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The arbitrary precision calculation of
logarithms with continued fraction
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1 Introduction

We have thought about the arbitrary precision calculation of logarithms, for example
the error evaluation equations and their improvement and “divided calculation” as one of
the calculation methods. In this paper we would like to show the result of the calculation
time of logarithmic function using the properties of logarithms.

2 Continued Fraction

First we summarize some basics of continued fraction and their properties. There are
some definitions. The following formula is called continued fraction:
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where, p1,p2, ** ,Pn,q1,92, - ,qn are integers. It is called a finite continued fraction

when n is finite. Otherwise, it is called an infinite continued fraction. It has become
customary to write continued fraction in a typographically more convenient form like the
following:
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For n = 1,2,3,--- the following formula is called nth approximants of continued
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fraction:

+....|_EJE_|_ . (3)
| 4n .

P1‘ P2|
go+i—+i—
q1 ’9‘2

In the above formula the numbers p,, and ¢, are called the nth numerator and the nth
denominator of the continued fraction (2).

If the approximants of continued fraction (3) is converted to a fraction £=, then

Qn
following theorem is obtained [2, 3]:
Theorem 1 Let Py =1,Q_1 =0.
P, =q,P,_ P ’
On 1t Prin—2 (forn='1,2,3,---) ‘ (4)
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Theorem 2 Let P1:02," " 1 Pny@1,92," " ,Gn > 0. If
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then P, /Qy is convergent. Put the convergence ¢, then
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The above recursive equation (4) is expressed as following [2]:
Corollary 3
Pn—l Pn . Pn—2 Pn—l -0 Pn . (6)
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Let
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Then

Ml,n =MMy---M, = Ml,n-—an-

This notation is useful to calculate a value of a continved fraction. We call the
calculation method using the above equation, diviced calculation[4].
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3 Calculation of logarithm using continued fraction

3.1 Change the equations
The following formula for natural logarithmic function is well known.
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Here let 2 be g (p, q are integers). Then the above formula (7) is rewritten as following:
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By this replacement of the variable z the recursive equation (4) is also rewritten as
following;:

{ Pp=(2n—-1)gP,_; — (n — 1)?p?P,_,, (n=1,2,3,---) (9)

Qn i (2?1, - I)QQn—l - (7’3 - l)zszn—Z-

3.2 Error evaluation equation

We need an error evaluation for the continued fraction in order to calculate the
functions value. And we want to get the functions value according to the required
precision by calculating fewer terms of continued fraction expansions. We put some
condition for the parameter p and ¢, namely z. Then we derived the following theorem[5]:

Theorem 4 Forp,gce Z,1 < a € R,0< k € R, E < L gnd k =202+ 1, the following
formula holds.

Q=

% ne1—(n=1)2p?Qu_2 >0 forn=2,3,-

Moreover,

P, 142

= log < 2 (20{2_1)%_13%—1
On $17| S na?f \2a2 =3 )

In below section we call the above error evaluation equation GEEE, which means
“General Error Evaluation Equation”. About the case of the parameter ¢ = 2 we
examined GEEE gives us “good evaluation”. Here the term “good evaluation” means
that the GEEFE gives us a smaller term number which we still have to calculate for
continued fraction expansions. But we are restricted to the domain of z if we calculate
using the GEFEE because it has some conditions. So we examined how to calculate using
the following properties of logarithm: logab = loga -+ logb and loga™ = nloga.
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4 Calculation of logarithms

4.1 Overview

We calculate the logarithms by using “divided calculation” and GEEE. The follow-

ing equation is used in order to get the value of logarithms because GEEFE has some
conditions:

logxz = log fg +nloga. (10)

Especially the following condition is important in this case:

1
z < —. 11
- (1)
So we have to determine the parameters a and a on the right-hand side of the above
equation (10). We selected an integer 2 for a and 3 for a because there is a non negative
integer n such that

a a+1
1< —< , 12
2" a—1 : (12)
then
1 ,
2" <a< a—iiw = on+l, - (13)

That is, let a be any prime number, then the number satisfies the last condition. If you
select other numbers for «, it is hard to find the equation to satisfy the above condition
(13) for any numbers. The advantage of the determination @ = 3,a = 2 is that we
can calculate the number log2 by using the same GEFEE. So we are going to use the
parameters @ = 3,a = 2.

4.2 Algorithm

We show the algorithm in order to calculate logarithms using the equations , GEEFE
and (10) under the condition (13).

[INPUT] a, N,uidth

a - The substituted value for log
N - The required accuracy
width - The unit width of divided calculation

[OUTPUT] log(a)

1. Find n which satisfy the condition (13).

2. Calculate the loop number L1 using the argument N and a/2".
(Use the GEEF)
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3. Calculate the loop number L2 using the argument /N and 2.
(Use the GEEE)

4. Calculate Log; and Logs. _
Logy = log(a/2"), Logs = nlog(2). (Use the divided calculation)

5. return Log; + Logs.

5 Result and consideration

We implemented our algorithm by Asir?) and measured the calculation times AsirTime
of some logarithms. We compared the times with the calculation times PariTime ob-
tained by PARI-GP?.

The results of the experiment show that

e AsirTime is dependent on the time to calculate Log;.
e If a = 2F 4+ 1, namely p = 1 in the equation (9), AsirTime is short.

e If a = 28 — 1, AsirTime is long. Especially, if k is greater than about 40, then it
seems to be AsirTime > PariTime.

On the right-hand side of the equation (10), because the second term (Logs) is a
constant n multiplied by log 2, its calculation time is about constant. So AsirTime was

dependent on the calculation time of the first time(Log;). Next let 5% = 142 " then

z = Z;%: Thus if @ = 2" + 1, then p = 1. On the other hand, if a = 2"*! — 1, then
p = 2" = 1. Thus AsirTime is long when a = 2*¥ — 1, and AsirTime is short when
a = 2% + 1. This shows the following things. Let a be 2¥ + m. The smaller the number

m is, the shorter the AsirTime is.

6 Summary

We have shown the availability of the our theorem, GEEE. And we have shown the
calculation by using the properties of logarithm. We ware able to calculate the values
of log(a) where a > g—’_t—}— by using it. And if a be until about 2%° then Asir is able to
calculate faster than PARI-GP. But PARI-GP is able to calculate faster than Asir when
the value of a is greater than about 24°.

A Timing chart

We examined how long it costs to calculate logarithms with 10000 digits. To do it we
coded by Asir, and compared it with PARI-GP. The version of PARI-GP is 2.0.4, and
the version of Risa/Asir is 991006. The machine environment we used is the following:

1Risa/Asir Version 991006
2)PARI-GP version 2.0.4



#< 19: The machine environment

CPU
Memory
0S

Intel Celeron 300A PPGA (Dual) 450MHz

128MB
LASERS5 Linux 6.0 (Kernel 2.2.5-th60_L5_2smp)

The test function we used is:

loga = log-—z% + nlog2.
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In the following table 20, Asiry shows the calculation time of the first term in the above
right-hand side. Asir, shows the calculation time of the second term. The unit time is

seconds. In the first colum @, F; shows 22" 4 1, which is a fermat prime.

35 20: The calculation time of Log; and Log,

a Asiry(Logy)[sec] Asira(Logs)[sec]
time gc  total | time gc total
210 1 | 1,19 0.51  1.699 0.63 0.25 0.8898
2201 203 096 2997 |065 02 0.8531
230 -1 |1 3.08 1.18 4.258 0.69 0.18 0.8663
290 1 i 4.2 1.48 5.708 0.67 0.18 0.8453
250 — 1 | 542 2.29 7.739 0.67 0.19 0.8518
2601 |1 677 249 9.283 | 0.65 0.19 0.8405
270 _ 1 | 855  2.80 '11.46 0.66 0.16 0.8202
280 .1 1 1016 3 13.15 0.66 0.17 0.8281"
290 1 |1 12.02 276 148 0.68 0.13 0.8074
2100 _ 1 |l 14.03 3.42 17.46 0.68 0.13 0.8097
2100 1 1 0.05 0.05013 | 0.65 0.15 0.8104
Fy 0.05 0.01 0.05853 | 0.65 0.14 0.8132
859433 || 1.56  0.39 1.956 0.64 0.16 0.8045
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In the table 21, PariTime shows the calculation time of logarithms using PARI-GP,
and AsirTime shows the calculation time of those using Asir. The unit time is seconds

for each.

# 21: PariTime and AsirTime

PariTime[sec] AsirTime[sec]

time total time  gc total
210 _1 || 6.85 6.848 1.9 0.67 2.575
226 _1 || 691 6.91 2.68 1.16 3.841
230 1 11 6.99 6.989 3.73  1.37 5.096
240 1 | 697 6.975 484 1.6  6.456
250 _1 |1 695 6.951 6.08 2.5 8.578
260 1 || 7.07 7.066 7.55  2.58 10.13
270 1 || 7.04 7.042 0.18 3.07 12.26
280 _1 || 7.04 7.047 10.69 3.28 13.97
290 1 || 7.03 7.041 12.63 3.19 15.83
2100 _1 |[ 7.02 7.02 14.92 3.34 18.28
2100 L1 1 7.02  7.02 0.73 0.14 0.8704
Fy 712 7123 |07 0.15 0.8563
850433 || 6.91 6.913 | 222 053 2761
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