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Solvability of mixed Monge-Ampére
equations and Riemann-Hilbert
factorizations
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Abstract

In this talk we study global solvability of fully nonlinear mixed type Monge-Ampere equa-
tions and index formula for a system of ordinary differential equations. Indeed, we will show
the global solvability of mixed type Monge-Ampeére equations by ”blowing up” the problem
onto the torus embedded at the singular point of the equations. The reduced operators on
the torus are Toeplitz operators. After solving them by the method of harmonic analysis,
we construct the solutions by a harmonic extension.

Three main applications are;
solvability of Monge-Ampére equations in (exterior unbounded) domain, extension of Kashiwara-
Kawai-Sj6éstrand theorem as to the convergence of all formal power series solutions to non-
linear equations, index formula of a system of ordinary differential equations.

Z % L&
KD Monge-Ampere FEER L E 2 5,

&%u

(1) M(u) = det(ua:im,') = f(=), Uziz; = M’

IZCzx=(x1,...,Tn) EQCR" (orin C*) THY, QUEHT UHHR & RS 20,
4 u0(x) 2Q THO» KL L

fo(z) = det(ug,q;)

EBL, Zo, WW(2)iIX(1)Tf = fob LIZROBTHD, £Z T, z=uw(z)»bEFL
LTxbhb#iEs*EX S, TROLOEOHEEEZD,

(MA) det(vgz; + ugimj) = fo(z) + g(x) inQ,

TIZTgHEQTEDLN. HDHVIXENE TS,
Bl FEX)ICHLT, 21=0, z=(z,2) BT 0HEMELZEX 5,

M(’U,) =T U’(Oa 37’) = ¢0(xl)7 Uz, (Oa iL‘,) =¢1 (3:,))
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TIT o BEZLNTEAEE TS, W =g+ 1101 EBNT, u=u0z)+v(z) ITE>T
HIZO LOKRHBEE v(z) ZBATE, ZOLIC M % w0 ([ZlocalizeT 52 L1128V, Wb
D3z = O’C@Fuchsmﬁ:'}ﬁﬁfzzé

—RIZ 2RIEDEHE up(z) = 2} + cx?ad+ 2§ % B X B & c DIV FFIZ &V localize 3% #iif
DERPEL L, 59 5 Monge-Ampére AT u = ug T degenerate elliptic, degenerate
hyperbolic & % \\“id mixed type, i.e., elliptic-hyperbolic & 72 5,

DL RHBRAEMTHIZY  BARNRT A 77 XN TIIHBRROBBETEDTE
N % (Silov) ERIZFK B EiF. ”blowing up” L. pseudodifferential operator ® real calculus
Zb b T LWk Z % harmonic extension THIEBIZILIRT 5, BARMEBERIC X - THAN
BT 5,

ERT AT T —HBEFRADEE
bNONOERNRT A TT7 23R T 210 >TOEMHFRREEX D,
(t 8t Z a (t)afa

ZIZT ar(t) X Q Cc CTERAIRITINE T2, FABHREANDIZLIZLEY Q= {|t| < w}
(w>0) DHFACHEREBETEX DN, SIRBEOBO = {|t| <w} (w>0) LIRET 3, Kk
DB D Fredholm P L HEAXDIEHE2E 2 5,

p:0(Q) — 0(Q),

(Komatsu, Malgrange, Ramis, Miyake ZDfLOFEEZBM] ) ZZ TiZZ oM bNIZEED
MREEAZ 5252 L 2E 2 5, ‘

COMEZEZD T2, REBREZ pD t =0TORILIVENE, Z2ZTQ T
EEHIRLVIZZOERT = {|t| = w} THERXZ2E£ %25, QCOERREKL T TOAHE
BB DX G & < #1167z radial limit (Borel theorem) & harmonic extension(=analytic
extension) IZX->TEHEZXDOND, BEREZVABRICT S0 OQ) LVEFEFT/NHNIVERZEA
15,

LY(T) % b—F A L C2RAMOREROLMA L L, Hardy 2R H2(T) 2> X TES
%,

HY(T) = {u= f: une™ e L2 u, = 0 for n < 0}.
g)jzyb Z H¥(T) LY(T) OBBHZEMThH 5, © % L3(T) b HA(T)~DHEL T2, T4k
UEOREDS & T, *béﬁf&i%%&ﬁ@ﬁﬁ J:ofiiz bhd, bbb

Q)BZunz e—)Zune € H?(T).
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" Reduction to the torus. ~DRIEIZE>Th—F 2 LZh bbb EAFEZ b DD, i
JEAE t = ref® 2 VT,
1/ 8 90\ ., 1(8 .0
ta—a('f@—l%>, ta—E(TE:"‘Zgé),
Z =T 3 iX Cauchy-Riemann {Efi%, Ou =0 {RET S L P(t,0)ulci T BEF RO
5y r0/0r FEH MO TBENRDIENTE D, TRbh,

o 8 .. 9 _
’I"E __Z_é?, ta———Z"ag—-—Do.

o T, ROBHRIIOEDFHEIZI > THEALND

t5¥ — Dy, t+>e®.

LoT, F—FREOERFEIRIZE->TEXBND,
=3 ap(e®)e * Dy(Dy—1)--- (Dg — k + 1),

k
T TREAW,

tkoF = 18,(t8; — 1) --- (t0, — k + 1).
Z OB mp = pHRR Y 3L,

EostiEic k5T, P : HXO) — H?*(O) # Fredholm T %72 DSEFGyFMIZ

7p : H2(T) — H2(T)  Fredholm (EARTHB 2 & THB, =T H2(O) ix HX(T) O
analytic extension Toh 5, #Z, 7p: H2 — H? S Fredholm fEARTHNIT P : O — O

Fredholm fERE TH 5,
TOERDEREEZRAT-DIERE< Dy > 2RICE > TEET D,

< Dy >u:=Zun<n>ei"9, <n>= (1+n2)1/2-
n

ERIE%E Ecostind 3EARRKRTE L OIS, <18 >= (1+ (td/o)?)Y/?, =T
<tOh>u=y up<n>z"
EEBIChIE 5 |
Dy(Dg—1)---(Dg—k+1) < Dy >"*=Id + K,

CTITKIZFH2EDa R MERETH D, o T, ar s MEAFRZEL LT PIZ
wEFE LW,

(%) Tam(e?)e™™ : H? s H2.

T DEBIZENT-BEIZ reqular THBHZ LICHEET D, 22 Thb b ZHE T —KRIZIX
Szego projectionZ72 b, T LY, BEAXZRT I LN TE D,

Riemann-Hilbert 2 0F B
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MEOLD w=1 LREL, z=e%LEL, FEEK p(2) = a(z)z™ DB|z] = 1L T
Riemann-Hilbert 53fRVIRETH 5 & 1%

| ‘ p(2) = p-(2)p+(2),
BRESITAZ L ThB, 22 Tpi(2)i 2| < 1 CERIM DM TH- T, |2| <1TE TR
53 p_(2) 1 |2| > 1 CERI, EETH- T, |2| > 1TOITRDAR,

bbb OB T p(2) :=a(2)2™TH Y., F&Ha(0) #0 & a(z) DFELDOMEII m+n
ThHELTRDE DTS,

p(z)
=c(z— M) (2= An)(2 = Mny1) - (2= Apgn) 2™

= o= A (1= 2P e A (= ).

€ T. Riemann-Hilbert 53 RETH D7 DEMIX

(RH) M| <=0 <Pl <1< Panga] - < ]

ZO&MHE RH) DG LT BB (Y) OBRERKIIBEZADZ &2 LDE D,
EEE, FEHIIRICTHAOT (X) OKEB XD, ERICED mpu =0 1TREBEFITRD,

p(e?)u(e”?) = g(e®),

2T g e?DARRTDORIVES, bL || <1Z2bIEBK

(1- j@)
XHERNENDKRD, ST
(1-— %)U(ew) = negative power =

U( ei@) =(1- %)_1 X (negative power)

= (negative power).

ThE#VIELT

(2= dmt) -+ (2= Ampn)ule), 2=

BIAEREDHLEVRBZ NI, ., 2 20LERNTH-ZDOTu=0%2%5,
PDEDEE - 4

Some Examples. n=2+LREL, 71 =z 22 =y BE X, Monge-Ampére HER%
25, :

(MA) M(u) = Uggyy — uiy + ¢(z, Y)ugy,

ZZTelz,y)idz & yDEENTH D, uo FKREP4DOFRZBERTHD LRET D, fo=
M) L& (MA)2EX 5, P:=M, % M(u) D u=u'CTORBLLT S,
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AE v TO MOBBALIZRTEZ b b,
vmaj + vyyag — 203y 0:0y.

#€-C. discriminant IZ—M(v) IZZFE LV, 2 &Y, AR (MA) [X (weakly) hyperbolic

THE-ODLETFEHIT M(v) <0 THBZETHY. (MA)H  elliptic THST
DORBETFEHIEIM(W) >0THS.

Example 1.
W =1%?, c(z,y) =kry keR
DEE
fo = M(u®) = 4(k — 3)22y?
ThY. BERRZ
P = 22202 + 2y23§ + (k — 8)zy0,0y, Op=0/0x,...
Thbd, FHELENZ
—22€7 — 2763 — (k — 8)zyé1bo
T 5 DT discriminat X
D = (k — 4)(k — 12)z?y?

Thd, T LV, (MA)A degenerate hyperbolic <= k < 4 or k£ > 12, fil1.; degenerate
elliptic <= 4 < k < 12.
BTTRT LI HL bE>4LG5EHABRX(MA) (FaA@ETHD.

Example 2. kosmts%£x 5, |
W =2+ ke®y? +y*, keR, c=0.
Z DR,
fo = M(u°) = 12(2kz* + 2ky* + (12 — k?)2?%y?).

BHRHEIVDL»PDEIICBbLE< —6 2bIE fo <O0THY. degenerate hyperbolic. b
Lk>6720IT%EE {fo=0} CRUI4DOFATRDOIEMRE VKD, Ok, FHEXIX
Z DOEMR % #Y) D BEelliptic 2°5 hyperbolic * Bl E 25, - T, FRAIBREETH S,

ZOFHZBNT HL k< —6 HBAWE k> 8L 6IE (MA) XA THD, EBE. Zh
HREHIIK S HEE T,

PDEDGE - ERTATT
Monge-Ampere 5RICR S, B¥IE
Wr(Dg) :={u =Y ugz"|lullr := ) |ug|R" < oo}
n n

BEHET B, TOF, g Wr(Dr) kLT, (MA) #M#<, Fxid (MA)% h—F % Tk
(Z Cauchy-Riemann FREAZ AW TEMBS FBRAOGED X 5 IZHIRT 5, 22M Wgr(Dr)
X Wr(TM) iZE# &b, ZTZCTR=(Ry,...,R,), ZOK, REH5,

det (2712 D; Do + 13,5, (R2)) = fo + g,



ZZT 2z = Rje¥.
MZzE#BALT 5,
M(u° 4 v) = M(u®) + mPv + R(v),

ZIZTRW) IRKETHD, Zhib
(*) mPv+ R(v) =g on Wgx(T").

L (nP)! BEELE LRET S, O, #H Oiteration ik > T (¥) 2 Z L B TE
%, $bb, bL |glws B+RTHENRGIE (X)) O—BRvBTFET D,
9% v Dr~® analytic extension &35, B

M’ +9) - fo—g
X DRIZBWTIERITH Y, DrDSilovER ETHEHZ S, ZRKREREIZXLY.
M@ +9) = fo+g¢g in Dg,

bbb, AIEER DD,

BFR—EM 4 (MA) 23t L2 D0ff wy, we T ||lwj|| <€ for small e THD L5 72b DA
HFELIZET D, 2Ok, T~ORIRICL Y, SRS ZHFBRNO—BAMFEL Y T ki
BWT wyp = Wy 7)3521“[.'?—50 %k{ﬁﬁ@‘:i 9. DRLCRU\VC wp = W3 75§EEEZTZ>D Zhix
—EHEEZRL TV,

" fE1E & Riemann-Hilbert 23 f#I1Z 2T
HET 5BOLRK
HIREZHETAESOXOAXNEHATH 5,

-1 i0;
- . . . J— 7
amj = Z; §jrxj >z, zj=e,

ZZT fj X 0,@4#&%&“(&360
Toeplitz symbol DEH
Toeplitz symbol o(z,£) 22X TEHT 5,

0(2,€) = (- 2n) 2 det (6 + 52005, () — fol2),

UTFCiEn =2 HET 5, SIRSNIEAROTPIEL R 2D OED2ODRMELRE
15,

(A.1) 0(z,€) #0 Vze T2 VEe€R2, ¢ =1
(A.2) indyo =indpo =0,
ZZ7T

1
ind, 0 = —— d,. 1 .
mda, o o ?I{Cl:l 21 OgU(C, 22,5)
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I CHESI 2 & T UTEST? x {|¢] = 1} ® ) X TEHEOERBEE Th 5 D THAE
LY, EETH D,

HRBI floxt LT fDorder ord f2ENEHRT 2 HEROR/NOKRELT5, T4
H B2 f(0) # 0 for some |a| =k 7>> 02f5(0) =0 for all |B| < k— 1 &A= L I M/h
DkLT 5,

Z DR, IR Y LD,

EF 1. n—2tmEETH. S5I12(A1) & (A2) ERET 5. OB, 7>0 &
BB N>2 TuUOTEEILDNEHELT. IRTD geWgr T |lglr<rordg> NZi
33Dz vL. FBX (MA) X ordg > NGB LS5 L—BBwERD,

1EE - 0%t complete Reinhardt domain (25 TR Y 720, 7E L, ZOBEITIEg
DI VBFFFNESBBBERD D, ZHIZOWTIE—BEIRITT~DILR TR~ D,

TR T DERMFEDIUHR

- A theorem of Kashiwara-Kawai-Sjostrand

FREDOFBRDH S 7 7 AW L TTRTORRBBINR ST 57200+ MH2 52 &
‘50

ERE 2. (A1) & (A.2) #RET 5. ZOB. BATIET 545 HEBD g Tordg > 2
LHEHLDIZELL, TRTO (MA) OBRBEREDEETRET 5,

n MM EBDOGE

LSFETORREN > 20B/ICIRETAZ 52525, Q% C"TD complete Reinhardt do-
main TH->T0 € QLT 5, Q iX convex TH D EIXMRE LRV, ZTI T Q 2 complete
Reinhardt domain T& 5 L XK DOFHEBRILTHZ & TH D,
1) bL a=(ay,...,an) € Q51T (a1, .., a,e") € Q for all 0 < 0; < 2nD3FKILT D,
2) bLla=(ay,...,a,) € QRBIE DR C QKT D, 22T DriT¥E R = (lail,---,|anl)
DLEEMRTH D, :
Q DERHE .

Q:= {(|z1|7' T lznl) € RZ;'_,Z € Q}

TE&T D,
P:=M,, = Z(BM/aza)(x,u()) = Z aq(z)08

= alal<m

% u=ugTOM(u) ODBIBAVERAF LTS, ZZTme N, B an(z) IXQOMA@ATERAT
HbHETH, Whind 3 Toeplitz symbol o(z, §) %

0(5,6) = 3 0a(2)2pal€) <¢>7,
TEHET S, Z2T<E>=(1+ (V2 ThY

Pal®) = [T &6 — 1)+ (€ — o + 1)
=1
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ThHD,
a(z,§) = 0'(§) + 0"(2,¢),

o'(§) = [ olc” e)do

LORT B,
local sectoriality &% {RET 5,

(A.3) dce C,|lc] =1,3d >0 Re(co’'(¢)) > dvé € R™

SOLE, KB o,
TEH 3. aB0ER cc Q #5% 3, (A.3) 2 EET 5. COB. dy> 0 HNEELT.
tL (A3) TOAAd > dy EHBIEHER (MA) & EEOQTER T supg |g(z)| < e&
BELIG gITEVWLY ITBWT—BfE v # o,

‘E,:%: Good operator & Condition (H) in Gérard- Tahara.

Gérard-Tahara [?] 1 good operator & Condition (H) D&% ¥A L=, (A.3) #4711
F3RiL "good operator” TH Y, £H o’ (¢) IR B VEFAFENRZ D dominant part Th B,
Condition (H) I § 5, 6> T, EDFEHIT”good operator” MU &> criterion %5 %
T3,

SMER RIS T DR
Monge-Ampére X% C"\ QTEZ S, BHEOLD, B 2EROBACH LV BEE%
B, —BAbIZZE D% TS, v :
M(u) = f(z)
#EZ25, a=(o,a) c 223t L,

[0 ¢}
Xj:={v;v= a;;aj Z vkxj"k}, j=12.
k=0

LRET D, KBRS B,
T A [=08BE0 o+ ar# -1 EEET 5. TOB. M) = 0 DHRRET

u=z ¢ Z Uz~

nez?
EBBBDETRT X, HBLE Xplz&8Fh B,
(MA) TEH zj = 2z;' (j=1,2) ZANT |
(M A) M (u)

= (6fu + 61u)(6§u + Sou) — (6162u)2 = g(2),
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5}
5_7' = zja_Zj
Lhobtd, Z22Tg(2) = (n2) 2f(z7), 25 1). (MA) OTOEDHERDbDEE
Z B,
u = Zuj, " uy = az; + bz, ab # 0, uj; homog. deg. j.
j=1
?Zﬁbt)\ wNHBEANMIICEDLIRLOEER D, ZOR, KRBV LD,
FEF 5. M) = 00T RTOBRBTLOBDEDTH > Tordv > 2 EHBHDITE
WL, —BME 9T ordp > 2,31 DHAEELTC. u=uy1+v+¢ =u+v+SvlF
(MA)Y DfRTHB. THhb. vidkernel DHFLEELEDTH D, ¢:= Sv&ES,
HZy,  MAY DFTRTDME u = u; +w, ordw > 2 [TFzLVL. —BHERv = v(x)
(resp. v(z2)) EELT. M@)=0,0rdv>2u=1u; +w=u; +v+ SvMEILT S, ¥
THH. "kernel” vIZ & o THEIX parametrize h b,

S EBAEIE T D Toeplitz RS

EEEW o; =y, BB 72D &b IHA IR TOMEL A RER COMBICRET
&5, ZOEMILD, Toeplitz REIISDETEZ LIS,
0(2,€) == (21 2za) " det (&fj + Zizjud . (Z)) — fo(2),
ZZT
fo(z) = (z1--- 2zn) ' det (z,;z,-ugixj (z)) .

IRERVDZ LIk, SMFEROMED H MBI ARBEROBREANTHS Z L
TE 5, #FLIIEK’T S,
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