-mz)

e 3e, < THEED trajectory 1%

R*ho(z) = const. exp(-—%’lxz)
2
Qnt1 = 'C':O‘n - p

EhB. fEoT, (L11) od & TR
2. 1, 1
an = ()"(@—3)+3
LAh5. fEoT, R

ay >0

o & %1 well-defined 2% Y,

a>}-
07 9

® & % infinite volume limit ##D. fFIC ap = % DEE,

1
hg(z) = const. eXp(—Zzz)

X R @ fixed point LAY , massless Gaussian measure ZE® 5.

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)



1.4 Dimensionality
m=12,..N L,

Mm(¢) = Z ¢9N,...,91
Omyeennb
1

Xm,Nh = E‘T;<Mm(¢) >Nk

EBL. xnNp (& spin RO susceptibility

xa = Y <$0)p(z) >

TEA

iz e ab- T
Block spin w5 &,

2
Xm,Nhr = EXm—-l,N—l,th

#1585, i h = hg & L, infinite volume limit N — co # & 3 &,

2
Xm,oohg = const.(-é)m

Eh35.

ch# 78(d > 2) kD massless Gaussian model @ correlation decay

< ¢(z)p(y) > ~ const.o—y[m™*?, |z —y| > oo

4% b 5 FHE

> < ¢(0)¢(z) > ~ const.r?

lz|<r
LEET B

2
Qo=
LA D, Xbic spin OBRER 2™ ~r? WS &
c = 21—-2/d

1 .
B = 5(22/d - 1)

%182, ¢ 73 (1.34) %3 & %, d KT hierarchical model 2S5 :icF 3.

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)
(1.35)
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1.5 Fixed points

(1.25) IXE#H% (Gaussian) fixed point T® % 235, HET%A\» (non-Gaussian) fixed point
DEECEL TR, RO T LEMbhTW3.[2, 3, 4]

o d> 4Tl pg ® “¥<” I non-Gaussian fixed point ZFELEL % \».

o d<4TdHETH4ICEREE, g ® “Yh{” I non-Gaussian fixed point ZSFFEAE
T 5.

b,

o d>4 T, pg ® “UBE” BbOHFET % trajectory & H TR X 3 E5RIRIT,
trivial ¢» 3

CedoghoTnb.

L& L, Ising ®iES ¢* model @ triviality 283" % i, Ising ©HMiES ¢* model
(zh bt Gauss FfECIEARV) HbHFET 5 trajectory ZRAThEALARW. L
L, [2, 4] CEBA &Nk Gauss ITBEOERSERTD 5 7D, T DOFFKIC trajectory 23F
WTVE Y5 DaErDS T LEBEL .

C OEE T fRIR$ B D33, characteristic function T% 5.

2 Characteristic function

Single spin distribution h,, @ characteristic function

en(f) = /m dze " h,(z) (2.1)
B < D € BB
Pnt1 = Ripn : (2.2)
R = TS (2.3)
so(6) = (L6 (2.4)
Tole) = exp(~En)(e) (25)
k5.
KHIC Tsing spin
ho(z) = gam_@+ax+@) (2.6)
O, FIEER .
po(§) = cos(sf) (2.7)

ThH 5.



2.1 d=oco OBE
c=2,=0 &35, recursion {Z

Pny1(§) = %(%)2 | (2.8)

& 74 %. #IC Ising spin OB
onl®) = (L) (2.9
= exp(_32_252), n — 0o (2.10)

o T, T D trajectory ZHWTHERK & 1 7 BkiERR I Gauss (trivial) TH 3. (ThiEE
EH R DBREER TS 5 .)
(2.10) KO WCHEFOERENIMA 3 &,

o [¢] <2“/2 BT ¢ eLT

en(§) = exp(=Va(f)) (2.11)
Vi) = Louer (2.12)

LEE,V, % dual potential (FELEC 2ICT 5. DL & V, DEREUIL, recursion
ps) = 2790 o123, (2.13)
KHES. Blb, €2 OEIZ marginal ¢H D, 4 WELEDIER irrelevant T 3 .
e “Dual potential” V,(¢) oiEskiR it |

el < 27

- (2.14)

TH B H, £® continuum limit
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lim V,(6) = —52 (2.15)

n—oo

3, BRBGRER : LT R 2fkcE®Ens. b, continuum limit CBEAKE
X, BHARY characteristic function @ ¢ = 0 DEERR/NEFEL T TH 5. Thid,
characteristic function ZH\w7 < b T HEHENTIC, large field problem ﬁ:ﬁ}vbf;\n
CEREHRT 5.

e Ising spin (2.6) DA, “dual potential” @@]@fﬁ

8
Vo(¢) = —§2+ £4+ 56 b

RIEREE 3. LT, (2.13) b, C@'lﬁéﬁ((i (d =00 @) ¢ D ¢ BEEZHIC X
TREENBZC LB

£+ (2.16)
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2.2 d< oo DEE

d < co(f > 0) IKBWVTIZ, (2.5) D operator T AF< O, LFED dual potential DHEE
ZEEMIC D BHENIC LT 5.
#il 21X, relevant /irrelevant terms OFFRIIIRDO X 5 ICA S.

o d>4 T, € (% relevant, £* BI_EI irrelevant & % 3.
o d =4 Tl £ (X relevant, £* (X marginal, £% D k(X irrelevant & 74 5.

o d < 4 Tk, £2,¢* 1% relevant, £ LT d DIETICHE- T, relevant part 2382 <
L.

C OHEBIX, Bk D non-Gaussian fixed point OFAEREICESBERTS. 2T, < b
BZBED trajectory & EAMICTIN, C OMBAIE L T & 2 EEMICHE»DTE L. [“El
B RFEC X > TRTCLEDDBHATES ]

2.3 FEEHE
Dual potential DFRE%HAKTTILT 5.
- (n) my
fig; = 7 gn))ﬂ 7=2,3,.. (2.17)

PIFoRE, Ising 2»bHIFE$ % trajectory % E{EAYICIESR L T, dual potential DFREX iy (")
% plot LAzdDOTH5.

ZE: (l"27ﬁ4) E : (/’t27 ﬁ47 ﬁG)




I
o

o & trajectory @ s fEi&, EH»bIHIC s =1.0,1.1,1.2,... TH b, FIHAEZ,

p = $2)2 (2.18)
i = 1/3 (2.19)
i = 8/45 (2.20)
<H5. |
e Gaussian fixed point (1.25) DRFH:EESL
pa(€) = exp(—€?) (2.21)

X (2.2) D EHA% fixed point TH Y, EOBICEH VTR, A (1,0) (or (1,0,0)) ekt
B33,

7
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XCEE» b, d > 2 TRABEERD Y,
o 1 BURE W E | trajectory (& (0,0) IR (EEAE).
o 1) BKEWEE, trajectory RIRRREA IR (i)

o 1 233 Z4FE DM (critical point) & & 3 & %, trajectory 1 (0,0) BAAD®H 2 Fiic
WH$ 3 (critical trajectory).

e BHHDB. X bic (non-)triviality IKBIRT 20 DX 5 AEEABEIRRING.

o d < 4 Tk, critical trajectory (& non-Gaussian fixed point ICBRF 5. [T D
trajectory % fi\»3 &, nontrivial continuum limit #8323 C L B TE 5]

e d>4 dk %, critical trajectory X Gaussian fixed point ICBERF % (triviality)

3 Triviality

Characteristic function 1€ X % { Y ¢ A EH#FOBEE %, [7) KESTENTS. d > 4
hierarchical Ising model @ triviality % BZBEWCRT 72D OEARR % idea BIRD L BHTH
5.

(1) Characteristic function % H\WT “Gauss i ot ESIbL, < Y CAEOEE
BArodT 5. .

(2) Ising 2> HFET 5 critical trajectory 23, ARRED < Y & FHEHRRIC X > T “Gauss
V" A% C &%, computer %V CTHIEMICHE?D 5.
3.1 Characteristic function OFl|xi
Ising % ¥1HAE & 33 dual potential FXIRDE L EE EFFD.
"o Dual potential D2 Taylor IR TH 5 -
uy >0, j>1 (3.1)

e Dual potential DER®D Taylor HREUX, 4 IROBRECT bound T h 3 [Newman’s
bound] :

n i n)\j | .
AN CT N RS (3.2)

Ebbd,

o Characteristic function OZEEIXEH TH 3 (R spin 2D Lee-Yang prop-
erty]

b LI LCEEHINS [6].



3.2 Newman’s bound DG
(3.2) 2b

o V. ® Taylor REAOBERZAFHE X 11, n — 00 T uf{‘) —0 ¢tA5hb, ERRIEIE
BERICIERT 5.

o 1) 250 ICBBRT 5 € 2 %FREE, ZREEOSTORES 0 RT3 &, /b
triviality 2388 5h 5.

o “Gauss ¥t OBEEEERMED poj FHVWTERILT B C LAY 3. $oT, crit-
ical trajectory 25 Gauss ITEICfHEWA 5 E 5 2%, computer AV TRIFT 382
B3

T ehBars.

3.3 Taylor FRHoIEEHOIEH
(3.1) I&, operator T %3~ 3 & ¥ CAEHICEE A RS S BT
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(2.5) %
9:(§) = exp(—tA)g(¢) (3.3)
Tg = gpp (3.4)
LEL. g BRSFHEX
gggt(ﬁ) = —Ag(é) (3.5)
90(&) = 9(¢) (3.6)
DIFTHS. T
9:(8) = exp(=Vi(¢)) (3.7)
N MA: ' |
d
oV = (VW' -4V (3.8)
*Wiked. T

o V; @ Taylor fREBFT R CIHEHTH 3

CEEES &, (3.8) DABOE 2E RT3 c ik X b, Taylor {&3(® upper bound 73
Bohb. [CD upper bound %45 &, (3.8) 22 lower bound #E b 3]

CHDX5IKLT, d > 4 hierarchical Ising model @ triviality I3 % computer as-
sisted proof ZEH L5 [7].
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