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On factorization theorem in analytic crossed products

ERsE AFNH £8F% (Tomoyoshi Ohwada)
FUBRPIEPER B 5B (Kichi-Suke Saito)

1. Introduction

VERFZBIC BT D0 OMZHE. A BY 1 TNH 0, BHED L < OMFREHEITL -
THEINTNS. FD—DIT positive operator DMRMEDIIZEH 5. —H&IZ, Hilbert
space 2@ positive 72 bounded operator I&, B(H) DIt A IZK>T A*A EETE
%. LML B(H) DO BOTTTRRICHBERDNEEZ D &, £ ORIEITEREIT
720, B(H) DT L BB LR D FEINBEIC/RS. HIZIE, Arveson I3 Hardy
space {Z31F 5 inner, outer function DPEFRE LT, (order type Z D) nest T A i
inner, outer operator DHE&ZE A L T, positive invertible 7% B(H) DEEDITIZ A
DT AITED A*A EHRTESBZ L&KL (cf. [1]). ¥7=, positive invertible 72
n x n matrix 7% positive diagonal Z##D upper triangular matrix A IT&>T A*A
& unique IZMERTE % Z &3 Cholesky 73 E L THIS LTSRS, Power (3 Hilbert
space £ positive operator {2k U THERREIZZFILICL U Cholesky 73#%13TC, B(H)
® positive 72ICAY nest BDIT A Lo T A*A LR TE S D DOBEAIIRMI,
nest 2% well ordered THB I EEDE LD (cf. [6]). BATHIBEERRIT T 25 f#E
IZONTHEONDPIZEN R I N TNBEMN, ZFHUD positive invertible 7RITIZXT % H
DTH Y, invertible DEAZENLZHEIL, FOLIAFNENTVRNKD TH S,
FITRAIIROX D IBEEEE AT

FSIRE aTED positive IEZE DT, BHTHREERRDOITICL > TEDK D 78N
HREDY. B L—fRICIRNTHEATEDTE A 1Tk > T A*A EWD RIS WG,
ZFD XD IR S 20 DNEAS B ERD K.

Z 2T, BEBTED positive 72ITIZHTT S Cholesky IMREEZ DT EIZED ZOM
HEERL, ZUCKDES NS ONOBRICDNWTHET .

2. Preliminaries and definitions

M % von Neumann B8& LT a Z M @ xautomorphism &9 %. ZZTiE M &
Haagerup OEKTOI T HE L2-space L2(M) ITEAT2HDET S (cf. [3]). EED
z € M ITRUT, L2(M) L® operator I, (resp. 74) % loy = zy(resp. r.y = yz), Y €
L2(M) TEHETIUL ((resp. ) 1& M O L2*(M) LA~ faithful normal representation
(resp. anti-representation) TdH 2D T, '

M) ={l, |ze M},  r(M)={r,|zeM}
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LB &, (M), r(M) % L*(M) £® von Neumann BRiZ72%. L*(M) E£OD op-
erator J & Jy = y*, y € L2(M) KXo E&ERITHL J & L>(M) £ED conju-
gate linear isometric involution T® U, L*(M), % L?*(M) @ positive part &3
i {I(M), L*(M), J,L* (M)} 13 Haagerup(2] DFEERTD M @ standard form 720D
T von Neumann B (M) & r(M) I3EWVWD commutant THS. FIT [2, Theorem
3.2] £V L?(M) L® unitary operator u Tla() = ulou*, To(m) = urgu®, (Vo € M)
BT ONEET . KT, BEMEFEET 572901, Hilbert space L? %

Yo llFmlE < 00}

| Lzz_—{f:Z—>L2(M)
n€Z

TH.Z T, ZD subspace H? %
sz{f€L2|f(n):0, n <0}

EF%. ZZT | -2 W& L2(M) J )V ET B, Hilbert space L? £ operator
L.’m Rma L57 R(S EZ(O)EQ'E‘%%@‘%

(Lzf)(n) = L f(n), (Rof)(n) =Tan@)f(n)

(Lsf)(n) =uf(n—1), (Rsf)(n) = f(n—1) (f€L? ne)
L(M)={L,|ze M}, RIM)={R, |z € M} £BWiz&Z, Ml (resp. HM) &EH
W& £ = {L(M),Ls}" (resp. B = {R(M),Rs}") X DEFEL T, LM (resp. Al

FRATHIEE R £, (resp. Ry) & L(M) (vesp. R(M)) & Ls (resp. Rs) IT& > THRR
ENB £ (resp. R) D o-weakly closed subalgebra &9 5.

3. Factorization

BTSSRI BIT A DMIEEEZZ DN, ZZTRZOEERY AT 7 THS
positive operator matrix DM EELK TS, KD Lemma [FRASZHRTH S
3, Z DI OBRITHBETH DD T, I TIREDIHAHBMIMAS.

Lemma 3.1. Hilbert space H 78 H = H1 © Hy EEFMTHEZSNTWSHEE, H £
D positive operator C D H = Hy & Ha ITXT B matriz form %

c b*\ 1
¢= (b a ) ';?2

THZ5. ZDOEE, RD strong operator topology 12 X5 IR lglgo b*(a+n"t1) 7'
WEELT, T2 ¢ ETIUXKRDOBERZERKZT .

Clz(cbl I;)SC
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BRZ, Cy 135t Cly, = Dy, D D < C %72 positive operator D TE/NT

H5.
o a b Ho
C= (b* C) ??1
EMTTVWBDT, RIT a A invertible THIUR
o 1y —a~ b\ -
= (%)
# F 7~ invertible TH D RKEREHT.
R
w0a= (5, )

& 5T C 2% positive THBZE &, c—b*a 0 >0 BROIUD I LIFEMETHS. .
KIZ a A invertible Z{KE LBWES, fEED n € N IR LT, XD positive

operator
_1’ e a+hf111 - b
C+n I—( b* c+ntl,

Proof. IREX D C &

##ZZ L, a+n 1 1 invertible TH B DT, BIDEMRN S
b*‘(a +n7n)" <+ n~ I,

225, XoT {b*(a+n~1I;) b} X positive operator D bounded increasing sequence
72D T, Zd strong operator topology Iz & D RIRASLE LT, TNeE ¢ tjbbﬂ’biwa 5
MIZ ¢ < ¢ THB. o T positive operator C; %

_[a b* \ H-
C1= ( b a ) 7?1
ERFIEZND minimality DEREZERZT Z EIIHSNTH 5. 1

Z® Lemma 12Xk > TH S5 positive operator @ minimality 13, S Di&#®IC
BWTEHETHS. TITROEEEEGZS.

Definition 3.2. Hilbert space H = H1 ® Ho LD positive operator C &2 5. T
D & & positive operator C; 7 Ho-minimal part of C TH D EIX, ROSZHZERIZT
EEZEWND.

Cilas = Claas  PryC1Py, = s lim Py, C(tPy, + Py, CPu,) "' CPy,
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TIZT Py, W H DS H; (i =1,2) DLEAD projection £§% . KT C=C1 TH
5EE, Cld Hoy-minimal THHEND.

H =Hi1® Hy LD positive operator C ® matrix form

C = (C b*) 7&31
b a ),
BEZ%. a DX (t,00) IZHVT 5 spectral projection % e, &FIUL, EED t >0
XL T, '
5" Fecll® = lim 0" (a+ ") Fer(a+n7h)
< lim ||p*(a+n~1)7Y

n—>00

< leall

THDDT b*a"%e;, 1L, 5 operator d IZ strong topology TGRS %, Hy DEED
JC T WX LT, ’ g ,

1 . 1 _1
da” 2z =limb*a  ?ea” 2z

t—0
= b*€0+SC.
51
0< b*(a, + ’n—lI]_)_lb <c+ n_llz

X0,
- 0<b*(na+I)"w<nlc+n L.

THBDT n— oo DEXD strong limit ZFHEITHT
b*(I — €04 )b = 0
THbH. £oT

da% = b*60+ = b*80+ + b*(Il - 60+)
b*

Il

M5 atd* =b THBDT, map a~ % : by — d*H, 13 well-defined T d* = a"zb %
AT WE ¢ > (b*a‘%et)a“%b THDHDT, t — 0 DEED strong limit 2 T,

dd* <c, TH5.
_.75"
dd* b* 0 0\ /0 o0
(b a>_<d* a%) (d* a%)ZO
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MDD C; @ minimality &0, dd* > ¢y THSD. o T ey =dd* &30, INK0 C,
1R D matrix representation Z#FD.

fdd* v\ _ (0 O0\[/0 0
o= (7 0)-(0 d) (& o)

PLEICED, H=H,®Hy ED positive operator C A%, XKD matrix form

_[c b* \ H.
C,_‘ (b a ) 7392
ZREDOLEE, ClIWDTD

0 0\ /0 0),[c—dd 0
C= (d* a%) (d* a%>+( 0 0)
OJJ: 912 lower triangular matrix form % %D operator D&, H S positive operator

K> THRTES.
KIZ, & D—&A7s case & LT, Hilbert space

(S

oo

H= Y o&Hn

n=—00

2EAT

n

Mp= " @&H, ani@ﬂk

k=—00 k=n : -
EBL. ZDEE, H EOELED positive operator C 12K LT, C @ N,,41-minimal -
part C("tD) NEET S, SN C — C 13X positive 72D T, Z D N,-minimal

part Cp, 22 5. ZOMERRDIKRT Z&EI1CED C—(Cryr++ -+ Cr +CPH)) D N-

minimal part Cx (k < n) BMHET HDT, R*=1) = C—(Cx+Cly1+-- 4 Cp+ O 1)

EBLE CIERDEDITNTS.

(3.1) C=R* D 4 Cp+Cryr+-+Cp +COH

Z D4 % C @ Hilbert space H = Mp_1OHr DD Hyp ® Npy1 {Z0T 3 Cholesky
decomposition E\1D.
Z ® Cholesky decomposition (BT, XKOWHEIIEETH 5.

Lemma 3.3. Hilbert space H = Mp_1 @ Hx ® -+ ® Hp & Npg1 1T S positive
operator C' @ Cholesky decomposition ‘

C = R*™D 4 Oy + Cpp1 + -+ + Cp + CH)

BEZDL. IOEE, FED k,neZ (k< n) lTRHUT, operator Cy, + Cg1 + -+ +
C, + CtD 13 C D Ni-minimal part TH 3.
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Z ZTE 5N = Cholesky decomposition Z & FED positive operator IZEH T %
&I, BT S REOITIC X D RDGREMHE Z 7.

Theorem 3.4. £ OEED positive operator C 1T LT, £ D positive operator Coo
E A, D operator A INMFEL T, C =Coo + A*A E3ETES.
Proof. H, = L3(M) (Vn € Z) &B< &, L2 &

L2 = i DH

n=-—oo

EML ZENTED. Ko T (3.1) &[FEKKIT Hilbert space D53
L? = M_(n41) ® Hn ®- & Hn ® Npa
:ﬂ@‘é C OD'Cholesky decomposition
C=RDyC ,+.- + Cp + C+1)

EEz2NE, SN s — limpoe B-MFH) = 0 THB. iz C > cHD o
C™ % bounded £V, n —» 00 EL=EED {C™} @ strong limit Co, WEFEEL
TC=Yr Ck+Cox ZH/TF. Lemma 3.3 £V, operator Y po, Cr + Coo 12
the N,-minimal part of C THBDT, £ED n € Z IZx LT Hilbert space D7Hfi#
L2 = Mp_1 @ Hp ® Npy1 £FZ3UL, lower triangular form 2§D operator

0 0 0) M
1 (4] ‘
An = d;; al,z,, 0 ?fen
0 0 O Noa

NEELT C, = A% A, &85, NE,

k=—n k=—n k=—n
- Z Cy
k=—n
0, 1 e Akl < IO < 00 THZDT, {3 h_, Ak} &, H% operator A iZ
weak operator topology THURL T A*A =Y " _ C, &H/=Y. D operator A D
Hilbert space D43 :
L= 0H_ D OH, D .

ZHxP9 % matrix form 13, lower triangular form 2D Z L Z2FEEL TH.
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RIZ Coo ML ITBTHILEEIRT. L=R THoDT Coo N R DETDARR
JTLEAMTH D Z LERTIERN. D f e N, ITHLT, Rsf € Npy1 THHDT,

R;C"*YR;f = R;CRs f
= R}R;Cf
=Cf
TH%. &> T CM™ O minimality &1, RCHDR, > O THB. [FEIC, H£E
D f € Npy1 ITHLT, RCMRE > CY) THBDT, RsCMHIRE = CM L7200

RsCoR} = Coo MROILD. Fi, £ED n € Z & M O unitary operator w ([T
LT ' :

R;,C™R,[ = R;,CRyf
= R} R,Cf
= Cf (Vf € Nn)

THBDT RLCMR, > CM. ZORIBENTw & w* ZROBIBZZEITLD,
RyC™R: > C B BDT R CooRy = Coo £735. BLEED Coo R R 02T
@ generator EH[MITH DD T, Cx 1L £ DITLTHS.

KIZ AN Ly DFTETHBIEERT. AED ne ZiTHLT, C, =CM — O+
MDD RsCHIR: = 0™ XD,

RsCnR: = Rs(C™ — )R
= RsC™ R} — RsC"tV R}
= -1 _ o)
::C%—l

TH5B. £ZT Cphy & Cp, @ matrix form

dnadioy bnoy 0| 0N M- dod, b5 | 0 Mo
C’n,——-l = b'flo—l ano_l 8 8 ’H%—ly Cn, = bn (17 l 0 ﬁn
- g 0 0 |0),°
0 0 00/ o Not1
‘ Nn—{—l

%% ZUE RsCuRE = Cny THOEDT ap = ap_1, by =bp_1 E720

2
n—lb"—l

' ~1
= an by

=d,



TH5B. £oT RsAn_1R: = A, £V, RsAR} = A TH . /AEED M O unitary

operator w {Zx LT, operator Ry, /&XD matrix form D,

Ta=1(w) HG; 1
R, = Ty Ho

(5]
O Ta(w) Hi
RyCnR: =Cp D Cp, D Mp_1 @ Hy ® N1 IZRd % matrix form 05

0

Ton (WA = @pTon (W), Tan(w)by, ronta (W) =b,

| O | Tant+1 (W)

| 0
Tan(W)dn | Ton+2 (W*) :

O Tan+1 (W)

-1
= Tan (w)an ? bn Tqn+2 (w*)

KO Tanrn+l (w*)
(

= @ *Ton (W)bn ron+2 (w*)

\O Tont1(w*) /

Thb. £oT

=d,

X0 RyAnR: = A, £730 R, AR, = A 225, UbEXD AR OETD generator

EAHITHDHDT AR L DILTHS. BiZ Al
H= - OH_ O OH D+
1Z%t LT lower triangular form ZFfDDT A £ DILTH .

TOFEETELNEDMRITBNT, WD Cyp = 0 LR NITHEKEENWEETS 5.
Ik~ 13 Arveson 12 & - TIEFREICE A S /- outer operator D&%, MHTHIEES

EICEALT, ZOMEEERT 5.
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Definition 3.5. fFHTHEATE L4 DIT A Y outer THS &1L A O range projection
Eq 7% L(M) 12JBLT, AH2 25 [AL?] N H? OHT dense THBEEZENS. TIT
[AL?] 1% AL? @ closed linear span %® 557

& Lemma I outer operator DARZMBEHE T TH 5.

Lemma 3.6. A & £, O operator T, T®D range projection E4 73 L(M) BT 5
HbDETH., ZOEEKIFEMETHS.

(i) [AHZ] = [AL?] NH?
(i) Ep,A(-Pgp) < FaPy
(iii) A*PyuzA : H2-minimal
KIZ £ D positive operator C {IZX L T,
c7=&£%gﬁ03mraﬂp+f@03mr%3¢cam)

EBL. ZOEE, RAIIROEHEZRE.

Theorem 3.7. £ DIEED positive operator C XL T, £4 D outer operator A 3
HHELTC A C = A*A LHMRTE B0 DA EMIG

s— lim R;"C'Ry =0

n—00

MROIDIETHS.
Wi C I L T invertible 725, C X DO&RBEHTZT .

Proof. £, @ outer operator A IZ&>T C = A*A EHBEINTWBERET S.
C = PH-{'[-ZA*PJ- APg; + A*Ppe A EMNTBH DT C @ matrix form %4

C = Pﬁ‘z Cpﬁa Pﬁa (A* P2 A) Py
P2 (A* Py A)Pﬁ'z Py (A* Py2 A) Py

L7125, fREL D Al outer 2T, Lemma 3.6 O (iil) &0
C' = P (A* P A) Pz
MERVILD. £oT HEED L2 O f KHLT,
IR;"C'Ry f|| = ||R; " Pi» A" Pz AP2 B3 f | |

= |R;" P A* Pa2 R} AR; " P Ry f |
< || A|l|| Pg= Ry AR5 " Pip B f |
< ||Al|(|| Pee R} ARy " P2 R f — Pua RRAS|| + || P R A1)
< | AI*||PgR3 f — fll + | AllllR5 ™ P R Af ||

—0 (n—o00)
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L7320 s—limy 0o Ry "C'R} = 0 DRI NTZ.

KIZ s — limy, 00 Ry "C'R} = 0 Z{KE T %. Theorem 3.4. £V C &, $5 £, @
JC A & £ @ positive operator Co ICEDT C = A*A+ Cy, ENREINS. P, %
L2 in5 Ry™H? @ EAD projection & LT, P4, =1—-R_, EBFIE

R;"Pg2Ry = P_, (Vn€N)
Th%. Cit Cc=rL,CPL, +PLCP_,+P_,CPL, +P.,CP_, ENFIBDT,
s- lim P_,CPL {tPY, + P CPL Y 'PL.CP_, = R;"C'R}
E0 ¢ 13RO matrix form EH .

o) pt.cprt, pPLcp,
~ \P_,CPY, R;"C'R}

£oT ‘ |
IC™ f|? = ||PL,CPL, f + PL,CP_of|? + | P-nCP2, f + Ry"C'R3 f||?
<IPL.CEIP+ (ICNIPZ.fIl + IR ™ C Ry £11)?
0, RENE [COF||2 -0 (n—00) L725. HIZ Coo =0 THB. TOEX
A*'PR A=) Cp
n=0

/& C @ H?-minimal part TH 3D T, Lemma 3.6 (iii) £ 1, A I3 outer TH 3.
B C 7 invertible D& &, PpaCPyz ® X7z B(H?) IZBWT invertible 72DT,
Lemma 3.1 25,
C' = (Pg:CPy2 ) (P2 CPy2) ™ (P C Py )*
TH5. K> TL? OEEODOT f ITHLT,
|R5"C' By fI| = || R5™ (Pig2 C Py ) (P2 C Py2) ™ (Pis C Py )" B3 |
< ||(Pigz C P2 ) (Puz C Pa2) ||| (P C P ) * R f |
< |IC|I11(Paz CPaz) ™ ||(|| Puz CR3 f1| + || P2 C P2 R} £ 1])
< ICI(PuzCPy2) || (| Puz R§C £ || + || R ™ Paa=C Pz B3 £)
< |ICIlIl(PuzCPy=) || (|| R5 " Puz RF C f|| + || R5 ™ P2 C Pig2 B3 f])
=0 (n— o)
E720, R;"C'R} I strong operator topology T 0 IR T 5. 1

BEMD positive operator D, ENTHIEESTICB T 2 0 IEDFFFEIE McAsey-
Muhly-Saito [10] IZ&K>T, ODNDHRMNEENTNS. £D—DEL T, HHFIZ
HFED £ @ positive invertible operator 1& A € (£,)N (L)1 IZ& DT A*A L5
Hsks Z & &2RLU7. & ld Theorem 3.7 @ corollary & LT, RIHkORE R Z257~.
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Corollary 3.8. ([10, Corollary 5.3]) £ DIEED positive invertible operator I& £, N
(£4)7t D outer operator A ITX>T A*A ERTES.

KIT, Bk DR ARETI B 5— BT DV THET 5. £9. Theorem 3.4 I
BIBHEONWTE, —BEEL VBBV TROX S IR ERE.
Proposition 3.9. £ OfEE®D positive operator C @O Theorem 3.4 2BV B0 R%

C=AA+Cyp £T5. ZDEE, CNLL DILB & £ D positive 125¢ D 1L -
T, 3R C=B*B+D ZbTL A*A> B*B TH%. '

Proof. Lemma 3.3 &1, A*Py2 A+ Coo = % o Cn+ Coo 1& C ® H2-minimal part
THHDT
A*PpA+Cy < B*PpB+D

THhd. £oT

R;™A*Pya ART + Coo = R;™(A* Pip A + Coo) RY
< R;"(B*Pg:B + D)R}
< R;"B*PyaBR} + D

THO, n - co DEE R;"A*Py2 AR}, R;"B*Py2BR} 13L& HIT weak operator
topology T 0 IZPRTZDT Coo < D &730 A*A > B*B %15%5. I

%12, Corollary 3.8 D RIZH T B —EHEZ2 RS,

Proposition 3.10. £ DEED positive operator C @ Corollary 3.8 I8V 253 @ %
C=A*A E$3. CHLN(L) T DILBIZEDT,C=B*B LRTEZ35,
&5 unitary operator U € £, N(L) "L WEEL T, B=UA EMF5.

Proof. A*A = B*B X0, F£E®D f € L2 ITRLT, ||Af|| = |Bfl| THS. £oT
UoljaL2) = 0 &H7=d operator Up : Az — Bz, (Vf € L?) @ closure &L T partial
isometry U WEZETETC, UIX B=UA 2#7=F. WE A B3 £.n (L)~ O
THEZDTU=BA e L,n(Ly) " &0, UL £,N(L4)"! D unitary operator
ThS. 1
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