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1. Introduction and Preliminaries

The concept of vector variational inequality in a finit, $\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{l}\mathrm{r}\mathrm{l}\mathrm{e}\iota \mathrm{l}\mathrm{t},\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\iota \mathrm{f}_{-\mathrm{J}\iota \mathrm{t}(}^{\mathrm{t}}\tau 1\mathrm{i}(1C|\mathrm{a}\mathrm{r}\rfloor$

space was first introduced by Giannessi in 1980. Then sevoral stuclies $l_{1\mathrm{a}\nwarrow r}\mathrm{t}^{\mathrm{Y}}|$ )een

done on this subject,. Vector variational $\mathrm{i}\mathrm{n}\mathrm{e}^{\mathrm{J}}.\mathrm{c}\iota 11\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{i}e\mathrm{s}$ have shown to be very $\mathrm{t}\iota^{\zeta},$ ) $\epsilon$
) $\mathrm{f}\mathrm{u}^{\underline{|}}$

for studying vector $\mathrm{o}\mathrm{p}\mathrm{t},\mathrm{i}\mathrm{m}\mathrm{i}_{I}\prime \mathrm{a}\lrcorner \mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ problems. $\mathrm{G}\mathrm{i}\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{r}\mathrm{l}\in \mathrm{Y},\mathrm{C}\mathrm{i}\backslash \mathfrak{i}\supset‘ i\lceil.3$ ] $\mathrm{s}\mathrm{l}\mathrm{l}\mathrm{O}4\backslash \gamma(^{\tau}(\mathrm{J}\mathrm{t}1_{1}‘)(^{\backslash }..([n\mathrm{i}_{\mathrm{V}}\mathrm{d}\iota(\backslash \mathrm{t}]((^{\backslash }$

between efficient solutions of a different,iable convex $\mathrm{V}\mathrm{e}\mathrm{c}\mathrm{t}\langle$
$)\mathrm{l}$ ( $\mathrm{r}\dot{)}\mathrm{t},\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{i}I,\mathrm{d}$ tion $1$ ) $\mathrm{r}\mathrm{o}1)1‘\backslash .11$ a.nd

solutions of a Minty type vector variational inequality for $\mathrm{g}\mathrm{r}\mathrm{a}(1\mathrm{i}(^{\supset}\mathrm{I}\mathrm{l}\mathrm{t}\mathrm{S}\mathrm{W}[1\mathrm{i}$( $\}\iota \mathrm{i}\backslash \mathrm{S}$ a, $\mathrm{v}\mathrm{c}(\mathrm{t}\mathrm{o}\mathrm{r}$

version of the classic Minty variational inequality for gradients. Moreover, he proved
t,he equivalence between solutions of weak Mintv type and Stampaccbia lypp vector
variational inequalities for gradients and weakly efficient solutions of a $(1\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{I}^{\cdot}\mathrm{t}\backslash .\mathrm{I}\mathrm{l}\mathrm{f},\mathrm{i}_{\lambda}\mathrm{I})1‘ \mathrm{J}$

convex vector optimization probleni. Recently. $\mathrm{f}\mathrm{o}11\mathrm{o}\mathrm{w}i_{1}\iota \mathrm{g}$ the approaclles of Giiulnessi
[3], Lee [5] studied equivalent relations between vector va,riatiollal $\mathrm{i}_{\mathrm{l}\mathrm{l}\mathrm{t}^{\mathrm{Y}}}\text{ノ}\iota 1^{\mathrm{t}\iota}\dot{(}:1\mathrm{i}\mathrm{f}\mathrm{i}(^{\backslash }‘\backslash ’$ for
subdifferentials and $\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}J\mathrm{i}\mathrm{a}\dagger$) $1_{\mathrm{f}}\mathrm{Y}$ convex $\mathrm{v}\mathrm{e}(\mathrm{t},()1^{\cdot}\mathrm{o}_{\mathrm{I}^{J}\mathrm{l}\iota}\mathrm{f}\mathrm{i}\iota \mathrm{r}\mathrm{l}\mathrm{i}r/,\mathrm{a}\mathrm{c}\mathrm{i}_{\mathrm{t})}])\mathrm{l}’ 01)1(\tau 1\mathrm{t}\mathrm{l}\mathrm{S}$ .

In this paper, we study the equivalence $1$) $\mathrm{e}\mathrm{t}\backslash \mathrm{V}\mathrm{e}e11$ solut,ions of weak $\mathrm{s}\mathfrak{c}\mathrm{a}\mathrm{I}1\iota \mathrm{I}$) $\mathrm{a}\mathrm{r}:\mathrm{t}\cdot 11\mathrm{i}_{r}\mathrm{u}$

type vector variational inequalities for gradiont, $\mathrm{s}$ and weakly $()\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{t}\mathrm{i}()I1(\mathrm{s}\mathrm{o}1_{1}\mathrm{f}\mathrm{i}\mathrm{Q}\iota 1,\mathrm{b}^{\tau}$ of
vector optimization problem involving pseudoconvex $\mathrm{f}\iota 1_{-}\mathrm{I}\mathrm{l}(\mathrm{t}i\mathrm{o}\mathrm{I}11\backslash$” imcl $\iota\searrow^{}11\mathrm{o}\mathrm{w}$ the equiv-
alence between solutions of weak Minty type vector $\mathrm{v}\mathrm{a}1^{\cdot}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}_{}1\mathrm{i}$ nequalities and $n^{r_{(^{\backslash }}}..\mathrm{a}\mathrm{k}$

Stampacchia type vector variat,ional inequalities for graclients ulld $(^{1}\iota\cdot\iota \mathrm{S}\mathrm{l})\mathrm{r}\mathrm{i}\mathrm{C}\mathrm{t}$ pseu $‘ \mathfrak{l}0-$

convexity assumptions.
Throughout this paper, we consider the following vector opti $\iota \mathrm{r}\mathrm{l}\mathrm{i}_{\mathrm{Z}}\mathrm{a}\mathrm{f}\mathrm{i}\mathrm{o}1\iota \mathrm{P}\mathrm{I}^{\cdot}\mathrm{o}1$ )] $\mathrm{e}n1$

(VOP):

$(\mathrm{V}O\mathrm{P})$ $\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{I}\mathrm{n}\mathrm{i}_{l}r\mathrm{r}_{\mathit{1}}\mathrm{e}$ $.((:\tau\cdot):=(f_{1}(.’\gamma i), \cdots , f_{p}(.?:))$

subject to $.\prime \mathrm{c}\in X$

where $f_{i}$ : $R^{n}arrow R,$ $i=1,$ $\cdots,$ $p$ are functions and $X$ is a noncmpl,.$\mathrm{v}\mathrm{s}\mathrm{t}\mathrm{l}\mathrm{b}\mathrm{S}\subset|\{$ of $R^{f\{}$ .

Solving (VOP) means to find effici($\lrcorner \mathrm{n}\uparrow 1$ solutions ( $1\langle_{\lrcorner}^{\backslash }\mathrm{f}\mathrm{i}\mathrm{I}10(1\mathrm{a}_{\iota}\mathrm{S}$ follows:
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Definition 1.1. A point $\overline{x}\in X$ is said to be an efficient, soltltion $\mathrm{f}\mathrm{t}\mathrm{l}$ . (VOP) if
for $\mathrm{a}\mathrm{I}\iota \mathrm{y}x\in X$ ,

$(f_{1}(x)-f1(\overline{x}), \cdots, f_{p}.(.\tau‘)-.f_{p}(.\overline{\tau’}))\not\in-R_{+}^{p}\backslash \{0\}$ ,

where $R_{+}^{p}$ is the nonnegative orthant of $R^{p}$ .

Definition 1.2. A point $\overline{x}\in X$ is said to be a lveaklv\
$\cdot$

efficient solution $1^{\cdot}\mathrm{o}\mathrm{r}$

(VOP) if for any $x\in X$ ,

$(.fi(_{X})-.f\mathrm{J}(\overline{x}), \cdots, f_{p}(.’\chi i)-f_{p}(.’\overline{\prime/}))\not\in-\mathrm{i}\mathrm{n}\mathrm{t}R^{p}+$
’

where int $R_{+}^{p}$ is the intprior of the set $R_{+}^{\mathrm{p}}\text{ノ}$ .

2. Minty Type Vector Variational inequality

Let .$f_{i}$ : $R^{n}arrow R,$ $i=1,$ $\cdots$ , $p$ , be differentiable $\mathrm{f}\mathrm{u}\mathrm{r}\iota \mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ and $X$ a nonempt,$\mathrm{y}$

subset of $R^{n}$ . We formulate the following Stampacchia type $\mathrm{v}\mathrm{e}\mathrm{c}\mathrm{t}01^{\cdot}$ variationdl in-
equality (SVI) for $\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}\mathrm{i}\rho \mathrm{I}\mathrm{l}\mathrm{f}_{\mathrm{I}}\mathrm{S}$ .

(SVI) Find $\overline{x}\in X$ such that for any $x\in X$ ,

$(\nabla f|(\overline{x})^{t}(x-\overline{\mathcal{T}_{\text{ノ}}}), \cdots., \nabla f_{p}(\overline{x,})t(.7i-\backslash \overline{x}))\not\in-R_{+}^{p}\backslash \{0\}$.

Consider the following Minty type $\mathrm{v}\mathrm{e},\mathrm{c}\mathrm{t}\mathrm{r}$ variational $\mathrm{i}.\mathrm{n}\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{C}.)^{\gamma}$. (MVI) for $\mathrm{g}\iota \mathrm{a}\ulcorner$

dients:

(MVI) Find $\overline{x}\in X$ such that for any $x\in X$ ,

$(\nabla f_{1}.(X)b(x-.’\overline{r}), \cdots, \nabla f_{1},(x)^{b}(X-.\overline{xi}))\not\in-R_{+}^{p}\backslash \{()\}$ .

Giannessi [3] proved $\mathrm{t},\mathrm{h}\mathrm{e}_{J}$ following $\mathrm{t},\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{I}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{s}\mathrm{t}\cdot\Gamma \mathrm{i}\mathrm{b}\mathrm{i}\mathrm{n}\mathrm{g}$ the equivalence bet, $\mathrm{w}^{\mathrm{Y}}‘(^{\backslash }\text{ノ}\mathrm{n}$

vector optimization problem (VOP) and the Mint,$\mathrm{y}$ type vector variational inequality
(MVI) in the convex case.

Theorem $2.1.[3]$ Let $X$ be convex subset of $R^{n}$ and $f$ convex and cliff$(_{z}^{\backslash }\mathrm{r}\mathrm{e}\mathrm{I}1(,\mathrm{i}\mathrm{a}|)1\mathrm{r}_{/}-\backslash$

function. Then.$’\overline{r_{}}\in X$ is an efficient solutliolt of (P) if and crll.$\mathrm{y}$ if $\mathrm{i}1_{\lrcorner}$ is a solut,ion of
(MVI).

Theorem $2.2.[3]$ $\mathrm{I}_{\lrcorner}\mathrm{e}\mathrm{t}|X$ be convex and $f$ convex and differentiable $\mathrm{f}_{\mathrm{t}}\mathrm{I}\mathrm{t}(j\{,\mathrm{i}(j1\mathrm{t}$ .
If $\overline{gj}\in X$ is a solution of (SVI), then it is an effitjiellf, solution of ( $1\backslash$ IVI).
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From Theorem 2.2, (SVI) is a sufficient optimality condition for an $\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}_{\mathrm{C}}\mathrm{i}(!\mathrm{I}\mathrm{l}\mathrm{t}$

solution of (VOP). However, it was shown in Giannessi [3] and Yang [11] $\mathrm{t}$ hat, (SVI)
is, in general, not a necessary optinlality condition for an efficient solution of $(\mathrm{V}\mathrm{C})\mathrm{p})$ .
For the completeness, we give this example ([3,5]).

Example. Let $f(x):=(x, x^{2})$ and $X:=[-1, ()]$ . Collsider 1 he $\mathrm{f}_{\mathrm{t}}$ ] $\iota_{\mathrm{o}\mathrm{W}\mathrm{i}_{1\mathrm{l}}}\mathrm{g}$

$\mathrm{e}\mathrm{l}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}_{\text{ノ}}\mathrm{r}e\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$

, convex vector optimization $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{I}\eta$ $(\mathrm{V}\mathrm{O}\mathrm{P})$ :

$(\mathrm{V}O\mathrm{P})$ minimize $.f\cdot(.\prime\prime\cdot)$

subject to $x\in X$ .

Then $\overline{x}=0$ is an efficient solution of (VOP) and $i\overline{xi}=0$ is a solution $‘$ ) $\mathrm{f}$

. the following
Minty type vector variational inequality for gradients: Find $\overline{x}\cdot\in X$ such $\mathrm{t}[1_{\dot{(})}$ { $)$ for
any $x\in X$ ,

$(\nabla fi(X)^{t}(x-\overline{x}), \nabla f2(x)^{l}(X-\overline{x}))=(x-\overline{X_{\text{ノ}}}, 2x(X-\overline{x}))\not\in-R_{\text{ト}^{}2}\backslash \{()\}$ .

However, $\overline{x}=0$ is not a solution of the following $\mathrm{s}_{\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{n}}\iota$) $\mathrm{a}\mathrm{C}(\mathrm{h}\mathrm{i}\mathrm{a}$ tvpe vect,or $\iota^{r_{\dot{\Gamma}}}11^{\cdot}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\iota 1_{(\{1}$

inequality for gradients: Fitld $’\overline{x}\in X$ such that for an.$\mathrm{y}_{J’i}\in X$ ,

$(\nabla fi(\overline{x\text{ノ}})fJ(x-.\overline{X}), \nabla.f2(\overline{X})^{\iota}(x-\overline{X}))=(x-.\overline{x}, 2_{\overline{\mathcal{T}}}(\prime\prime-.\overline{f})\mathrm{I}\not\in-R_{+}^{2}\backslash \{0\}$ .

Theorem 2.3. Let $X$ be convex subset of $R^{n}$ and $f_{i},$ $i=1,$ $\cdots,$ $p$ , differentiable
and strictly pseudoconvex function. If.$\overline{x}\in X$ is a solution of (SVI), $\mathrm{t},\mathrm{f}\mathrm{i}(^{\supset}11\mathrm{i}\mathrm{t}_{1}$ is an
efficient solution of (VOP).

Proof. Let $\overline{x}\in X$ be a solntJion of (SVI). Suppose to thp $(\mathrm{o}\mathrm{r}\iota\dagger,\iota\cdot \mathrm{a}\mathrm{r}..\mathrm{v}\mathrm{t}_{e}\downarrow 1\mathrm{a}\mathrm{t}.\overline{t}\cdot\in X$

is not efficient solution of $(\mathrm{V}O\mathrm{P})$ . Then there exists $y\in X$ such t,hat

$(f_{1}(y)-f\iota(\overline{x}), \cdots..f_{p}(y)-f_{p}(.\overline{\tau\cdot}))\in-R_{\dashv}^{I^{J}}\backslash \{()\}$ .

B.y ttle strict $\mathrm{p}_{\mathrm{S}\mathrm{e}}\mathrm{u}\mathrm{d}_{\mathrm{o}\mathrm{c}}\mathrm{o}\mathrm{n}\mathrm{V}\mathrm{e}\mathrm{x}\mathrm{i}\mathrm{t}.\mathrm{v}$of $f_{2}$. at $\overline{x}$ , we have

$(\nabla]_{1}.(\overline{x})t(,?/-z.\overline{x})!$. $\cdot$ . , , $\nabla f_{p}(\overline{x})^{t}(y-.r\overline{\iota i}\prime 1)\in-\mathrm{i}_{\mathrm{I}1}\mathrm{t})R_{+}^{p}$ .

Thus $\overline{x}\in X$ is not a solution of (SVI).

Theorem 2.4. $\mathrm{L}(_{\text{ノ}^{}1}\mathrm{t}_{1}X$ be convex subset of $R^{n}\mathrm{a}\mathrm{I}1(1.f_{l}$ Diffprentiable $\mathrm{s}\iota_{1},\cdot \mathrm{i}(\uparrow_{l1\backslash }..$

pseudoconvex functions. If $\overline{x}\in X$ is a weakly efficient, $\backslash \mathrm{c}_{(1n^{1\mathrm{i}1}\mathrm{J}},,(1$ of (VOP), then it is
a sollltion of (MVI).

Proof. Let, $\overline{x}\in X$ be a weakly efficient, solution of $(1’()\mathrm{P})$ . $\mathrm{S}n_{1^{)}\mathrm{I}^{y})\mathrm{S}\mathrm{t}}(\backslash$ to 1he
contrary that $\overline{x}\in X$ is not solution of ( $\mathrm{M}l^{r_{\mathrm{I})}},$ . Then there $‘^{1}\mathrm{x}\mathrm{i}\mathrm{S}\mathrm{t}[] \mathrm{S}.l/\in d1’$ such $\mathrm{t}1_{1\grave{C}1}\mathrm{t}$

$( \nabla.f_{1}(y)t(y-.\overline{T,)}, \cdots, \nabla\int_{\mathrm{P}}(,y)^{\iota}(y-.’\overline{\Gamma,}))\in-R_{\dagger}^{p}\backslash \{()\}$ .
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Since $f_{r},,$ $i=1,$ $\cdots,P$ , are $\mathrm{s}\mathrm{f}_{\text{ノ}}\mathrm{r}\mathrm{i}\mathrm{c}\mathrm{t}\mathrm{l}\mathrm{y}\mathrm{p}\mathrm{S}\mathrm{e}|_{-\mathrm{t}}\mathrm{d}()\mathrm{C}\mathrm{O}\mathrm{I}\iota \mathrm{v}\mathrm{e}\mathrm{X}$ , we have

$(f_{1}(y)-f_{1}(.’\overline{(.}), \cdots, f_{l)}(y)-f_{\mathrm{P}}(.’\overline{r}))\in \mathrm{i}\mathrm{n}\mathrm{t}R_{+}^{p}$ ,

$\mathrm{w}\mathrm{h}\mathrm{i}\mathrm{C}\iota 1$ contradicts to t,he fact that $\overline{?_{J}’}\in X$ is a weakly effici$(^{\mathrm{J}}\mathrm{n}\mathrm{t}J$ solution of (VOP).

3. Weak Vector Variational Inequality

We consider the following weak Stampacchia type vector variational $\mathrm{i}\mathrm{I}\mathrm{l}\mathrm{e}(|1\iota\urcorner]\mathrm{i}\mathrm{t}\mathrm{y}$

(WSVI) and weak Minty $\mathrm{t}\mathrm{v}_{\mathrm{I}^{J\mathrm{e}}}$ vector variational inequality (WMVI):

(WSVI) Find $\overline{x}\in X$ such tfiat for any $x\in X_{j}$

$(\nabla.f_{\mathrm{J}}(\overline{x})^{t}(.7i-.\overline{x}), \cdots, \nabla f_{p}(\overline{x})^{\iota}(X-\overline{x}))\not\in-\mathrm{i}\mathrm{n}\mathrm{t},R_{-}^{p}\vdash$ .

(WMVI) Find.$\overline{x}\in X$ such that for any $x\in X$ ,

$(\nabla f_{1}(_{X})^{b}(x-\overline{X}), \cdots, \nabla/.f_{p}(_{X})\iota_{(}X-\overline{Jj}))\not\in-\underline{i}_{\mathrm{I}1}\mathrm{t}\prime R_{\{-}^{\gamma)}$.

Giannessi [3] proved the equivalence $\mathrm{t}$ ) $\mathrm{e}\uparrow,\mathrm{w}\mathrm{e}(\ln$ solutions of $\mathrm{w}(-^{\mathrm{Y}}\mathrm{a},[\sigma$ Minty typp $\mathrm{a}\iota \mathrm{l}\mathrm{t}[$

Stanrpacchia type vector $\backslash ^{r}\prime \mathrm{a}\iota\cdot \mathrm{i}(\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{l}1(^{\backslash }9^{11\mathrm{a}1}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{e}\mathrm{S}$ for gradients $\mathrm{e}‘ \mathrm{l}\mathrm{I}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{w}(_{r}^{1}‘\backslash ,\mathrm{k}1.\mathrm{V}\mathrm{f}^{\mathrm{l}\mathrm{i}\}\mathrm{i}}\langle i\mathrm{i}(.\supset$.nt
solul,ions of a differentiable convex vector optinlization problem.

Now we show the $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{v}\mathrm{a}1_{\mathrm{G}}\mathrm{n}\mathrm{C}(^{1}$ between so lutions of (WSVI) and $\mathrm{w}\mathrm{e}\mathrm{a}$,kly efficipnt

solutions of (VOP) involving pseudoconvex filnctions.

Theorem 3.1. Let, $X$ is nonpmpty convex subset of $R^{n}$ and $f_{i},$ $i=1,$ $\cdots,$ $p$ .
$c\mathrm{o}\mathrm{n}()\mathrm{i}\mathrm{n}n\mathrm{o}|\mathrm{l}\mathrm{s}\mathrm{e}\iota \mathrm{y}$ differentiable and pseudoconvex functions. Then $x\in X$ is a weakly
$\mathrm{e}\mathrm{f}\mathrm{f}_{1}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}_{}$ solution of (VOP) if $\mathrm{a}\mathrm{I}1(1$ only if $\overline{x}\in X$ is a solution of (IVSVI).

$l^{)}r\cdot Oof$. Let, $\overline{x}\in X$ be a weaklv efficient solution of (VOP). $13\epsilon^{\tau}(\dot{c}1\mathrm{t}1h\mathrm{e}$ of $\mathrm{t},1\mathrm{I}\mathrm{C}$

(( $\mathrm{I}\mathrm{l}\mathrm{V}\in 1x$ ity of $X$ , we have.$’\overline{l\cdot}+\alpha(.x-.\overline{\gamma\cdot})\in X$ for all $I:\in X(11\iota \mathrm{d}$ all $().\cdot\in(_{\backslash }\mathrm{t}\mathrm{I}, \mathrm{t})$ . I $\mathrm{I}_{\mathrm{f}^{\iota}1}\mathrm{t}((^{\mathrm{y}}$

$\frac{f(_{\overline{X}+c\mathrm{l}}j(\prime\prime_{\text{ノ}}-\overline{\prime \mathrm{r}}i))-f(\prime\overline{X})}{\alpha}.’\cdot\not\in-\mathrm{i}\mathrm{n}\mathrm{t},\Pi^{p}+\cdot$

Since $f_{\dot{7}},$ $i=1,$ $\cdots’.p$ , are differentia $\iota_{)}1\mathrm{e}$ , wc $1\iota_{\dot{\mathrm{c}}}\iota \mathrm{v}\mathrm{e}$

$(\nabla f_{1}(\overline{x})^{\iota}(x-.’\overline{\epsilon}),$
$\cdots,$

$\nabla f_{p}(4^{\sim_{\text{ノ}}}\overline{7^{\sim}})l(x-.’\overline{r_{)}^{)}\prime})\not\in-\mathrm{i}\mathrm{n}\mathrm{t}R_{\prec-}^{p}$ , $\forall y\in-\iota^{r}$ .

Conversely, let, .$\overline{x}\in X$ be a solut, $\mathrm{i}\mathrm{o}[]_{}$ of $(\mathrm{t}\mathrm{V}\mathrm{S}l^{f}\prime \mathrm{I}\iota 2)$ . $|\mathrm{s}_{\mathrm{u}_{1^{)}1}}$) $\mathrm{O}_{\mathrm{L}}\mathrm{q}$($\}$ to $\mathrm{f}$ he $(\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{t},\iota\cdot \mathrm{a}\}.\backslash r1_{J}1_{1}j1\}$ ,

$.\overline{|^{\backslash }}\in X$ is not $\mathrm{w}\mathrm{e}\mathrm{a}$,kly efficient solution of $(\backslash ^{r}’(.)\mathrm{p})$ . $\mathrm{T}l1\mathrm{t}^{\mathrm{J}}\mathrm{I}\iota \mathrm{t}_{1}\iota_{\mathrm{t}}\mathrm{e}1’ \mathrm{e}$ exists $y\in X$ sllt)ll $\}_{}\mathrm{I}1_{(1_{\nu}}‘ \mathrm{t}$

$(.f_{1}.(y)<f_{1}(.\overline{\prime\epsilon}), \cdots, .f_{l^{J}}(y)<f_{p}(\overline{x}))\in-\mathrm{i}_{\mathrm{I}1}\mathrm{t}R_{+}^{p}$ .
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Bv the pseudoconvexity of.$f,$ $\mathrm{a}|_{7}\overline{\mathcal{J}j}$ for each $i=1_{;}\cdots$ , $\int$ ), we $l_{1i\mathrm{t}}\mathrm{v}‘$ }

$(\nabla f_{1}(.\overline{\prime x\mathrm{i}})^{t}(y-.\overline{\iota}), \cdots. \nabla.f_{I^{J}}(.\overline{\mathrm{r}})^{\iota}(y-.\overline{)i}))\in-\mathrm{i}_{\mathrm{I}1}\mathrm{t}R^{r)}-\vdash$ .

$\ulcorner\Gamma \mathrm{h}\mathrm{u}\mathrm{s}\overline{J.\cdot}\in X$ is not a solution of (WSVI). $r_{\mathrm{I}’ 1\iota \mathrm{i}\mathrm{S}}$ completes tllo proof.

The following theorem give the equiva,lence of (WSVI) and (WMVI).

Theorem 3.2. Let $X$ be a nonernpty conv$‘ 1\mathrm{x}$ subset, of $R^{n}$ and $.f_{i},$ $i=1,$ $\cdots,$ $\mathit{1}$ ).

continuousely differentiable and strictly pseudoconvex functions. $\mathrm{T}\}_{1\mathrm{c}\mathrm{n}}.\mathrm{r}_{\text{ノ}}\in X$ is a
solution of (WSVI) if and onlv if $x\in X$ is a solution of (WMVI).

Proof. Let $\overline{x}\in X$ be a solution of (WSVI). Suppose to the cont,rary $\mathrm{t}$ ba $\mathrm{t}.\overline{\prime}\in t\mathrm{t}^{r}$

is not solution of (WMVI). Then there exists $\iota/\in X$ slich $\mathrm{t}_{;}$ llat

$(\nabla f_{1}(\iota./)^{t}(y-\overline{a,}), \cdots , \nabla.f_{p}’(.\uparrow/)’(.?/-.\overline{Ii}))\in$ -int $R^{p}-|\cdot-\cdot$

Since $f_{i},$ $i=1,$ $\cdots,$ $l^{i}$), are strictly pseudoconvex $\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{c}\mathrm{f}\downarrow \mathrm{i}\mathrm{o}\mathrm{n}\mathrm{S}$ , we llave

$(f_{1}(y)-f_{1}(\overline{X}), \cdots , f_{p}(y)-f\mathrm{t})(\overline{x}))\mathrm{C}-$ -int $R_{+}^{\rho}$ .

So $\overline{x}\in X$ is not weakl.v efficient solution of (VOP). $\mathrm{D}.\mathrm{v}\text{ノ}$ Theorem $3.1,$ $.\overline{\iota:}\in X$ is $111$ ) $\iota$

solution of (WSVI). This is a $\mathrm{c}\cdot \mathrm{o}\mathrm{n}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{d}\mathrm{i}_{\mathrm{C}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$. $\mathrm{H}\mathrm{c}\mathrm{n}\mathrm{C}\mathrm{e}.\overline{\mathfrak{r}}\in X$ is a solution of $(l\backslash ^{r}\perp\backslash /\mathrm{f}\backslash ^{r}/\mathrm{I})$ .
Conversely, let $\overline{x}\in X$ be a solution of (WMVI). Because of t,he $(^{\backslash }..(11\mathrm{v}\mathrm{f}\backslash \mathrm{x}\mathrm{i}\mathrm{t}.\iota^{\gamma}$ of $X$ ,

we have $\overline{x_{\text{ノ}}}+\alpha(y-\overline{X})\in X$ for all $\uparrow/\mathrm{t}\subseteq-X$ ancl all $\mathrm{r}x\in((), 1)$ alld

$(\nabla f\iota(\overline{x\prime}+\alpha(y-\overline{X}))^{b}C)’(y-\overline{x}),$
$\cdots,$

$\nabla.f_{l^{J}}(.\overline{r_{\text{ノ}}}-+c\mathrm{t}^{\prime(,-}?_{\mathit{1}\cdot))()^{\prime(}}\overline{\Gamma}fy-.\overline{|_{\text{ノ}}}.)1\not\in$ -iut $J7_{\{}^{l)}$ .

Since each $f_{i}$ is continuously differentiable, for each $i=1,$ $\cdots$ , $p$ ,

V $f_{i}(\overline{x}+\alpha(y-\overline{x}))arrow\nabla f_{i}(\overline{\alpha,})$ as $\alphaarrow 0^{+}$

Then we have

$(\nabla.f_{1}(\overline{X})^{b}(.\iota/-\overline{x}), \cdots , \nabla f_{p}(\overline{X})^{\iota}(\uparrow_{J}-.’\overline{r}))\not\in$ -int$R’$
)

$-\dagger^{-}$ ’
$\forall y\in X$

Hence $\overline{x}\in X$ is a solution of $(\mathrm{W}^{\gamma}\mathrm{S}\mathrm{v}\mathrm{I})$ .

4. Vector Variational-Like Inequality

$\mathrm{L}\mathrm{c}\mathrm{f}_{}X$ be a nonempty subset, of $R^{\iota}$’ and $\eta$ : $X\cross_{\backslash }Xarrow R^{P}$ a $\mathrm{v}\mathrm{e}\mathrm{c}\mathrm{t}_{0},\mathrm{r}_{-}\mathrm{V}\mathrm{a}[\mathrm{u}\mathrm{o}(1\mathrm{f}\iota 11\mathrm{l}\mathrm{C}^{\cdot}\mathrm{f},\mathrm{i}\mathrm{o}\mathrm{r}\mathrm{l}$ .
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Definition 4.1. A $\mathrm{s}\mathrm{e}\mathrm{t}_{J}X$ is said to be an $\eta$-invex if, for any.$x,$ $y\in X,$ $\alpha\in[0,1]$

$y^{-\vdash\alpha}\eta(\theta\cdot, y)\in X$ .

Definition 4.2. A function $.f$ : $Xarrow R^{p}$ is said to be invex with $\iota\cdot t^{\tau_{\mathrm{S}}}1^{J\mathrm{e}\mathrm{t}}[\mathrm{t}\mathrm{i})\mathit{7}\int$

if, for each $x,$ $y\in X$ alld each $i=1,$ $\cdots,$ $I$ )

$.f_{i}(x)-fi(\mathrm{t}/)\geq\nabla f_{7}(y)^{t}\eta(x.’.\mathrm{t}./)$ .

Now we consider t)he following vector variational-like inequality (VV-LI):

(VV-LI) Find $\overline{x}\in X$ snch that for any $x\in X$ ,

$(\nabla f_{1}(\overline{X})^{\beta}\eta(X,\overline{X}),$
$\cdots,$

$\nabla f_{p}(\overline{X})t\eta(X, .\overline{X}))\not\in$ -int$R_{+}^{p}$ .

The following theorem give the equivalence of (VOP) and $(\mathrm{V}\mathrm{V}rightarrow \mathrm{L}\mathrm{I})$ .

Theorem 4.1. Let, $X$ be $\eta$-invex. and let $f$ be differ$‘ \mathrm{n}\mathrm{t}_{)}\mathrm{i}\mathrm{a}1$ ) $1\in!$ and invex with
respect to $\eta$ . Then $\overline{x}$ is a $\mathrm{w}\mathrm{e}\mathrm{a}$,kly efficient solution of (VOP) if $\mathrm{a}\mathrm{J}\mathrm{l}\mathrm{d}()\mathrm{r}\iota 1.\mathrm{V}\text{ノ}\mathrm{i}\mathrm{f}.\overline{;}.\cdot$ is a
solution of (VV-LI).

Proof. Let $\overline{x}$ be a weakly efficient solution of (VOP). If $\prime x\in X$ a,nd $\mathrm{c}x\in(0, \rfloor]$ ,
t,hen $\overline{x}+\alpha\eta(x,\overline{x})\in X$ since $X$ is $\eta$-invex. Hence

$\frac{f(\overline{x}+\alpha\eta(_{X},\overline{\chi}))-\mathit{1}(\overline{x})}{\alpha}.\cdot\not\in-\mathrm{i}_{\mathrm{I}1}\mathrm{t}Jf^{p}+’$. $\forall\alpha\in(0,1]$ .

Since $f$ is differentiable, it follows that,

$(\nabla f_{1}(.\overline{x})^{\iota}\eta(x, .’\overline{\overline{r}}),$

$\cdots,$
$\nabla f_{p}(\overline{x})l\eta(x.\overline{X}’))\not\in$ -int $R_{+}^{p}$ , $\forall x\mathfrak{c}_{-}^{-}X-$ .

Hence $\overline{x}$ is a solution of (VV-LI).
Conversely, let $\overline{x}\in X$ be a sollltion of (VV-LI). Since $f$ is invex, we have

$f_{i}(x)-fi(\overline{X})\geq\nabla f_{i}(.\overline{T‘})^{\iota_{\eta}}(X, .\overline{X})$ , $i=1,$ $\cdots,p$ .

Hence we obtain

$(f_{1}(x)-f_{\mathrm{l}}(\overline{x}), \cdots, f_{\mathrm{P}}(x)-f\mathrm{p}(\overline{Ji}))\not\in-\mathrm{i}\mathrm{n}\uparrow,I\{^{\mathrm{P}}-\vdash$ .

This complefJe the proof.
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