0000000000
1151 0 20000 120-125 120

Stable rank for a pair of C*-algebras

SAEERE - BT KIR 1#3E (Hiroyuki Osaka)

1 Introduction and Main Result

The (topological) stable rank of Rieffel[19] is noncommutative generalization of the di-
mension of a compact Hausdorff space. In fact, when X is a compact Hausdorft space, the
stable rank of C(X) is [di‘gx ] + 1, where dim X is covering dimension of X. Recall that
a unital C*-algebra A has stable rank n if for any element a;,as,---,a, and € > 0 there

exist by, by, -+, b, in A such that

(Dffa; — bi]| <=
(2) 7, brb; > 0.

The condition (2) is equivalent to that there exist c1, ¢y, - - -, ¢n in A such that 377" | ¢;b; = 1.
If A has no unital, we define stable rank of A as stable rank of the unitaization of A. Note
that stable rank one condition is equivelent to that the set of invertible elemenets is dense
in a given C*-algebra.

Many mathematicians tried to determine stable rank of interesting C*-algebras, in par-
ticular, simple unital C*-algebras ([5] [6] [8] [10] [11] [12] [13] [14] [15] [18] [20] [21] [22]
etc). For examples, AF C*-algebras and non-commutative tori have stable rank one ([18]),
Toeplitz algebra has stable rank two, and Cuntz algebra has an infinity ([19]).

It has been a problem of considerable interest to determine stable rank of a crossed
product algebra A X, G of a unital C*-algebra A with stable rank one by a finite group
G. Blackadar presented this problem in the case that A is an AF C*-algebra ([2]), and
constructed a symmetry a on A = C[0,1] ® UHF whose crossed product algebra A x, Z;
has stable rank two. So, to consider the above problem, we need the assumption of the
simplicity on a given C*-algebra A.

In this direction Jeong and the author conclude ([10][11]) that a crossed product algebra
A X, G has the cancellation property if A is simple with stable rank one and the SP-
property. Recall that a C*-algebra A is said to have the SP-property if any non-zero
hereditary subalgebra of A has non-zero projection. For example, an AF C*-algebra has
the SP-property. Therefore, we could conclude by [1] that a crossed product algebra Ax,G
has stable rank one if we add real rank zero condition to this crossed product algebra, that
is, the set of self-adjoint elements with finite spectra in A x, G is dense in the set of
self-adjoint elements. As Elliott presented a crossed product algebra UHF' X, Z> with real
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rank one, however, we can not always hope that a given crossed product algebra has real
rank zero.

In this talk we try to estimate stable rank of a given unital C*-algebra B by stable rank
of a C*-subalgebra A with common unit. In case that B is a crossed product algebra of
A by a finite group G, sr(B) < sr(A) x |G| ([11]). More generally, we have the following
result:

Theorem 1 Let 1 € A C B be unital C*-algebras. Suppose that B is a finitely generated
left A-module, that is, there are some n elements vy, vy, - - -, Uy, in B such that Y"_, Av; = B.
Then, sr(B) < sr(A) x n.

2 Stable rank

We prove main theorem with using the technique of matrix algebras. To this end the
following lemma is needed.

Lemma 2 (Spatial case of Rieffel[19]) Letn € N.
sr(M,(A)) < sr(A).

Proof. We will give a sketch of the proof. Suppose that sr(A) = m. Take m elements
Ty, T from Mp(A). Set S = (11,5, , Tn)" in Mpmm(A). Let (a3,a2,- -, anm) be
the first row in S. Since sr(A) = m, we may assume that there exist ¢y, - -, ¢y1 such that

C202 +c3a3 + - + Cpi1Gmi1 = 1 — ay.

Consider
(1 o vt Cmpr O - ()\
S.
1
Then, the new first row is (1,by,--,bym)". Doing the iteration there is an invertible

matrix R € Mp,(A) such that RS = diag(1,5"), S’ € Mpym—_1n_1. By induction there is
U € My_y nm—1 such that US’ = I,,_;. Note that ||[R™'diag(1,S’) — S| is small.

Write
R~ 'diag(1,5") = (Si, -+, Sm)"

diag(1,U)R = (Uy, -+, Up), v
where Sy,--+, Sy, Ur,---,Up are in M,(A). Then, we have [|[T; — S;|| is small, and
::n:]_ UZSZ - In. O
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Definition 3 Define
an(A) = {(a’ha‘?p e 7a'n) S Anl ZAai - A}
i=1

Then, sr(A) < n if and only if Lg,(A) is dense in A™.

Proof of Theorem 1.

We give only the proof of the case of sr(A) =1 and G = Z,. That is, we will show that
s1(A X o Z) < 2 for a unital C*-algebra A. In general case we can guess it from the proof
of Lemma 2.

Take ag + aiu, by + byu in A X, Z,, where u is a unitary implementing a. Let ¢ > 0 be

ap+au \ [ a a 1
bo+bu ) \bo b ) \u/’
Since sr(M3(A)) = 1 by Lemma 2, there exists an invertible element

( @ ) € M,(A) such that

do dy
ap ap cp C1 €
H(bo bl>_(d0 d1>”<§'
(co cl>(1>_<co+clu>
dy d uw/) \Ndp+diu /)’

Then, (co + c1u,do + diu) € Lga(A Xo Z2), and ||ag + aru — (co + cru)|| < &, ||bo + bru —
(do + dyu)|| < . Hence, sr(A x4 Zz) < 2. O

given. Consider

Consider

Corollary 4 Let 1 € A C B be a pair of unital C*-algebras, and E : B — A be a faithful
conditional expectation of indez-finite type. That is, there ezists a quasi-basis {vF v},
n

such that z =Y _ E(zv})vi, Yz € B. Then, sr(B) < sr(A) x n.

i=1

Corollary 5 Let 1 € A be a unital C*-algebra and G be a finite group. Then,

sT(A x4 G) < sr(4) x |G].

3 Application

Using Corollary 5 we can present an affirmative data to a question of Blackdar(2]:
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Question 6 Let A be a AF C*-algebra and G be a finite group. Then

sr(Ax,G) <1

Theorem 7 (Jeong-Osaka[11]) Let A be a simple unital C*-algebra with sr(A) =1 and
SP-property. If G is a finite group and a is an action of G on A then the crossed product
A X, G has cancellation.

Here, a C*-algebra has SP-property if each of its non-zero hereditary C*-subalgebras
contains a non-zero projection.
In particular,

Corollary 8 Under the assumptions of the above theorem, if A Xo G has real rank zero,
that is, any self-adjoint element can be approzimated by a self-adjint element with ﬁmte
spectra, then sr(A x, G) = 1.

Remark 9 Generally, we can not hope that a given simple crossed product algébm Ax,G
has real rank zero, even if A is UHF , and G = Zy [7].

It one consider a crossed product by the integer group Z then there is no conditional
expectation of index-finite type from the crossed product A x, Z onto A, but we have the
following cancellation theorem:

Theorem 10 (Jeong-Osaka[11]) Let A be a simple unital C*-algebra with sr(A) =
and SP-property. If a is an outer action of the integer group Z on A such that oy =1d on
Ko(A) then the crossed product A x4 Z has cancellation.

Example 11 Simple AF C*-algebras and non-commutative tori A, are examples for C*-
algebras in Theorems 7 and 10.

BE XM

[1] B. Blackadar, Comparison Theory for simple C*-algebras, Operator algebras and Ap-
plications, LMS Lecture Notes, no. 135, Cambridge University Press, 1988.

[2] B. Blackadar, Symmetries of the CAR algebra, Anmals of mathematics, 131(1990), 589
- 623.

[3] L. G. Brown, Stable isomorphism of hereditary subalgebras of C*-algebras, Pacific J.
Math. 71(1977), 335 - 348.



124

[4] L. G. Brown and G. K. Pedersen, C*-algebras of real rank zero, J. Funct. Anal.
99(1991), 131 - 149.

[5] L. G. Brown and G. K. Pedersen, On the geometry of the unit ball of a C*-algebra, J.
reine angew. Math. 469(1995), 113 - 147.

[6] M. Dadarlat, G. Nagy, A. Nemethi, and C. Pasnicu, Reduction of topological stable
rank in inductive limits of C*-algebras, Pacific J. Math. 153(1992), 267 - 276.

[7] G. A. Elliott, A classification of certain simple C*-algebras, Quantum and Non-
Commutative Analysis (ed. H. Araki et al), 373 - 385, 1993 Kluwer Academic Pub-
lishers. Printed in the Netherlands.

[8] N. E. Hassan, Rangs stables de certaines ertensions, J. London Math. Soc. 52(1995),
605 - 624.

[9] M. Izumi, Lecture at Tokyo Metropolitan University, 1997.

[10] J. A Jeong and H. Osaka, Eztremally rich C*-crossed products and cancellation prop-
erty, J. Australian Math. Soc.(Series A) 64(1998), 285 - 301.

[11] J. A Jeong and H. Osaka, Stable rank of crossed products by finite groups, submitted.

[12] N. S. Larsen and H. Osaka, Eztremal richness of multiplier algebras and corona alge-
bras of simple C*-algebras, J. Operator Theory 38(1997), 131 - 149.

[13] V. Nistor, Stable range for tensor products of extensions of K by C(X), J. Operator
Theory 16(1986), 387 - 396.

[14] V. Nistor, Stable range for a certain class of type I C*-algebras, J. Operator Theory
17(1986), 365 - 373.

[15] H. Osaka, Real rank of crossed products by connected compact groups, Bull. London
Math. Soc. 27(1995), 257 - 264.

[16] H. Osaka, SP-property for a pair of C*-algebras, submitted.

[17] M. Pimsner and S. Popa, Entropy and indez for subfactors, Ann. Sci. Ecole Norm.
Sup. (4) 19(1986), 57 - 106.

[18] N. Riedel, On the topological stable rank of irrational rotation C*-algebras, J. Operator
Theory 13(1985), 143 - 150.

[19] M. A. Rieffel, Dimension and stable rank in the K-theory of C *_algebras, Proc. London
Math. Soc. 46(1983), 301 - 333.



125

[20] A. J-L. Sheu, Cancellation theorem for projective modules over the group C*-algebras
of certain nilpotent Lie groups, Canad. J. Math. 39(1987), 365 - 427.

[21] T. Sudo and H. Takai, Stable rank of the C*-algebras of nilpotent Lie groups, Internat.
J. Math. 6(1995), 439 - 446.

[22] T. Sudo and T. Takai, Stable rank of the C*-algebras of solvable Lie groups of type I,
J. Operator Theory 38(1997), 67 - 86.

[23] Y. Watatani, Indez for C*-algebras, Memories of the Amer. Math. Soc. 424(1990).



