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Dynamical representations of substituted
Sturmian sequences

Shin-ichi YASUTOMI (Y% B —)

Suzuka National College of Technology

1 Introduction

We announce some theorems about Sturmian words in this report. The proofs and details will
be published elsewhere. We need some notations. Let L be an alphabet, i.e., a non-empty finite
set of letters. Now, we set L = {0,1}. Let W = JS,{0,1}", W* =2,{0,1}"u {0, 1}". For
x,y € [0,1] we define G(m,y),f?(a:,y) € W* by

G(z,y) = Golz,y)G1(x,y) ...,
Gz, y) = Go(x,y)Gi(x,9) ...,

where G;(x,y) = |(j+ L)z +y] — iz +y], Gi(z,y) = [(j + Da+y] — [jz +y] for each integer
; :

and |u] is an integral part of u and [u] = —|—u] for each u € R..
Examples
p o= 1
&€r = 3
G(x,0) = 001001 ... = (001)s

@ = ﬂ—l,y:%

G(x,y) = 0101001010...

For w € LN, we define Sub(w) by
Sub(w) ::.{u, € W | uis a subword of w}.
A Sturmian word is defined to be a word w € L satisfying
AL =|BlI<]

for any A, B € Sub(w) with | 4 |=| B |, where for v € W |u| is a length of u and |u]; is a munber
of the occurences of the letter 1 in w. In this lecture we consider only non periodic Sturmian word.

Theorem. (Morse and Hedlund [2];Coven and Hedlund[3]) w is Sturmian if and only if w s
equal to G(x,y) or G(x,y) for some x,y € [0, 1].

A transformation f on W* is called substitution on W*, if f satisfies following conditions:
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Lo F(0), f(1) € W,
2. for any a € TV and b € 1¥*, {(ab)=f(a)f(h).

Example

Let f be a substitution on W™ defined by

f.O—am
11— 010

Then,
F(0010L) = F(O)F(O)F(L)F(0) f(1) = 010101001010

Let o be a real number. Define right infinite word x(S,a) € W* for a set S in interval [0, 1]
and o by

(S, @) = A(S, a; OA(S, ;1) - - |
where

/\(q (y-’ﬂ) = o <na> is
ST T Y0 f (na) ¢ S,

Example of x (5, «)
We define a mod 1 semiclosed interval [&,y)~ for 0 < @,y < 1 by

[2,y)~ = [#,y) » ?f 0<x <y,
h [0,y) Ule, 1) if 0<y <.

We can define a mod | semiclosed interval (x,y]™ in the same manner as above.
Our main result is as follows.
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Theorem 1. Let S be a Sturmian sequence. Lel F be a substitution with GCD(|F(0)],|F(1)]) =
L. Then. there exist v,y € B and integers my, ... ,my and ny, ... ng such that ¢ s wrrational
and 0 < e < 1 and

x(U,2) = F(3),

where
&

I= U[(m,;;v —y), (nix — )™,
i=1

or

k
I= U((”’-ii" —y), (n;e — y)™.

i=1

The converse is also true.

2 An algorithm on inhomogeneous Diophantine approxi-
mation

We introduce the following algorithm on inhomogeneous Diophantine approximation to prove
main Theorem. Let us define functions tg,11,1s on RB* by

B Y
lo(e,y) = (1+U’1—|—‘1:)’

1 4
tl(a:)y) = (. R /")a
2—x 2—u

ta(e,y) = (-2, 1-y)
Let us a domain X by
X = {(z,9)|0 < a,y <1 and y # ma + n for any integers m, n}.

We define domains S} (¢ =0,...,5) by

0.1y (@/2,1) (1,0)

0 )
Q4 D3
0
C)'(; S 5
gv o0
0 51

(0,0) (1/2,0) (1,0)
Figure of X
We define transformation Ty on X as follows:
| tal(n:, Y) if
7 (e, ) if
)ty ety N y) if
Tolw,y) = tyloty! oty (w,y) if
7 oty oty (e y) if
1‘.51 ot.}'l(.zr,y) if
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We define domains S} (i =0,...,5) as follows:

0, 1) (12,1 (L1)

. o1
53 24
8
‘».S 2
_ 51
g} 20
s!

0,00 (1/2,0) (L,0)
Figure of X

We define transformation 7y on X as follows:

( tf"(;v, Y) if (x,y) € Sy,

tot (e, y) if (x,y) € 51,

) et e, y) if (,y) € 53.
Ti(w,y) = | ty ot oty (w,y) if (2,y) € 83,
ty oty ot (v, y) if (x,y) € S1,

(z,y) € S5.

n

tl—lotgl(a:,y) if (z

For (x,y) € X we consider the following binary tree:

\/

ToTo(x,y) T\ Ty(z,y) ToTi(x,y) TiTy(x,y)

. >

\

To(x,y) Ti(x,y) '

NS

(x,9)
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We associate u = {iy,is,...} € {0, L} with a path in the tree like the following example:

"n = il,‘ig.i;;,...

For w = {iy,is,...} € {0,1}" and a positive integer n, we defline g(w,n, (x,y)) € X by
g, (e, y))y =T, -1 (2 y).
We define a sequence S(u, (2,9)) = {jn )52, € 10, 1,2,3,4, 5} whicl is called the name of (&, y)
related to u € {0, L} as lollows: for n=1,2,...

glu,n —1,(x,y)) € q:

. g
) -0 Sl oy
5 /l h 3 3
"
0 NOE o5 o1
o4 0y
‘S'U () o]
0 o _ Sl 2

Figures of 57 (0<j <5, i€ {0,1})
w={iy,ts,...} € {0, 13¥ is called good related to (x,y) if there exists infinitely many positive
integers k such that i, = i,y and jj. and jr4, satisfy one of following two conditons (1) and (2):

(1) jro=1land jqp € (0,2},

(2) jr =4 and jrp € {3,5}).
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where {ji,Jj2,...} is the name of (&, y) related to w.
We define substitutions sy, s, ¢ on L by

o - 0—=0 ) =0l . 0—1
T L—ol 1Y 1=, "l 1=0.

For (i, k) € {0,1} x {0,1,2,3,4,5}, we define substitutions ¢(z, k) as [ollows:

S50 lf (I,j) - (()0)

st i (2,j)=(0,1),

spe if (l,_]) - (0, 2)

espe if (4,7) = (0,3),

esre if (4,7) = (0,4),

oo ) oeso if (4,5) =(0,5).
P =9 5 (i) =(10),
S0 lf (I,j):(ll),

spe if (4,5) =(1,2).

ese i (i,j) = (1,3),

csye lf(I,J) = (I,/l)

esy  f (i,5) = (1,5).

By the theory [1] we have the following important Lemma:

Lemma

d(i1,41) - ¢(tn, Jn)Glg(u,n, (2, ¥))) = G(z,y).

For substitutions f and g on W* we say that [ is equivalent to f, il for any w € W |[(w)| =
|y (w)].

We have the following Theorem 2.

Theorem 2 Let (v,y) € X. Let u = {iy,is,...} € {0,1} be « good path in the previous tree
related to (x,y). Let I be a finite union of intervals [(mya = B), (mya—F))~ (my,my € Z). Then,

there exist a integer k > 0 and a substitution ¢ on W* which is equivalent to ¢(iv, j1) - - ¢(ik, jr)
such that

x(1,2) = p(Gg(w, k, (x,9)))),

where {j1, jo, ...} is the name of (x,y) related Lo w. The converse also holds.

From Theorem 2 and considering homogeneous cases (y = ma + n), we get Theorem 1.
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