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Abstract
In this paper, the optimization problem for a stopped Markov decision process with finite
states and actions is considered over stopping times $\tau$ constrained so that $\mathrm{E}\tau\leqq\alpha$ for
some fixed $\alpha>0$ . The problem is solved through randomization of stopping times and
mathematical programning formulation by occupation measures. Another representation,
called $F$-representation, of randomized stopping times is given, by which the concept of
Markov or stationary randomized stopping times is introduced. We treat two types of oc-
cupation measures, running and stopped, but stopped occupation measure is shown to be
expressed by running one. We study the properties of the set of running occupation measures
achieved by different classes of pairs of policies and randomized stopping times. Analyzing
the equivalent mathematical programming problem formulated by running occupation mea-
sures corresponding with stationary policies and stationary randomized stopping times, we
prove the existence of an optimal constrained pair of stationary policy and stopping time
requiring randomization in at most one state.

Key words: Stopped Markov decision process. constrained stopping time, mathematical
programming formulation.

1 Introduction

A constrained optimal stopping problem is originated by Nachman [17] and Kennedy [15], in
which a Lagrangian approach was used to reduce the problem to an unconstrained stopping
problem of a conventional type and the constrained optimal stopping time is characterized. Also,
a constrained Markov decision process has been studied by many authors (cf. [1. 2. 3, 7, 10]). For
the case of fixed entry time, Altman [2] has formed an equivalent infinite Linear Programming
for the total cost criteria and by analyzing the corresponding LP formulation has shown that
there exists an optimal constrained stationary policy. On the other hand, a combined model of
the Markov decision process and stopping problem, called a stopped decision process, has been
considered by Furukawa and Iwamoto [8] in that the existence of an optimal pair of policy and
stopping time associated with some optimality criterions is discussed. Hordijk [9] has considered
this model from a standpoint of potential theory. Also, the general utility-treatment for stopped
decision processes has been studied by Kadota et $\mathrm{a}1[13,14]$ . Horiguchi et $\mathrm{a}1.[11]$ has considered
the optimization problem for the stopped decision process over stopping times $\tau$ constrained so
that $\mathrm{E}\tau\leqq\alpha$ for some fixed $\alpha>0$ , which is analyzed by a Lagrange multiplier. In this

$\mathrm{p}\mathrm{a}_{\mathrm{P}^{\mathrm{e}\mathrm{r}}}..$ ’

we develop mathematical $\mathrm{P}^{\mathrm{r}\mathrm{o}}\mathrm{g}_{\Gamma \mathrm{a}}\mathrm{n}\mathrm{l}\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{g}$ methods in the framework similar to [11].
The problem is solved through randomization of stopping times and mathematical program-

ming formulation by occupation measures. Another representation, called $F$-representation, of
randomized stopping times is given, by which the concept of Markov or stationary random-
ized stopping times is introduced. We treat two types of occupation measures, running and
stopped, but stopped occupation measure is shown to be expressed by running one. We study
the properties of the set of running occupation measures achieved by different classes of pairs of
policies and randomized stopping times. Analyzing the equivalent mathematical programming
problem formulated by running occupation measures corresponding with stationary policies and
stationary randomized stopping $\mathrm{t}\mathrm{i}_{1}\mathrm{n}\mathrm{e}\mathrm{s}$, we prove the existence of an optimal constrained pair of
stationary policy and stopping tilne requiring randomization in at most one state.

In the reminder of this section, we shall establish the notation that will be used throughout
this paper and define the optimization problem. Also, an optimal constrained pair of policy and
randomized stopping time is defined.
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Let $S$ and $A$ be finite sets denoted by $S=\{1,2\ldots.N\}$ and $A=\{1,2, \ldots, K\}$ . The stopped
Markov decision model consists of five objects:

$(S, A, \{pij(a) : i,j\in S, a\in A\}, c, r)$

where $S$ and $A$ denote the state and action spaces respectively and $c=c1^{i},$ $a$ ) is a running cost
function on $S\cross A$ and $r=r(i)$ is a terminal reward function on $S$ when selecting “

$\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{p}^{9}$

’ in state
$i$ . and $\{p_{i_{J}}\cdot(a)\}$ is the law of motion i.e., for each ( $i,$ $a\dot{)}\in S\mathrm{x}A,p_{i}j(a)\geqq 0$ and $\sum_{j\in S}pij(a)=1$ .
When the system is in state $i\in S$ , if we select “stop” the process terminates with the terminal
reward $r(i)$ . If we select “continue” and take $a\in A$ , we move to a new state $j\in S$ selected
according to the probability distribution $p_{i}.(a)$ and the cost $c(i.a)$ is incurred. This process
is repeated from the new state $j\in S$ . Let $x_{t}$ , at be the state and action at time $t$ and $h_{t}=$

$(x_{1}, a_{1,*\mathrm{r}}*\mathrm{q}x_{t})\in(S\mathrm{x}A)^{t1}-\mathrm{x}S$ the history up to time $t(t\geqq 1)$ . A policy for a controlling the
system is a sequence $\pi=(71^{-}1,7\ulcorner 2,$ . $*\cdot)$ such that, for each $t\geqq 1,$ $\pi_{t}$ is a conditional probability
measure on A given history $h_{t}$ with $\pi_{t}$ $(A| (x_{1}, a_{1}, ... 0x_{t}))=1$ for each $(x_{1}, a_{1\gamma}k\mathrm{t}\mathrm{t}\cdot x_{t})\in\{S\mathrm{x}$

$A)^{t-1}\cross S\circ$ Let $\Pi$ denotes the set of all policies. A policy $\pi=(\pi_{1}, \pi_{2}, \ldots)$ is a Markov policy if $\pi_{t}$

$[mathring]_{1}\mathrm{S}$ a $\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{c}\mathrm{t}[mathring]_{\mathrm{l}}\mathrm{o}\mathrm{n}$ of only $x_{t}$ , i.e., $\pi_{t}(\cdot|x_{1}, a_{1}, \ldots\}x_{t})=\pi_{t}(\cdot|x_{t})$ for all $(x_{1}, a_{1}, \ldots , x_{t})\in(S\cross A)^{t-1}\cross S$ .
A Markov policy $\pi=(\pi_{1}.\pi_{2}, \ldots)$ is stationary if there exists a conditional probability on $A$ ,
$w(\cdot|i)$ , given $i\in S$ such that $7\mathrm{r}_{t}(\cdot|xt)=w(\cdot|x_{t})$ for all $x_{t}\in S$ and $t\geqq 1$ , and denoted by
$w^{\infty}=(w, w, , ..)_{\backslash }$ or simply by $w$ . A stationary policy $w$ is called deterministic if there exists
a map $h$ : $Sarrow A$ with $u$)( $h(i)|i.]=1$ for all $i\in S$ and such a policy is identified by $h$ .
The sets of all Markov, stationary and deterministic policies will be denoted by $\Pi_{M},$ $\Pi_{S}$ and
$\Pi_{D}$ respectively. Note that $\Pi_{D}\subset\Pi_{S}\subset\Pi_{M}\subset\Pi$. The sample spaces is the product space
$\Omega=\mathrm{t}s_{\mathrm{X}}A)\infty\circ \mathrm{L}\mathrm{e}\mathrm{t}X_{t},$ $\Delta_{t}$ be random quantities such that $X_{t}(\omega)=x_{t}$ and $\Delta_{t}(\omega)=a_{t}$ for all
$\omega=(x_{1,122}a, x9a, \ldots)\in\Omega$ . For any given policy $\pi\in\Pi$ and initial distribution $\beta$ on $S$ we can
specify the probability measure $\mathbb{P}_{\beta}^{\pi}$ on $\Omega$ in a usual way.

Let $H_{t}=$ $(X_{1}, \triangle_{1}, \ldots , X_{t})$ . We denote by $\mathcal{B}(H_{t})$ the a-field induced by $H_{t}$ . Let $\mathit{9}_{t}=$

$B(H_{t})_{!}(t\geqq 1)$ and $\ovalbox{\tt\small REJECT}_{\infty}$ be the smallest a-field containing each $\mathcal{F}_{t},$ $t\geqq 1.$ Let $\overline{N}=\{1,2, \ldots\}\cup$

$\{\infty\}$ . We call a map $\tau$ : $\Omegaarrow\overline{N}$ a stopping time $\mathrm{w}.\mathrm{r}.\mathrm{t}\circ$ the filtration $g=\{\mathit{9}_{t},t\in\overline{N}\}$ if
$\{\tau=t\}\in \mathit{9}_{t}$ for all $t\in\overline{N}$. In order to solve our problem described in the sequel, we need to
introduce randomized stopping time (cf. [6, 15]). To this purpose, enlarging $\Omega \mathrm{I}\mathrm{i}\mathrm{o}\overline{\Omega}\circ.=\Omega\cross[0,1]$ ,
we can embed $(\Omega, \ovalbox{\tt\small REJECT}_{\infty})$ to $(\overline{\Omega}, \ovalbox{\tt\small REJECT}_{\infty}\mathrm{x}\mathrm{B}_{1})$ , where $\mathrm{B}_{1}$ is Borel subsets of $[0,1]$ . For a filtration
$g*=\{P_{t}^{*}, t\in\overline{N}\}$ with $P_{t}^{*}=\ovalbox{\tt\small REJECT}_{t}\mathrm{x}\mathrm{B}_{1}$ we can assume without loss of generality that for each
$t\in\overline{N}$

$\ovalbox{\tt\small REJECT}_{t}\subset ff_{t}^{*}$ . $(101)$

We call a map $\overline{\tau}$ : $\overline{\Omega}arrow\overline{N}$ a randomized stopping time (hereafter called RST) w.r.t. $\ovalbox{\tt\small REJECT}*\mathrm{i}\mathrm{f}$

$\{\overline{\tau}=t\}\in.\ovalbox{\tt\small REJECT}_{t}^{*}\mathrm{f}_{\mathrm{o}\mathrm{r}}$ each $t\in\overline{N}$ . For simplicity, the overline of $\mathrm{R}\mathrm{S}\mathrm{T}\overline{\tau}$ will be omitted and written
by $\tau$ with some abuse of notation. The class of RSTs w.r.t. $\ovalbox{\tt\small REJECT}^{*}$ will be denoted by $S$ . For each
initial distribution $\beta$ and each policy $\pi\in\Pi$ , we denote the probability measure on $\overline{\Omega}$ by $\neg \mathrm{P}_{\beta}^{\mathrm{r}}$ ,
where $\neg \mathbb{P}_{\beta}=\mathbb{P}_{\beta}^{\pi}\cross\lambda$ and $\lambda$ is Lebesgue measure on $\mathrm{B}_{1}$ . For any $\alpha>0$ and initial distribution 3
on $S$ , let

$\triangle(\alpha, \beta):=\{(\pi, \tau)\in\Pi \mathrm{x}S|\neg \mathrm{E}_{\theta}\tau\leqq\alpha\}$ (1.2)

where $\overline{\mathrm{E}}_{\beta}^{\pi}$ is the expectation $\mathrm{w}.\mathrm{r}.\mathrm{t}$ . $\overline{\mathbb{P}}_{\beta}^{\pi}$ . The pair belonging to $\triangle(\alpha, \beta)$ will be called a constrained
one. In this paper, we will consider the constrained optimization problem(COP):

COP: Maximize $J( \beta, \pi, \tau):=\neg \mathrm{E}_{\beta}^{\Gamma}[\sum_{n=1}^{\mathcal{T}-1}C(X_{n}, \triangle_{n})+r(X_{\tau}.)]$

subject to $(\pi, \tau)\in\triangle(\alpha, \beta)$
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The constrained pair $(\pi^{*}\tau^{*})9\in\triangle(\alpha, \beta)$ is called optimal if

$J(\beta, \pi, \tau)\leqq J(\beta.\pi^{**}, \tau)$ for all $(\pi, \tau)\in\triangle(\alpha, \beta)\circ$

In Section 2, $F$-representation of RST is considered and after defining a Markov RST, it is
shown that the class of pairs of Markov policies and Markov RSTs is sufficient for our problem.
In Section 3, the running and stopped occupation measures are introduced, by which COP is
reduced equivalently to mathematical programming. In Section 4, studying the properties of the
set of running occupation measure we can prove the existence of an optimal constrained pair of
stationary policy and stopping time requiring randomization in at most one state.

2 Preliminaries
In this section. $F$-representation of RSTs given by $\mathrm{I}\mathrm{r}\mathrm{l}\mathrm{e}[12](\mathrm{c}\mathrm{f}. [4])$ will be extended to the case of
the decision process considered in this paper by which Markov or stationary RSTs are defined.

For any RST $\tau\in S$ and $t\in\overline{N}$ , let $g_{t}(\omega):=\lambda(\{\tau=t\}_{\omega})_{?}\omega\in\Omega_{9}$ where $\{\tau=t\}_{\omega}$ is the
$\omega$-section defined by $\{\tau=t\}_{\omega}=\{x\in[0,1]|(\omega, x)\in\{\tau=t\}\}$ . Note that $g_{t}$ is $\ovalbox{\tt\small REJECT}_{t}$ -measurable for
$t\geqq 1$ . From this $g_{t}(t\in\overline{N})$ , we define the set $f=(f_{t})_{t\in\overline{N}}$ as follows:

$f_{t^{C}},= \frac{g_{t}}{1-\sum_{k^{-}1}^{t1}=gk}$ , $t\in\overline{N}$ (2.1)

where if the denominator is $0$ in (2.1) let $f_{t}=1$ . Let $F=\{a=(a_{j})_{j\in\overline{N}}$ : $0\leqq a_{j}\leqq 1,$ $a_{\infty}=$

$1$ , and if $a_{j}=1\Rightarrow a_{i}=1$ for $i>j$}. Then we have the following lemmas.

Lemma 2.1.
(i) $f:\Omegaarrow F$ and for each $t\in\overline{l\mathrm{V}^{*}}f_{t}$ is $\ovalbox{\tt\small REJECT}_{t}$ -measurable.
(ii) For any initial distribution $\beta$ and pair $(\pi, \tau)\in\Pi \mathrm{x}S$ and $t\in\overline{N}$ ,

$f_{t}= \frac{\neg\Gamma \mathbb{P}_{\beta}(\mathcal{T}--t|H_{t})}{\overline{\mathbb{P}}_{\beta}^{\pi}(\mathcal{T}\geqq t|Ht)}$ , $\mathbb{P}_{\beta^{- a}}^{\pi}.\mathit{8}$ . (2.2)

(iii) For any initial distribution $\beta$ and pair $(\pi, \tau)\in\Pi\cross S$

$\overline{\mathrm{E}}_{\beta}^{\Gamma}[t=\sum_{1}^{\tau-1}C(xt, \triangle_{t})+r(x\mathcal{T})]$

$= \sum_{t=1}^{\infty}(\mathrm{E}_{\beta}^{\pi}((1-f1)\cdots(1-f_{t-1})ft(\sum_{k=1}^{t-1}c(X_{k}, \Delta_{k})+r(X_{t}))))$ (2.3)

Proof. From Fubini’s theorem (i) clearly follows.
For (ii), it suffices to prove

$\lambda(\{\tau=t\}_{(v}1=\mathbb{P}_{\theta}(\neg\{\tau=t\}|\ovalbox{\tt\small REJECT}_{\gamma,})\mathbb{P}_{\beta}^{\pi}-\mathrm{a}.\mathrm{s}$. (2.4)

For any subset $D\in\ovalbox{\tt\small REJECT}_{t}$ , by Fubini’s theorem

$\int_{D\cross[0,1}]1_{\{_{\mathcal{T}=t}}\}d\mathbb{P}_{\beta}=\neg\int_{D}\lambda(\{\mathcal{T}=t\}(v)d\mathbb{P}_{\beta}^{\pi}$ . (2.5)

On the other hand, it holds that

$\int_{D[0,1}\cross]=1_{\{_{\mathcal{T}}}t\}d\mathbb{P}_{\beta}=\neg \mathrm{r}\int_{D\cross[]}0,1\neg \mathbb{P}^{\Gamma}(\beta\{\tau=t\}|\ovalbox{\tt\small REJECT} t)d^{\neg \mathrm{r}}\mathbb{P}=\beta\int_{D}^{\neg}\mathbb{P}_{\beta}^{\Gamma}(\{\tau=t\}|\ovalbox{\tt\small REJECT}_{t})d\mathbb{P}^{\pi}\beta$
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which implies $(2\circ 4)_{\triangleleft}$ together with (2.5).
By the definition (2.1), we get

$1-f_{t}= \frac{\lambda(\{\tau\geqq b+1\}_{\omega})}{\lambda(\{\tau\geqq t\}(v)}$ ,

so that

$g_{t}= \lambda(\{\tau=t\}_{\omega}\})=\frac{\lambda(\{\tau=t\}_{\omega})}{\lambda(\{\tau\geqq t\}_{\mathrm{t}v})}\frac{\lambda(\{\tau\geqq t\}_{\omega})}{\lambda(\{\tau\geqq t-1\}_{\omega})}\ldots\frac{\lambda(\{\tau\geqq 2\}_{\omega})}{\lambda(\{\tau\geqq 1\}_{\omega})}$ (2.6)

$=f_{t}(1-ft-1)\cdots(1-f_{2})(1-f_{1})$ , $(t\geqq 1)$ .

From $(2\circ 6)$ ,

$\neg \mathrm{E}_{\beta}^{\Gamma}[_{t=1}^{\tau}\sum^{-}c(x_{t}, \Delta_{t})1r(x_{\tau})]=\mathrm{E}_{\beta}\neg[\sum_{t=1}^{\infty}1_{\{}\tau=t\}(^{t-1}\sum_{k=1}C(Xk, \triangle k)+r(x_{)}t)]$

$= \mathrm{E}_{\beta}^{\pi}[_{t}\sum_{=1}^{\infty}g_{t}(_{k1}^{t-1}\sum_{=}c(X_{k}, \Delta k)+r(X_{t}))]$ , by Fubini’s theorem

$= \sum_{t=1}^{\infty}\mathrm{E}_{\mathcal{B}}\pi[(1-f_{1})\cdots(1-ft-1\mathrm{I}ft(_{k1}^{t-1}\sum_{=}C(xk, \Delta k)+\Gamma(Xt))]9$

which completes the proof of $(\mathrm{i}\mathrm{i}\mathrm{i})_{\mathrm{I}}$.
The set $f=(f_{t})_{t\in\overline{N}}$ constructed from $\tau\in S$ is called $F$-representation of $\tau$ , denoted by

$f^{\tau}=(f_{t}\mathcal{T})t\in\overline{N}^{\circ}$

Let $f=(f_{t})_{t\in\overline{N}}$ be any function $f$ : $\Omegaarrow F$ such that for each $t\in\overline{N}f_{t}$ is St-measurable.
From this $f$ , we define $\tau^{f}$ : $\Omega\cross[0_{\iota}.1]arrow\overline{N}$ by

$\tau^{j}(\omega, x):=\{$

$t$ for $x \in[\sum_{k=1}^{t-1}\overline{g}_{k}\mathrm{t}\omega$ ), $\sum tk=1\overline{g}_{k}(\omega))$

$\propto$, for $x \in[\sum_{k=1}^{\infty}\overline{g}_{k}(\omega), 1]\circ$

(2.7)

where
$\overline{g}_{t}:=(1-f1)\cdots(1-f_{t-1})ft$ $(t\geqq 1)$ (2.8)

Then, we have:

Lemma 2.2.

(i) $\tau^{f}$ is a $RS\tau_{w}.r.t$. $\ovalbox{\tt\small REJECT}*=\{\ovalbox{\tt\small REJECT}_{t}^{*}, t\in\overline{N}\}$ .

(ii) $\tau^{f}$ satisfies (ii) and (iii) of Lemma 2.1.

Proof. For.$\ovalbox{\tt\small REJECT}_{t}$ -measurable functions $\overline{g}_{t}(t\geqq 1)$ , we define the set of functions on $\Omega\cross[0,1]$ as
follows:

$G_{t}( \omega, X):=\sum_{k=1}^{t-1}\overline{g}k(\omega)$ , $F(\omega, x):=x$ , $G_{t}’( \omega, x):=\sum_{k=1}\overline{g}k(\omega)t(t\geqq 1)$

Since $\{\tau^{j}=t\}=\{G_{t}\leqq F\}\cap\{F<G_{t}’\}$ and $\{G_{t}\leqq F\}\in\ovalbox{\tt\small REJECT}_{t-1}^{*}$ and $\{F<G_{t}’\}\in\ovalbox{\tt\small REJECT}_{t}*$ , we have
$\{\tau^{f}=t\}\mathrm{F}\mathrm{r}0\mathrm{m}\in(2.7\ovalbox{\tt\small REJECT}^{*}t),’\lambda$

(
$t( \{\tau^{j}=n\}\geqq 1),\mathrm{W}\mathrm{h}\mathrm{i}\mathrm{c}\mathrm{h}_{\mathrm{P}^{\mathrm{r}\mathrm{o}}}\mathrm{v}\mathrm{e}\mathrm{s}(\omega)=\frac{}{g}n(\omega \mathrm{i})$and) by (2.8) $f_{t}= \overline{g}_{t}/(1-\sum^{t}n=1\overline{g}_{n}-1)$ , so that we have

$f_{t}(\omega)=\lambda(\{\tau^{J}=t\}\omega)/\lambda(\{\tau^{f}\geqq t\}_{\omega})$ . Hence (ii) follows similarly as the proof of (ii) and (iii) of
Lemma 2.1. 1
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Note that Lemma 2.1 and 2.2 show there is $\mathrm{o}\mathrm{n}\mathrm{e}- \mathrm{t}_{\mathrm{o}^{-}\mathrm{o}\mathrm{n}\mathrm{e}}$ correspondence between $S$ and the set
of $F$-representations $f=(f_{t})_{t\in\overline{N}^{\circ}}\mathrm{U}\mathrm{s}[mathring]_{\mathrm{l}}\mathrm{n}\mathrm{g}$ this $\mathrm{f}\mathrm{a}\mathrm{c}\mathrm{t}_{9}$ we define severai types of RSTs. Let $\tau\in S$ .
For the corresponding $F$-representation $f^{\tau}=(f_{t}^{\tau}\mathrm{I}_{t\in\overline{N}^{9}}$ by Lemma 2.1, $f_{t}^{\tau}$ is $\ovalbox{\tt\small REJECT}_{t}$ -measurable
$(t\geqq 1)\circ \mathrm{S}\mathrm{o},$ $f_{t}^{\tau}$ is a function of $H_{t}=(X_{1}, \triangle_{1}, \ldots, Xt)\circ$

Definition 2.1. If $f_{t}^{\tau}$ is depending only on $X_{t}$ , that is, $f_{t}^{\mathcal{T}}(Ht)=f_{t}^{\tau}(X_{t})$ for all $t\geqq 1$ , the $RST$

$\tau$ is called Markov. A markov $RST$ is called stationary if there exists a function $\delta$ : $Sarrow[0,1]$

such that $f_{t}^{\tau}(x_{t})=\delta(X_{t})$ for all $t\geqq 1$ , and denoted by $\delta^{\infty}$ . When $\delta(i)\in\{0,1\}$ for all $i\in S_{f}$

the stationary $RST\delta^{\infty}$ is called deterministic.

We denote the sets of all Markov RSTs, all stationary RSTs and all deterministic RSTs by
$S_{M},$ $S_{S}$ and $S_{D}$ respectively.

In the following, we say that the set of $\Pi_{M}\cross S_{M}.$
.

is a sufficient class to our optimization
problem.

Lemma 2.3. For any pair $(\pi, \tau)\in\Pi\cross S$ , there exist a pair $(v, \sigma)\in\Pi_{M}\cross S_{M}$ such that

$\overline{\mathbb{P}}_{\beta}^{\pi}(X_{t}=i_{\mathrm{q}}\triangle_{t}=a, \tau>t)=\overline{\mathbb{P}}_{\beta}^{U}(X_{t}=i, \Delta_{t}=a, \sigma>t)$ , for $i\in S,$ $a\in A$ . (2.9)

Proof. We define a Markov policy $v=(v_{1}, v_{2,..\circ})$ by

$v_{t}(a|i) \circ=\frac{\overline \mathbb{P}_{\beta}^{\pi}(x_{t}=i,\triangle_{t}=a,\tau>t)}{\overline{\mathbb{P}}_{\beta}^{\pi}(x_{t}=\dot{\mathrm{t}},\tau>t)}$ for $t\geqq\perp-$ and $i\in S,$ $a\in A$ , (2.10)

where if the denominator is zero, we let $v_{t}(\cdot|i)$ be an arbitrary probability measure over $A$ . We
also define the set $f=(f_{t})_{t\in\overline{N}}$ by

$1-f_{t}$ (il $:= \frac{\neg_{}\mathbb{P}_{\beta}(X_{t}=\dot{\iota}.\mathcal{T}>t)}{\overline,\mathbb{P}_{\beta(X_{t}}^{\pi}=i9\mathcal{T}\geqq t)}$ for $t\geqq 1$ and $i\in S$ , (2.11)

where if the denominator is zero, we set $f_{t}(i)=1$ . Then. clearly $f=(f_{t})_{t\in\overline{N}}\vee.\Omegaarrow F$ . $\mathrm{T}\mathrm{h}\mathrm{u}\mathrm{s}_{\tau}$

we can define $\sigma\in S_{M}$ from $f$ through (2.11). Now we show that the pair $(v, \sigma)$ satisfies (2.9)
by induction. From (2.10) and (2.11).

$\overline{\mathbb{P}}_{\beta}^{\pi}(X_{1}=i, \triangle_{1}=a.\tau>1)=v_{1}(a|i)\overline{\mathbb{P}}_{\beta}^{\pi}(X_{1}=i, \tau>t)$

$=v_{1}l_{\backslash }a|i)(1-f_{1}\dagger i))\mathrm{P}_{\beta}\neg(X_{1}=i, \tau\geqq 1)$

Since $\neg \mathbb{P}_{\partial}^{\mathrm{r}}(x_{1}\mathrm{q}\tau\geqq 1)=\beta(i)_{\tau}$ we get

$\overline{\mathbb{P}}_{\beta}^{\pi}(X_{1}=i, \triangle_{1}=a, \tau>1)=\beta(i)v_{1}(a|i)(1-f_{1}(i))=\overline{\mathbb{P}}_{\theta}^{U}(X_{1}=i, \Delta_{1}=a, \sigma>1)$ ,

which shows that (2.9) holds for $t=1$ .
Assume (2.9) holds for $t(b\geqq 1)$ . Combining (2.10) and (2.11) with $t+1$ , we get

$\overline{\mathbb{P}}_{\beta}^{\pi}(X_{t+1}=i_{\mathrm{q}}\triangle_{t+1}=a, \tau>t+1)$

$=\overline{\mathbb{P}}_{\beta}^{\pi}(X_{t+1}=i, \tau\geqq t+1)(1-f_{t}+1(i)\dot{)}v_{t+1}(a|i)$

$=\mathrm{E}_{\beta}^{\pi}[1_{\{x_{\mathrm{t}+1}=}i\}1\{_{\mathcal{T}}>t\}](1-ft+1(i))vt+1(a|i)$

$= \sum_{j\in s_{a\in}\prime A},\overline{\mathbb{P}}_{\beta}^{U}(xt=j, \triangle_{t}=a’, \sigma>t)p_{ji}(a’)(1-ft+1(i))v_{t+1}(a|i)$
,

from the hypothesis of induction,

$=\overline{\mathbb{P}}_{\beta}^{U}(xt+1=j, \triangle t+1=a, \sigma>t+1)$ .

This completes the proof of Lemma.1
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3 Running and stopped occupation measures

We introduce, in this section, two types of occupation measures and consider the properties
of them. Also, we formulate the Mathematical Programming problem which is proved to be
equivalent to COP.

Definition 3.1. For any initial distribution $\beta$ and a pair $(\pi, \tau)$ with $\overline{\mathrm{E}}_{\beta[\tau]}^{\pi}<\infty_{9}$ we define the
measure $x(\beta, \pi, \tau)$ on $S\mathrm{x}A$ , called running occupation measure, $by$

$x( \beta, \pi, \tau\circ, i, a):=\sum_{t=1}^{\infty}\mathbb{P}_{\beta}\neg(X_{t}=i, \triangle_{t}=a, \tau>t)$ for $i\in S,$ $a\in A$ . (3.1)

Definition 3.2. For any initial distribution $\beta$ and a pair $(\pi, \tau)$ with $\neg \mathrm{E}_{\beta}[\tau]<\infty_{0}$ we define the
measure $y(\beta, \pi. \tau)$ on $S\cross A$ , called the stopped occupation measure, $by$

$y( \beta, T, \mathcal{T};i, a):=\sum_{t=1}^{\infty}\overline{\mathbb{P}}_{\beta}^{\pi}(X_{t}=i, \Delta_{t}=a, \tau=t)$ for $i\in S.a\in A\epsilon$ (3.2)

The state running and stopped occupation measures will be defined by

$x( \beta, \pi, \tau;i):=\sum_{a\in A}X(\beta, \pi, \mathcal{T}, i, a)$
and $y(\beta, \pi, \tau;i):=$

$\sum_{a\in A}y(\beta, \pi, \tau; i.a)$
for all $i\in S$ .

Then, in the following lemma, the state stopped occupation measure is proved to be represented
by the running one.

Lemma 3.1. For any !3 and pair $(_{\backslash }\pi, \tau)\in\Pi\cross S$ with $\overline{\mathrm{E}}_{\beta}^{\pi}[\tau]<\infty$ we have the following:

(i) $x(\beta, \pi, \tau;i)<\infty$ and $y(\beta, \pi, \tau;i)<\infty$ for all $i\in S$ .
(ii) $\neg\Gamma \mathrm{E}_{\beta}[\tau]=\sum_{i}\in sX(\beta, \pi, \tau;i)+1$ .

(iii) $y( \beta, \pi, \tau;i)=\beta(i)+\sum_{j,\in A}\in s_{a}x(\beta, \pi.\tau;j, a)pji(a)-x(\beta, \pi, \mathcal{T};i)$ .

Proof. Observing that $\mathrm{E}_{\beta}^{\pi}[\tau]=\sum_{t=1}^{\infty}\mathbb{P}_{\beta}(\neg\tau\geqq t)$ , it holds that $\sum_{i\in S^{X}}(\beta, \pi, \tau, i)=\sum_{t=1}^{\infty}\mathbb{P}(\neg\beta\tau>$

$t)=\neg \mathrm{E}_{\beta}[\mathcal{T}]-1$ for all $i\in S$ , which from the $\overline{\mathrm{E}}_{\beta}[\neg \mathcal{T}]<\infty$ proves the first part of (i) and (ii). Also.
$y(\beta, \pi, \tau" i)<\infty$ follows obviously.
For (iii), we have

$y( \beta, \pi, \tau:i)=\sum_{1t=}^{\infty}\overline{\mathbb{P}}_{\beta(}^{\pi}X_{t}=i,$ $\tau=t)=\sum_{t=1}^{\sim}\mathbb{P}_{\beta}\neg(x_{t}=i, \tau\geqq t)-\sum^{\infty}t=1\neg \mathbb{P}_{\beta}(x_{t}=i, \tau>t)$

$= \beta(i\mathrm{I}+\in s,a\sum_{i\in A}(_{t=1}\sum^{\infty}\mathbb{P}\neg)\beta(xt=j, \Delta t=a, \mathcal{T}>t)pji(a)-X(\beta, \pi, \mathcal{T};i)$

$= \beta(i)+\sum_{\in^{s,a}j\in A}x(\beta, \pi, \tau;j, a)pji(a)-x(\beta, \pi, \tau;i)$

as required. 1

For any $\delta$ : $Sarrow[0,1]$ and conditional distribution $w(\cdot|i)$ on $A$ given $i\in S$ , we define by
$P^{\mathit{5}}(w)$ the $N\cross N$ matrix where $(i,j)\mathrm{t}\mathrm{h}$ element is $\sum_{a\in A}pij(a)w(a|i)(1-\delta(j)):=pij(w)(1-\delta(j))$

or simply $(P^{\delta}(w))_{ij}$ . Let $\mathbb{R}^{N}$ be the set of real $N$-dimensional row vectors. For any initial
distribution $\beta$ and $(\pi, \tau)\in\Pi\cross S$ , the row vector $x(\beta, \pi, \tau)\in \mathbb{R}^{N}$ is defined by

$x(\beta, \pi, \mathcal{T}):=(x(\beta, T, \mathcal{T};1), \ldots , x(\beta, \pi, \tau,\cdot N))$ .

If the distribution $\beta$ on $S$ is degenerate as $i\in S$ , it is simply denoted by $i$ .
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Lemma 3.2. Let $(w, \tau)\in\Pi_{S}\mathrm{x}S_{S}$ with $\overline{\mathrm{E}_{i}}(\tau)<\infty$ for all $i\in S.$ Then the state running
occupation measure $x(\beta, w, \mathcal{T})$ is the unique solution to

$x=\beta(1-\delta)+xP^{\delta}(w),$ $x\in \mathrm{R}^{N}$ (3.3)

where $\beta(1-\delta)$ is in $\mathbb{R}^{n}$ whose i-th component is $\beta(i)(1-\delta(i))$ and $\delta:=f^{\tau}$ : $Sarrow[0,1]$ is
$F$-representation of $\tau$ .

Proof. By virtue of stationary of $\tau$ and $w$ , we have

$\neg \mathbb{P}_{\beta}(x_{t}=i, \tau>t)$

$=\overline{\mathrm{E}}_{\beta}^{w}\ulcorner \mathrm{E}_{\beta}^{v}[1_{\{x_{t}=}i\}^{1_{\{_{\mathcal{T}}>}|]]}t\}Ht$

$=\overline{\mathrm{E}}_{\theta}^{w}[(1-\delta(x1))(1-\delta(x_{2}))\cdots(1-\delta(xt-1))(P^{\delta}(w))x_{\iota_{-}1}i]$

$=\overline{\mathrm{E}}_{\beta}^{w}[(1-\delta(x_{1}))\cdots(1-\delta(xt-2))\overline{\mathrm{E}}_{\beta}^{w}[(1-\delta(x_{t1}-))(P^{s}(w))_{X_{l}}-1:|Ht-2]]$

$=\overline{\mathrm{E}}_{\beta}^{w}[(1-\delta(x1))\cdots(1-\delta(X_{t2}-))(P^{\delta}(w))_{X}2\iota-2^{*}.]$

$=\overline{\mathrm{E}}_{\beta}^{w}[(1-\delta(x_{1})(P^{\delta}(w))_{X_{1}i}t-1]$

$= \sum_{j\in s}\beta(j)(1-\delta(j))(P\delta(w))_{j}t-1i$

Thus,

$x( \beta, \pi_{?^{\mathcal{T}}\gamma}\circ i)=\sum_{1t=}^{\infty}\mathbb{P}\neg vt(\beta)X_{t}=i,$$\mathcal{T}>=\sum_{=t1}^{\infty}(_{k\in s}\sum\beta(k)(1-\delta(k))(P\delta(w))^{t.1}k^{-}|)$

$= \beta(i)(1-\delta(i))+j\in^{s}\sum X(\beta, w, \tau;j)(P^{\delta)_{j:}}(w),$ ’

which shows $x(\beta, \pi_{\}\mathcal{T})$ is a solution of (3.3).
To prove the uniqueness, let $x,$ $z$ be the solutions of (3.3), that is, $x,$ $z$ satisfy that

$x=\beta(1-\delta)+xP\delta(w)$ , $z=\beta(1-\delta)+ZP\delta(w)\circ$

Then we have $x-z=(x-Z)P^{S}(w)$ . By iterating this equation, we get

$x-z=(x-z)(P(\delta w))^{t}$ $(t\geqq 1)$ . (3.4)

By Lemma 3.2 (ii) and $\overline{\mathrm{E}}[\tau]<\infty$ , we have

$\overline{\mathbb{P}_{i}}^{v}(x_{t}=i, \tau>t)=(1-\delta(i))(P^{\mathit{5}}(w))^{t}ijarrow 0$ as $tarrow\infty$ .

Noting $x(i)=z(i)=0$ for $\delta(i)=1$ , we get $P^{\delta}(w)arrow\infty$ from (3.4), which implies $x=z$ . $1$

Next, we present that the objective function $J(\beta)T,$ $\mathcal{T})$ of COP is written by running and
stopped occupation measures.
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Lemma 3.3. For $(\pi.\tau)\in\Pi\cross S$ with $\neg\Gamma \mathrm{E}_{\beta}[\mathcal{T}]$

.
$<\infty$ , we have

$J( \beta, \pi, \tau)=\sum_{\in js,a\prime\in A}C(i.a)_{X}(\beta, T, \tau;i, a)+\sum_{i\in S}r(i)y(\beta, T, \mathcal{T}^{\circ},[mathring]_{l})\circ$
(3.5)

Proof. By the generalized convergence theorem (Royden [18] p.232) we get

$\neg \mathrm{E}_{\beta}[_{t=1}^{\mathcal{T}-1}\sum C(x_{t}, \triangle t)]=\mathrm{E}_{\beta}\neg[_{t=1}\sum^{\infty}C(Xt, \triangle t)1\{_{\mathcal{T}>}t\}]$

$= \sum_{t=1}^{\infty}(_{i\in s_{a\in}A}\sum,c(\iota, a)^{\neg}\mathbb{P}_{\beta}(Xt=\dot{\chi}, \Delta t=a, \tau>t)\mathrm{t}$

$=l \in S,A\sum_{a\in}c(i, a)(_{t}\sum_{=1}^{\infty}\mathbb{P}^{\Gamma}\neg(\beta xt=i, \Delta_{t}=a_{!}\tau>t))$

$= \sum_{ai\in S,\in A}C(\iota, a)x(\beta, T\mathrm{q}\mathcal{T};i, a)$
.

$\mathrm{A}\mathrm{l}\mathrm{s}\mathrm{o}_{9}$ using a similar argument for stopped occupation measure we get

$\neg \mathrm{E}_{\beta}[r(X_{\tau})]=\neg \mathrm{E}_{\beta}^{\Gamma}[_{t=1}\sum^{\infty}r(X_{\mathcal{T}})1_{\{\tau=t}\}]=\sum_{t=1}^{\infty}(\sum_{i\in S}r(i)\mathbb{P}_{\beta(}^{\mathrm{r}}x\neg t=i,$$\tau=t))$

$= \sum_{i\in s_{a}\in A},r(i)(_{t=}\sum_{1}^{\infty}\mathbb{P}_{\theta}(X_{t}=i, \tau=t))\neg$

$= \sum_{\in i\in s_{a}A},r(i)y(\beta, \pi_{\mathrm{q}}\mathcal{T};i)\circ$

Hence, the lemma follows. 1

Let $\mathbb{R}^{N\cross K}$ be the set of real $N\mathrm{x}K$ matrices. For any subset $U\subset\Pi \mathrm{x}S$ , let

$\mathrm{x}_{\{\leqq\}\alpha}(U)=\{x(\beta, \pi, \tau;i, a)_{i}\in s_{a},\in A : (\pi, \tau)\in U, \neg\Gamma \mathrm{E}_{\beta}[\mathcal{T}]\leqq\alpha\}$. (3.6)

Note that $\mathrm{X}_{\{\leqq\}\alpha}(U)\subset \mathbb{R}^{N\cross K}$ . We introduce the Mathematical $\mathrm{p}_{\mathrm{r}\mathrm{o}\mathrm{g}\mathrm{r}}\mathrm{a}\mathrm{m}\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{g}(\mathrm{M}\mathrm{p}(\mathrm{I}))$ as follows.

MP(I): Maximize
$\sum_{i\in s_{a}\in A},c(i, a)x(i, a)+\sum_{i\in S}r(i)y(i)$

subject to $x\in \mathrm{X}_{\{\leqq\}\alpha}(\Pi\cross S),$
$y\in \mathrm{R}^{N}$and

$y(i)= \beta(i)+,\sum_{J\in s,a\in A}X(j, a)pji(a)-X(i)$
, $i\in S$

Then, we have the following theorem whose proof follows easily from Lemma 3.3.

Theorem 3.1. COP is $equivalentt_{\mathit{0}}*\cdot$ MP(I), $i.e.$ , a pair $(\pi^{*}, \tau^{*})$ is optimal for COP if and
only if the corresponding $\{x(\beta, \pi^{*}, \tau ; \iota, a)\}\in \mathrm{X}_{\{\leqq\}\alpha}(\Pi\cross S)$ is optimal for MP(I).
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4 Mathematical programming and optimal pair

In this section, we present another Mathematical programming formulation by which COP is
explicitly s\‘Olved.

For any $U\subset\Pi\cross S$ , let $\mathrm{X}_{\{=\}\alpha}^{\beta}(U)$ be the set of $\mathrm{x}_{\{\leqq\}\alpha}^{\beta}(U)$ which is defined by replacing
$\neg \mathrm{E}_{\beta}[\tau]\leqq\alpha$ with $\overline{\mathrm{E}}_{\beta[\mathcal{T}}\neg$] $=\alpha$ in (3.6).

Theorem 4.1.

$\mathrm{X}_{\{\leqq\}\alpha}^{\beta}(\Pi\cross S)=\mathrm{X}_{\{\leqq}^{\beta}(\}\alpha\Pi_{M}\cross S_{M})=\mathrm{X}_{\{\leqq\}\alpha}^{\beta}(\Pi s\cross S_{S})$ , and (4.1)

$\mathrm{X}_{\{=\}\alpha}^{\beta}(\Pi\cross s_{)(\Pi}=\mathrm{X}^{\beta}\{=\}\alpha M\cross S_{M})=\mathrm{x}^{\beta}(\mathrm{t}=\}\alpha\Pi_{S}\cross s_{S})$ . (4.2)

Proof, It is sufficient to prove (4.2). From lemma 2.4 the first equality of (4.2) is shown. To
prove the second part, for any running occupation measure $\{x(\beta 9’ iT, \tau^{\circ}, a)\}\in \mathrm{x}_{\{=\}\alpha}^{\beta}(\Pi\cross S)_{?}$ we

define $w\in\Pi_{S}$ and $\sigma^{\delta}\in S_{S}$ with $\delta=..f^{\sigma}$ bv the following.

$w(a|i):= \frac{x(\beta,\pi,\tau.i,a)}{x(\beta.\pi,\mathcal{T},i)}$. for $i\in S$ and $a\in A$ , (4.3)

$1- \delta(i).=\frac{x(\beta,\pi,\tau,i)}{\sum_{t=1\beta}^{\infty}\mathbb{P}\neg\Gamma(Xt=i,\tau\geqq t)}$ for $i\in S$ (404).

We note that

$\overline{\mathbb{P}}_{\beta(=}^{\pi.\pi}X_{t}i,$
$\tau\geqq t)=\overline{\mathbb{P}}_{\beta}(X_{t}=i.\tau>t-1)=\sum_{j\in^{s,a}\in A}\mathbb{P}_{\beta}\neg a(X_{t}-1=j, \triangle_{t}-1=, \tau>t-1)p_{\dot{g}}:(a)$

.

So, we get

$x( \beta, \pi\tau;i)=(1-\tilde{\delta}(i))\sum^{\infty}\mathbb{P}_{\partial}\neg\Gamma x_{t}t=1(=i, \tau\geqq t)$ from (4.4)

$=(1- \delta(i))\beta(i)+(1-\delta(i))\sum X\mathrm{t}\beta.\pi,$ $\tau\cdot.j,$

$a)pr\in 6^{\tau},a\in Aj:$
ta)

$=(1- \delta(i)\mathrm{I}\beta(i)+\sum_{J\in S}X(\beta, \pi, \tau\circ,j)(_{a\in A}\sum p_{j}i(a\}w_{j(}a))(1-\delta(i))$ from (4.3)

$=(1- \delta(i))\beta(i)+js\sum_{\in}x(\beta, \pi, \mathcal{T};j)P^{\delta}i(iw)$
.

Applying Lemma 3.2, we have

$x(\beta, \pi.\mathcal{T}\backslash \cdot i)=x(\beta, w.\sigma^{\delta}\cdot, i)$ , $i\in S$ ,

as required.1

In order to drive another mathematical programming formulation, we need the definition of
several basic sets. For simplicity, we put $(x_{\mathrm{i}a})=\{x_{ia}\}_{iS,\in A}\in a\in \mathbb{R}^{N\cross K}$ and $\delta=\{\delta(i)\}_{i\in}S\in \mathbb{R}^{N}$ .
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For any distribution $\beta$ on $S$ and $\alpha(>1)$ , let

$\hat{\mathbb{Q}}_{\{\leqq\}\alpha}:=|((x(\mathrm{i}\mathrm{V})X_{\mathrm{t}a}(\mathrm{i}\mathrm{i}\mathrm{i})(\mathrm{i}\mathrm{i}(\mathrm{i}i)a)0\leqq),\delta a\in\sum_{i\in^{s}}^{)},x_{\delta()}=lla_{i}\mathit{9}(i)(1-\delta.(i+.\sum_{J\in S,a\in A}xA\sum_{0}^{))}\in\geqq a\in \mathbb{R}^{N\mathrm{A}}\cross\cross \mathbb{R}^{N}Axia\leqq\alpha-1\leqq 1(i\in s)(i\in s, a\in A\backslash \mathrm{c}ljap_{ji}(a)(1-\delta(i))(i\in S)\mathrm{I}\cdot$ (4.5)

Let
$\mathbb{Q}_{\{\leqq\}\alpha}:=\{(x_{ia})\in \mathbb{R}^{N\cross K}$ : $((x_{ia}).\delta)\in\hat{\mathbb{Q}}_{\{\leqq\}\alpha}$ for some $\delta\}$ . (4.6)

We denote by $\hat{\mathbb{Q}}_{\{=\}\alpha}$ the subset of $\hat{\mathbb{Q}}_{\{\leqq\}\alpha}$ obtained replacing (iii) in (4.5) by $\sum_{i\in S,a}\in Ax_{i}\alpha=\alpha-1$

and by $\mathbb{Q}_{\{=\}\alpha}$ the set defined in (4.6) replacing $\hat{\mathbb{Q}}_{\{\leqq\}\alpha}$ by $\hat{\mathbb{Q}}_{\{=\}\alpha\circ}$

Lemma 4.1. Both $\mathbb{Q}_{\{\leqq\}\alpha}$ and $\mathbb{Q}_{\{=\}\alpha}$ are compact and convex.

Proof. Compactness is obvious. To prove the convexity, we show $\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}_{\mathrm{s}}$ for $x^{1}=(x_{ia}^{\mathrm{p}}).x2=$

$(x_{ia}^{2})\in \mathbb{Q}_{\{<\}\alpha}$ and $\gamma\in(0,1),$ $x=(x_{\iota a})\in \mathbb{Q}_{\{\leqq\}\alpha}$ with $x_{ia}=\gamma x_{i\alpha}^{1}+(1-\gamma)x_{ia}^{2}\uparrow$ $i\in S_{\mathrm{q}}a\in A\mathrm{o}$

Since $x^{1},$ $x^{\overline{\overline{2}}}\in \mathbb{Q}_{\{\leqq\}\alpha}$ , there exist $\delta^{1}=(\delta^{1}(i))\mathfrak{q}\delta^{2}=(\delta^{2}(i))$ such that

$x_{i}^{k}= \mathcal{B}(i)(1-\delta k(i))+,\in s_{a\in}\sum,xjap_{j}i(a)(1Ak-\delta k(i))(i\in S, k=1,2)$
, (4.7)

where $x_{l}^{k}= \sum_{a\in A^{X}ia^{\circ}}k$ Now, define $\delta=(\delta(i))$ as follows.

$1- \delta(i)=\frac{\gamma x_{i}^{1}\neq(1-\gamma)x_{J}2\iota}{\gamma(\beta(i)+\sum_{J^{a}}\cdot,x^{1}pjaji(a))+(1-\gamma)(\beta(i)+\sum_{J^{\sigma}},.X_{J}2ap_{ji}(a))}.9$
$(i\in S)$ , (4.8)

where if the denominator is zero, $0\leqq\delta(i)\leqq 1$ is chosen arbitrary. From (4.7) and $(4.8)9$ it
follows that $0\leqq\delta(i)\leqq 1$ and from (4.8) it follows that

$x_{i}= \beta(i)(1-\delta(i))+j’ a\sum_{\in s,\in A}xjap_{j}i(a)(1-\delta(i))$
, $(i\in S)$

which implies $x\in \mathbb{Q}_{\{\leqq\}\alpha}\circ \mathrm{A}\mathrm{l}\mathrm{s}\mathrm{o}$, if $x^{k}\in \mathbb{Q}_{\{=\}\alpha}(k=1,2),$ $x\in \mathbb{Q}_{\{=\}\alpha}$ . Thus, $\mathbb{Q}_{\{=\}\alpha}$ is convex.$\mathrm{H}$

Theorem 4.2. $\mathbb{Q}_{\{\leqq\}\alpha}=\mathrm{X}_{\{\leqq\}\alpha}^{\mathit{6}}(\Pi_{S}\cross S_{S})$ .

Proof. From Lemma 3.1 (ii) and Lemma 3.2, the right hand side is clearly contained in the left.
To prove the converse, let $x\in \mathbb{Q}_{\{\leqq\}\alpha}$ . Then, there exists $\delta=(\delta(i))$ such that $(x, \delta)\in\hat{\mathbb{Q}}_{\{\leqq\}\alpha^{\mathrm{o}}}$

Define a stationary policy $w$ , for any $a\in A$ and $i\in S$ , by

$w(a|i)=(_{\mathrm{a}\mathrm{n}\mathrm{y}’ \mathrm{P}^{\mathrm{r}\mathrm{o}\mathrm{b}}}^{\frac{x_{ia}}{x_{i}}}\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$

distribution on $A,$

$\mathrm{i}\mathrm{f}\mathrm{i}\mathrm{f}x_{i}>x_{i}=00$

,

and consider the pair $(w, \tau)\in\Pi_{\backslash ^{\neg}}.\cross S_{S}$ . From the definition of $\hat{\mathbb{Q}}_{\{\leqq\}\alpha}$ , we have $x_{i}=\beta(i)(1-$

$\delta(i))+\sum_{j\in^{s^{X}}ji}jP^{\delta}(w)$ , where $x_{i}= \sum_{a\in A}x_{ia}$ . Hence, from lemma 3.2, $x_{i}=x(\beta, w, \tau;i)$ . Also,
by the definition of $w$ , we get

$x_{ia}=x_{i} \frac{x_{ia}}{x_{\mathrm{i}}}=X(\beta, w, \tau;i)\frac{x_{ia}}{x_{i}}=X(\beta, w, \tau;i, a)$ ,

54



which implies $\{x\}=ix(\beta, w, \tau;i, a)\}\in \mathrm{X}_{\{\leqq\}\alpha}^{\beta}(\square _{S}\cross S_{S})_{\mathrm{I}}$.
From this theorem, we have the following corollary.

Corollary $4.1\circ \mathrm{X}_{\{\leqq\}\alpha}^{\beta}(\Pi_{S}\cross S_{S})$ is compact and convex.

Now, define another Mathematical Programming formulation $(\mathrm{M}\mathrm{P}(\mathrm{I}\mathrm{I}))$ for COP:

MP(II) : Maximize
$\sum_{i\in s_{a}\in A},C(i, a)Xia+.\sum_{1\in s}r(i)y_{i}$

$\mathrm{s}\mathrm{u}\mathrm{b}_{[mathring]_{\mathrm{J}}^{\mathrm{e}}}\mathrm{c}\mathrm{t}$ to $(x, \delta)\in\hat{\mathbb{Q}}_{\{\leqq\}\alpha},$

$y_{i}= \beta(i)+\sum_{j,a}xjapj:(a)-\sum_{\alpha}xia’ i\in S$

From Theorem 4.1 and 4.2, the following corollary easily follows.

Corollary 4.2. COP and MP(II) are equivalent.

Let
$\Pi_{S}’\circ.=$ { $w\in\Pi_{S}$ : $w$ requires randomization between two actions in at most one state},

and
$S_{S}’:=$ { $\tau\in S_{S}|f^{\tau}(i)\in\{0,1\}$ except at most one state $i\in S$}.
For any compact convex set $D$ we denote by $\mathrm{e}\mathrm{x}\mathrm{t}(D)$ the set of extreme points of $D$ .

Lemma 4.2.

ext $(\mathrm{X}_{\{=\}\alpha}^{\beta}(\Pi s\cross S_{S}))\subset\{x(\beta, w, \tau) : (w_{!}\tau)\in\Pi_{S}^{\ell}\cross S_{S}’\}$. (4.9)

Proof. By the entire analogy to the proof of Theorem $3.8[3]$ , we can show that

ext $(\mathrm{X}_{\{=\}\alpha}^{\beta}(\Pi s\cross S_{S}))\subset\{x(\beta, w, \tau) : (w, \tau)\in\Pi_{S}’\mathrm{x}s_{S}\}\circ$ (4.10)

Let $(w, \tau)\in\Pi_{S}’\cross S_{S}$ . For simplicity, let $\delta=f^{\tau}$ . Suppose that there exists $i_{1},$ $i_{2}\in S(i_{1}\neq i_{2})$ with
$0<\delta(i_{1})<1,0<\delta(i_{2})<1,$ $\mathbb{P}_{\beta}^{w}$ ( $x_{\mathfrak{r}}=i_{1}$ for some $t\geq 1$ ) $>0$ and $\mathbb{P}_{\beta}^{w}$ ( $X_{t}=i_{2}$ for some $t\geq 1$ ) $>0$ .
We consider $\delta^{1}=(\delta^{1}(i)),$ $\delta^{2}=(\delta^{2}(i))$ satisfying the following (4.11) and (4.12):

$\{$

$\delta^{k}(i)=\delta(i)$ if $i\neq i_{1},$ $i_{2}$ for $k=1,2$ ,
$0<\delta^{1}(i_{1})<\delta(i_{1})<\delta^{2}(i_{1})<1$ ,
$0<\delta^{2}(i_{2})<\delta(i_{2})<\delta^{1}(i_{2})<1$ ,

(4.11)

and

$\{$

$\sum_{i\in S}X(\beta, w, \mathcal{T}\overline{\delta}^{1} : i)=\sum X(\beta, w, \tau i\in S\delta^{2} : i)=\alpha-1$

$x(\beta, w, \tau^{\delta^{1}})\neq X(\beta,$ $w,$ $\tau$ I$s^{2}$ .
(4.12)

Note that the existence of such $\delta^{k}(k=1,2)$ is easily shown. For simplicity, let $x^{\mathit{5}^{1}}(i):=$

$x(\beta, w, \tau^{\mathit{5}};1i)$ and $x^{\mathit{5}2}(i):=x(\beta, w, \tau^{\delta^{2}} ; i),$ $i\in S$ . Let $b\in(0,1)$ be such that

$1- \delta(i)=\frac{bx^{\delta^{1}}(i1)+(1-b)x^{s^{2}}(i)}{\beta(i)+(\sum k\in S(bx^{\delta^{1}}(k)+(1-b)x^{\mathit{5}2}(k))(P(w))_{k}i_{1})}$ for all
$i\in S(.i\neq i_{2})$

(4.13)
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By the definition of $\delta^{1}$ and $\delta^{2}$ we observe that such a $b$ exists. Using this $b\in(0,1)9$ we define
$\tilde{\delta}=(\tilde{\delta}(i))$ as follows:

$1- \check{\delta}(i_{2})=\frac{bx(S^{1}i_{2})+(1-b)X\delta^{2}(i_{2})}{\beta(i_{2})+(\sum_{k\in s}(bx_{k}^{\delta}+1(1-b)x^{\delta^{2}})k(P(w))_{ki}2)}9$ $(4\circ 14)$

and $\tilde{\delta}(i)=\delta(i)$ if $i\neq i_{2\circ}$

Then, applying Lemma 3.2, by (4.13) and (4.14), we get

$x(\beta, w.\tau^{\overline{s}})=bx^{\delta^{1}}+(1-b)x^{\delta^{2}}$ $(4\circ 15)$

By (4.15), $\sum_{i\in S}x(\beta, w, \tau;\overline{\delta}i)=\alpha-1$ , so that from (4.14), we can assume that $\tilde{\delta}=\delta$ . Thus, by
(4.15), $x(\beta, w, \tau)s$ is not an extreme point. The above discussion shows that

$\mathrm{e}\mathrm{x}\mathrm{t}(\{x(\beta, w, \tau) : (w, \tau)\in(\Pi_{S}’\cross s_{S})\})\subset\{x(\beta, w, \tau):(w, T)\in\Pi_{S}\prime \mathrm{x}S_{s}’\}\circ$

which implies, together with (4.10), that (4.9) holds. 1

Theorem 4.3. For COP, there exists an optimal pair in $\Pi_{S}’\cross S_{S}’$ .
Proof. There exists an optimal pair $(w^{*}, \tau^{*})\in \mathrm{H}_{S}\cross S_{S}$ from Theorem 4.1, Corollary 4.1 and
Theorem 3.1. For $\alpha’\circ\cdot=\mathrm{E}_{\beta}^{w^{*}}[\mathcal{T}*]\leqq\alpha,$ $(w^{*}, \tau^{*})\in \mathrm{X}_{\{=\}\alpha}^{\beta},(\Pi s\mathrm{x}S_{S})$ . Hence, since the objective
function of MP(II) is linear. from Lemma 4.2 the theorem follows. 1

Here, we give the following numerical example:
$S=\{1,2,3,4\},$ $A=\{1\},$ $\alpha=3,$ $\beta=(0.25,0.25, \mathrm{o}.25.0.25)\mathrm{q}$

$(p_{ij}(1))=$ ,

$c(1,1)=0.6.c(2,1)=0.1,$ $c(3.1)=0.5,$ $c(4,1)=0.4,$ $r(1)=4,$ $r(2)=3,$ $r(3)=2,$ $r(4)–20$
$\mathrm{L}\mathrm{e}\mathrm{t}\mathrm{t}[mathring]_{1}\mathrm{n}\mathrm{g}.x_{i}=x_{i1}(i\backslash \in S)$, the Mathematical Programming $\mathrm{f}_{\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{u}}1\mathrm{a}\mathrm{t}[mathring]_{1}\mathrm{o}\mathrm{n}(\mathrm{M}\mathrm{P}(\mathrm{I}\mathrm{I}))$ for the corre-
sponding COP is given as follows:

Maximize $-1.6x_{1}-0.2_{X}2+0.2x_{3}+0.5x_{4}+2.75$

subject to $x_{1}=(0.25+0.3x_{1}+0.4x_{2}+0.2x_{3}+0.3x_{4})(1-\delta(1))$ ,

$x_{2}=(0,25+0.4x_{1}+0.1x_{2}+0.3x_{3}+0,3X_{4})(1-\delta(2))$ ,
$x_{3}=(0.25+0.1x_{1}+0.2x_{2}+0.4x_{3}+0.1x_{4})(1-\delta(3))$ ,

$x_{4}=(0.25+0.2x_{1}+0.3x_{2}+0.1x_{3}+0.3x_{4})(1-\delta(4))$ ,

$x_{1}+x_{2}+X3+x_{4}\leqq 2$ ,

$x_{1},$ $x_{2},$ $X3,$ $X_{4}\geqq 0,1\geqq\delta(1),$ $\delta(2),$ $\delta(3),$ $\delta(4)\geqq 0$ .

After a simple calculation, we find that the optimal solution of the above is $x_{1}^{*}=0,$ $x_{2}^{*}=$

89/156, $x_{3}^{*}=$ 113/156, $x_{4}^{*}=$ 55/78, $\delta^{*}(1)=1,$ $\delta^{*}(2)=$ 129/574, $\delta^{*}(3)=\delta^{*}(4)=0$ and the
optimal value is 611/195 $(=. 3.13)$ . Note that the value is $75/82(=. 3.06)$ for $\delta(1)=\delta(2)=1$ and
$\delta(3)=\delta(4)=0$ .
Thus, by Corollary 4.2 and Theorem 4.3, the pair $(w^{*}, \tau^{*})\in\Pi_{S}’\cross S_{S}’$ with $w^{*}(i)=1$ for all
$i\in S$ and $f^{\tau^{*}}(1)=\delta^{*}(1)=1,$ $f^{\tau^{*}}(2)=\delta^{*}(2)=$ 129/574, $f^{\tau^{*}}(3)=\delta^{*}(3)=0,$ $f^{\tau^{*}}(4)=\delta^{*}(4)=0$

is optimal for the corresponding COP and the optimal reward $J(\beta, w\tau^{*}*,)=611/195$ .
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