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Throughout this paper, all spaces are Hausdorff.
Let $X$ be a topological space, alld let $\mathcal{F}(X)$ be the set of all non-empty

closed subsets of $X$ . Let us recall the Vietoris topology $\tau_{V}$ on $\mathcal{F}(X)$ . The
base for it is defined by all collections of the following form

$\langle \mathcal{V}\rangle=\{\Gamma^{\prec}\in \mathcal{F}(X) : F\cap V\neq\emptyset, V\in \mathcal{V}, F\subset\cup v\}$

where $\mathcal{V}$ runs over all finite families of open subsets of $X$ . If $\mathcal{V}=$

$\{V_{0}, V_{1}, \ldots, V_{\mathrm{t}}.,\}$ is a finite family of open subsets of $X$ , then in some cases,
we shall write $\langle V_{0}, V_{1}, \ldots , V_{l1}\rangle$ instead of $\langle \mathcal{V}\rangle$ . A map $\sigma$ : $\mathcal{F}(X)arrow X$ is
a selection for $\mathcal{F}(X)$ if $\sigma(F)\in\Gamma^{\tau}$ for every $F\in \mathcal{F}(X)$ . A selection
$\sigma:\mathcal{F}(d\lambda^{\mathit{7}})arrow X$ is a continuous selection for $\mathcal{F}(X)$ if it is continuous with
$\mathrm{I}^{\cdot}\mathrm{e}\mathrm{s}_{\mathrm{I}^{\mathrm{J}\mathrm{e}}}\mathrm{C}\mathrm{t}$, to the Vietoris topology $\tau_{V}$ on $\mathcal{F}(X)$ . .

Fifty $\mathrm{y}\mathrm{e}\zeta_{}\backslash \mathrm{r}\mathrm{s}$ a,go Ernest Michael [8] has discovered a simple sufficient
condition for the existence of a continuous selection on a Hausdorff space
X.

Theorem 1. [8] If there exists a linear order $<on$ $X$ such that induced
order topology is weaker than the original topology and every non-empty
$cl,osed$ subspace of $Xh..as<$ -mini$malelelent_{\rangle}$ then the space $X$ has a
continuous selection.

The $\mathrm{S}\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{c}$ )$11\mathrm{i}_{1}1$ this case is collstructed by assigning to each non-empty
closed subset of $X$ its $<$-nlininlal element. In fact Michael has proved

$1\mathrm{T}1_{1}\mathrm{i}\mathrm{s}$ paper is based on ajoint work with S. Fuji alld K. Miyazaki.
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that this condition is not only sufficient but also necessary for connected
Ha,usdorff spaces. Later on, van Mill and Wattel have proved the same
for conlpac,t I-la,usdorff spaces[10]. It is still unknown if the condition is
necessary for $\mathrm{a}\mathrm{J}1$ regular spaces, that is all presently known regular spaces
with colltinuous selections satisfy it as well. While this shows that the
existence of special linear order on a spat,$\mathrm{e}$ with $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{i}_{1}1\mathrm{U}\mathrm{O}\mathrm{U}\mathrm{S}$ selection plays
$\mathrm{a},11$ important role, mere existellce of sonle linear order does not suffice to
inlply the existence of a continuous selection: the real line $\mathbb{R}$ is a linearly
ordered (nletric) space without any $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{i}_{1}1\mathrm{U}\mathrm{O}\mathrm{U}\mathrm{S}$ selection [3].

A space is scattered if a,nd only if every its $\mathrm{n}\mathrm{o}\mathrm{n}- \mathrm{e}\mathrm{n}\mathrm{l}\mathrm{P}^{\mathrm{t}}\mathrm{y}$ closed subset has
an isolated point. First we have at sufficient condition for the existense
of contilluous selection.

Theorem 2. Let $X$ be a paracompact scattered and every point $x\in X$

is $G_{\delta}$ . Then $\mathcal{F}(X)$ has a continuous selection.

A spa,ce have Baire property if the intersection of countably many open
dense subsets is dense.

We also have a, necessary condition as follows:

Theorem 3. [5] Let $dY$ be a $re,g_{l\iota}’lar$ space. If $\mathcal{F}(X)$ has a continuous
$sel,CCt,ion$, then e’nery closed subset of $X$ has Baire property.

Conlbilling two theorems above, we completely characterize coulltable
regular spaces which a,dnlit a continuous selection by proving $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$ :

Theorem 4. A countable regular space $X$ has a continuous selection if
$an_{\wedge}(lo^{l}nly$ if it is scattered.

$\mathrm{T}1_{1}\mathrm{e}$ following $\mathrm{e}\mathrm{x}\mathrm{a}$.mple demonstra,te that the assunlption of regularity
is $\mathrm{e}_{\iota}\backslash ^{\mathrm{t}}\mathrm{s}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{a},1$ in the above $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{i}_{\mathrm{Z}\mathrm{a}\mathrm{t}}\mathrm{i}\mathrm{o}\mathrm{l}1$:

Example 5. Let $X=\mathbb{Q}\cross\{0,1\}$ , and let $\mathbb{Q}_{i}=\mathbb{Q}\cross\{i\}$ for $i\in\{0,1\}$

where $\mathbb{Q}$ denotes the rational numbers. For $x\in \mathbb{Q}$ we use $x^{0}=\{x\}\cross\{0\}$

$\mathrm{a},1\mathrm{l}\mathrm{d}x^{1}=\{x\}\cross\{1\}$ . Let the topology $\tau$ on $X$ be generated by the
$\mathrm{s}\mathrm{i}_{11}\mathrm{g}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{o}\mathrm{n}\mathrm{S}$ of $\mathbb{Q}_{0}$ together with all sets of the form $V_{\epsilon}(x^{1})=\{x^{1}\}\cup\{y^{0}\in$

$\mathbb{Q}_{(}$ : $x-\epsilon<y<x+\mathrm{c}-$ } $-\{x^{0}\}$ , where $<$ is the usua,1 order of the real
line, $\epsilon>0$ and $x\in \mathbb{Q}$ . Then the $\mathrm{s}\mathrm{p}\mathrm{a}\kappa^{\backslash },\mathrm{e}$ is a, countable, first countable
scattered Hausdorff space which has llo colltilluous selection.

$\mathrm{U}\mathrm{n}\mathrm{f}_{0}\mathrm{r}\mathrm{t}\mathrm{U}11\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{l}\mathrm{y}$ , scatteredness is no longer a sufficient condition for the
existellce of a colltinuous selection outside of the class of coulltable spaces.
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Example 6. Let $X=\omega_{1}\cross(\omega+1)$ which is the product of the space of
countable $\mathrm{o}\mathrm{r}\mathrm{d}\mathrm{i}_{1}\mathrm{l}\mathrm{a}\mathrm{l}\mathrm{S}$ arid a convergence sequence. This space is a scattered.
(collectiollwise) nornlal, countably cornpact, first $\mathrm{c}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}\backslash$ space which
does not have a continuous selection.

ffimark. 111 the above $\mathrm{e}\mathrm{x}\mathrm{a}\mathrm{I}\mathrm{n}\mathrm{p}\mathrm{l}\mathrm{e}$ if we do not require scatteredness, such
an example is easily constructed. In fact if we glue the first points $0$ of
two $\mathrm{c}\mathrm{o}_{\mathrm{I}^{\mathrm{J}}}\mathrm{i}\mathrm{e}\mathrm{s}^{\backslash }$ of the long lille, then it is a linearly orderable, collectionwise
norma,1, coullta,bly compact, first countable space which does llot have a
colltilluous selection [6].

The $\mathrm{f}\mathrm{i}^{\backslash }\mathrm{I}^{\cdot}\mathrm{s}\mathrm{t}$ counta,bility is a, novel feature of the above exanlple, the
olle poillt $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{p}_{8\mathrm{C}\mathrm{t}\mathrm{i}}\mathrm{f}\mathrm{i}_{\mathrm{C}}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}1$ of an uncoulltable discrete set provides an
$\mathrm{e}\mathrm{X}\mathfrak{c}\gamma \mathrm{n}\mathrm{l}\mathrm{P}^{1}\mathrm{e}$ of a, I-Ia,usdorff compact scattered space without any continuous
selection. Further, the next example shows that scatteredness and linear
$\mathrm{O}\mathrm{I}^{\cdot}\mathfrak{c}\dot{\mathrm{J}}\mathrm{e}\mathrm{I}^{\cdot}\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\{\mathrm{y}$ even combined together do $1\mathrm{l}\mathrm{o}\mathrm{t}.\mathrm{g}\mathrm{u}\mathrm{a}\check{\mathrm{r}}$antee the existence of a
$(^{\backslash }.(11\{\mathrm{i}_{1\mathrm{l}1\mathrm{J}(\mathrm{U}\backslash }\iota$ selectioll.

A space is a GO-space if it is homeomorphic to a subspace of a linearly
$\mathrm{o}\mathrm{r}\mathrm{d}\mathrm{e}\mathrm{l}\cdot \mathrm{e}\mathrm{d}$ space.

A subset $A\subset\omega_{1}$ is stationary if it has the non-empty $\mathrm{i}_{11}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ with
ally closed $\mathrm{u}\mathrm{n}\mathrm{b}_{\mathrm{o}\mathrm{U}}11\mathrm{d}\mathrm{e}\mathrm{d}$ set in $\omega_{1}$ .

Example 7. Let $S\subset\omega_{1}$ be a $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{I}^{\cdot}\mathrm{y}$ set such that $\omega_{1}-S$ is also
$\llcorner)(’ \mathrm{t}\dot{\epsilon}\{\mathrm{t},\mathrm{i}(11_{\dot{\mathrm{C}}}\backslash \iota\cdot \mathrm{y}$ (such a, set exists; see [7]). $\mathrm{I}_{\lrcorner}\mathrm{e}\mathrm{t}M$ be the quotiellt space
( $\lfloor_{)}\iota_{\dot{\epsilon}1\mathrm{i}\mathrm{e}(\rfloor}11$ from the $\mathrm{p}_{\mathrm{I}\mathrm{O}}\mathrm{d}\mathrm{u}(^{\backslash },\mathrm{t}$ space $S\cup\{\omega_{1}\}\cross\{0,1\}$ by idelltifying the
$\mathrm{p}\mathrm{c})\mathrm{i}_{1}1\mathrm{t}\mathrm{s}\langle\omega_{1},0\rangle$ alld $\langle\omega_{1},1\rangle$ to the singleton $\infty$ , where we introduce the
discrete topology on $\{0,1\}$ . Then $M$ is a regular Lindel\"of scattered GO
space which has no continuous selection.

There is a $\iota$”
$\mathrm{t}\kappa \mathrm{a},\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{f}\mathrm{d}$ way (see for $\mathrm{i}_{1\mathrm{l}}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{C}\mathrm{e}[11]$ ) $\mathrm{t}\mathrm{o}$ embed a GO-space

X as $\dot{c}\backslash (^{\backslash },1\mathrm{o}\mathrm{s}(^{\lrcorner},($] subspa.ce ill a, $1\mathrm{i}_{\mathrm{l}1}\mathrm{e}\mathrm{a}x’ \mathrm{I}\mathrm{y}$ ordered space $d\lambda^{\nearrow*}$ which is a subset
of $\mathrm{t}$ he lillearly $\mathrm{o}\mathrm{r}\mathrm{d}\mathrm{e}\mathrm{I}’ \mathrm{e}\mathrm{d}$ spa,ce $X\cross \mathbb{Z}$ equipped with the lexicographical
order of $\lrcorner l’8,11\mathrm{d}\mathbb{Z}$ , where $\mathbb{Z}$ denotes the set of integers. In our case
the resulting linearly ordered space $X^{*}$ is automatically Lindel\"of and

$\mathrm{s}\mathrm{c}\mathrm{a},\mathrm{t}\mathrm{t}\mathrm{e}\dot{\mathrm{r}}\mathrm{e}\mathrm{d}$ . $r_{\Gamma \mathrm{h}\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{e}}$ there exists a Lindel\"of scattered linearly ordered
space which has llo colntinuous selection.

It should be $\mathrm{p}\mathrm{o}\mathrm{i}_{11}\mathrm{t}\mathrm{e}\mathrm{d}$ out that both our examples have size $\omega_{1}$ , which
is the $\iota\backslash ’\iota\tau 1_{C}^{i}$) $\mathrm{J}1_{\mathrm{f}}\backslash _{\mathrm{S}\mathrm{t}}$. possible olle.
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