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EQUILIBRIA AND TRAVELING WAVES FOR BISTABLE EQUATIONS
WITH NON-LOCAL AND DISCRETE DISSIPATION

PETER W. BATES, XINFU CHEN, AND ADAM CHMAJ

ABSTRACT. We prove the existence of stationary solutions or traveling waves for non-
local continuum equations or lattice dynamical systems arising in the theory of phase
transitions. The systems can also be viewed as nonlocal or discrete versions of a reaction-
diffusion equation which include infinite-range coupling.

1. INTRODUCTION

We consider an Ising-like spin system on a lattice A at subcritical temperature. Includ-
ing interaction between all pairs of particles, we may derive an expression for the total
free energy of a spin field {u(r) € R:r € A} of the form
) B =gy 3 =) )+ W),
where ) is a constant for normalizing J, J/X is the (translationally-invariant) interaction
coeflicient, and W is a smooth double-well potential having minima at the values u = +1

(see [4] for details). A continuum version of this free energy is

(1.2) E(u) = ;1% /n /n J(z — y)(u(z) — u(y))?dzdy + /n W (u(z))dz.

In ferromagnetic systems one has (i) A > 0 and [, J(z)dz =1 (or )., J(r) =1 in
the lattice case), and (ii) J > 0. Here we shall always assume (i) but shall not assume
(ii) for some of our results.

With these expressions for the free energy, one is led to questions about the existence
and nature of equilibria and also the evolution of initial configurations. We take the

simple point of view that, consistent with thermodynamics, a configuration state ug will
evolve according to the negative gradient of the free energy of the state at that point in
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time. That is, we postulate
(1.3) Tuy = —grad E(u),

where 7 is a relaxation time parameter.

There is of course some ambiguity about the meaning of “grad”, since the metric in
the state space has not been selected. Indeed, vfor different choices of metric, different
evolution laws result from (1.3), each decreasing the free energy along trajectories. Here
we consider perhaps the most natural metric, that associated with 22 for the l;ittice and

L? for the continuum case. Thus, from (1.3) one derives the evolution equation
1
(1.4) Tuy = X{J*u—u}—ﬂ"(u),

where * is convolution (discrete or continuous, depending on the setting).

Note that in the case J > 0, the operator Lu = § {J *u —u} has some simila,rities with
Au, namely, | | |

(i) L, acting in L? (or £2), is self-adjoint and (Lu,u) < 0 for all u € L? (or £2).

(i) Equation (1.4) has a comparison principle: If ug < vo then solutions with these
initial data are so ordered. The proof of this useful fact is given in the Appendix.

Furthermore, in the case of a lattice, L may be thought of as a discretization of (a
multiple) of the Laplacian, the nearest neighbor finite-difference operator being a special
case (see [10]).

On the other hand, L is a bounded operator and so (1.4) may be solved locally back-
wards as well as forwards in time for general initiai data. Hence, there is‘no smoothing
associated with the forward solution map.

Perhaps important for applications, it is worth noting that anisotropy is included nat-
urally in (1.4) through the interaction kernel J.

When L is replaced by A in (1.4), the result is the Allen-Cahn equatioﬁ [1]

(1.5) Tuy = Au — W'(u),

about which much is known for traveling waves, one important reference being [19]. Non-
local equations like (1.4) for the continuum have also received considerable attention

recently, arising in several fields as diverse as neuroscience and elasticity. The interested
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reader is referred to [34], [17], [16], [21], [5], [9], [20], [26], [3], [11], and the references
therein. These are almost all for the case J > 0.

Likewise, there have been many studies of lattice dynamical systems like (1.4) in the
discrete case. A large body of work exists having an emphasis on applications to neural
networks (see [15], [33], [14], [35] and [36] for instance). Other applications and theoretical
developments may be found in [7], [38], [28], [25], [29], [39], [23], [22], [30], [13], [8], [31],
(18], [4], and [6].

Here we start by outlining some of the principal results of [3] and [4] on continuum and
lattice versions of (1.4), mainly for the case when X is large. This includes results giving
traveling or stationary waves for the discrete case when the lattice is Z, the integers, and
the interaction is ferromagnetic (J > 0) . Then we give some new results particularly in
the case that X is small and J is allowed to change sign. The limit A — 0 is important from
a numerical analysis point of view, since %{J *u—u} may be viewed as a discretization of a
multiple of the Laplacian. Allowing J to change sign may be important in modeling non-
ferromagnetic materials or situations in which the combined inter-atomic forces change

sign with separation distance.

2. STATIONARY SOLUTIONS FOR SMALL INTERACTION

In this section the results apply equally to both the continuum and lattice versions
in any dimension. For simplicity of exposition, we consider only the continuum case.

Renaming W'(u) as f(u), for stationary solutions to (1.4) we consider
(2.1) J*xu—u—Af(u) =0.

We first give results for the “elliptic” case, where J(z) > 0.
Assume |
(J) J e WHY(R™), J(—z) = J(z) > 0, and [, J(z)dz =1
and

(F) f € C*(R) has exactly three zeros at +1 and a € (—1,1) and f'(a) < 0 < f/(&£1).

Theorem 1. Assume (J) and (F). Let o~ € (—1,a) and ot € (a,1) be such that

fl(z)>0  for z€[-1,a7]U[at 1].
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Let Q) be a measurable set with complement Q°. Assume that X\ is large enough such that

(2.2) Af(e”) 2 (1 —a7)sup / J(z — y)dy,
z€QC JQ

(2.3) -Afat)y > (1 +a+)sup/ J(z — y)dy.
TEN c

Then there exists a unique solution @ to (2.1), such that

i(z) > at for z € 0,
U <a” for z € °.

Moreover, @ is C° on Q2 and Q°, C? in the interior of Q@ and Q°¢, and (locally) asymptotically
stable in the L°(R™) norm.

Proof. Let h > 0 be small enough such that
Mf'(u) < (1 —h) for u € [—l,a;] Ula™, 1].
Then the mapping
Tu(z) = u(z) + AlJ * u(z) — u(z) — A f(u(z))]
is a contraction on
B ={u€ L*[R"): u(z) € [a,1] for z € Q and u(z) € [~1,a7] for x € Q°}.

The proofs of stability and regularity may be found in [3]. a

Remark. The idea is that with J nonnegative, a certain monotonicity holds. Fur-
thermore, all operators are bounded. It can be seen that (2.2) and (2.3) can only hold if
g(u) = u+)\f(u) is non-monotone, consistent with the results in [5,9] giving discontinuous
stationary states in the one-dimensional case.

To interpret the result, we can view (2.2) and (2.3) as ensuring that if u(z) takes
on a value in the “domain of attraction” of —1 or of 1, according to the kinetics, then
the influence of interaction through J with neighbors of @ where u takes values in the
other domain of attraction, is not sufficiently strong to cause u(z) to change to the other
domain of attraction. If a set  badly fails to satisfy (2.2) and (2.3), as might happen if a
component of © or ¢ is too small and isolated or if there is a cusp or sharp corner, then
initial data uo(z) taking values in [a*, 1] over © and values in [~1,a7] in Q¢, may evolve

so that Qg = u(-, 00)7!([a*,1]) satisfies these conditions, or some local version of them.
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That is, phase domains will evolve to form stationary shapes according to the strength of
the anisotropic interaction.

It is interesting to note that if A is sufficiently large, then any measurable set {2 satisfies
(2.2) and (2.3), and so supports a stable stationary solution which is discontinuous across
its boundary. Such a weak interaction may not be of practical interest however.

The above observation about large A and the fact that v — J *u — u is a bounded
operator suggests that, even if J changes sign, there should be similar stationary solutions
when X is large. This is indeed the case. We now relax the nonnegativity assumption on
J and instead require only

(NN J e WH(R"),J(—z) = J(z), and [, J(z)dz = 1.

We assume that A > 0 is so large that for some

(2.4) | b> /Rn |1,

the following holds

(2.5) {z : 24+ Af(2) € [-b,b]} =L, UL UI;,
(2.6) L+ Af(2)]> frnlJ|  onL UL UL,
(2.7) -1 & 11 = (ul,U2), a € IQ = (U3,U,4), 1 € 13 = (u5,u6),

One can prove that, under the above assumptions, stationary solutions to (2.1) are a

‘priori bounded and in fact

Proposition 1. Assume that (J)V, (F), and (2.4)-(2.7) hold. Then any L*(R™) solu-
tion u to (2.1) satisfies

(2.8) u(z) € [HUI UL for all 2 € R™.

We now state a theorem which gives stationary solutions which take values in each of

these intervals on prescribed measurable sets.

Theorem 2. (Ezistence) Under the above assumptions all solutions of (1.4) are charac-

terized as follows.
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Let 4 and Q, be any two disjoint measurable sets. Then there exists a unique solution
u to (2.1), such that uw(z) € I for x € O, u(z) € I, for x € Qy and u(z) € I3 for
z € (21 U Q). Moreover, u is C? on int(€), int(€y) and int(Qy U Q,)°.

As one might guess from linearization at £1 and at «, we also have

Theorem 3. (Stability) Let u(z) be a solution of (2.1). Then
1. If u(z) € I; U I3 for all z € R", u is (locally) exponentially asymptotically stable in
the L*(R™) norm. h

2. If {z : u(z) € L} has a positive measure, u is unstable in the L°(R™) norm.

Both theorems are proved using the Implicit Function Theorem by continuation from
A = oo. Note that dividing by X and setting A = oo results in the equation f(u(z)) =
0, which has as a solution any function u whose range is contained in {a,£1}. The
nondegeneracy of these zeros allows continuation to A < co. The stability and instability

results rely on invariant manifold theory. See [3] for details.

3. WAVES ON THE INTEGER LATTICE WITH J > 0

We now restrict our attention to the discrete, one-dimensional case where A = Z. Thus,

we study the following infinite system of coupled semilinear evolution equations
(3.1) Uy = (J*u)p — Uy — Af(uy), n € Z,

where (J * w)n = 3 ez 0y S (Dtn—is 2iemoy /(1) = 1, and [ is as before.

We further restrict our attention to travehng or stationary waves for (3 1) by setting
u,(t) = u(n—ct). It is convenient to define Js(x) = 3,51 J(¢)6(z—1), and with z = n—ct,
write the traveling wave equation as
(3.2) cu'(z) + (Js xu)(z) — u(z) — Af(u(z)) =0, z € R,
together with the boundary conditions
(3.3) u(—o0) = —1, u(4o00) =1.

The results in this section are for the “elliptic” case where J > 0. Included is the case

where the second spatial derivative in the Allen-Cahn equation is replaced by the usual
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finite difference operator on a uniform grid. Such equations have been studied for many
years and it has been noted that “pinning” may occur. That is, even if one of the two
stable wells are not balanced (i.e., f_ll f(s)ds # 0) a wave form may fail to propagate (see
[27], [29], [33], and [18] for instance). We hope to shed some light on this phenomenon.

We assume that J satisfies

(NDE J@E) =J(—i)>0foralli € Z, 21 J (@) =1 and 325, [i]J(7) < co.

Define g(u) = u + Af(u). For simplicity, we make the following assumptions: ¢ has at

most three intervals of monotonicity, i.e., for some # and v with —1 < 8 < v < 1,
g >0on[-1,8)U(y,1], g < 0on (83,7).
In the case 8 < 7, for any number
k € K = [max{—1,¢(vy)}, min{1, ¢(8)}

define gi(u) to be the continuous nondecreasing function obtained by modifying ¢ to be
the constant value k between the ascending branches of g.

In the case B = v, k can be chosen to be any number in [—1, 1], and gx(u) = g(u).

Theorem 4. (Ezistence of monotone traveling waves) Assume that (J)* and (F) hold.
There exists a monotone traveling wave solution u,(t) = u(n — ct) of (3.1), such that
u(—o0) = —1 and u(+o00) = 1. Moreover,
A. If there exists k such that f_ll gr(u)du = 0, then ¢ = 0.
B. If the condition in A does not hold, it is still possible that ¢ = 0. Nevetheless, if
¢ # 0, then sgn ¢ = sgn f_ll f(u)du.
C. ¢s # 0 if one of the following conditions holds:
(a) f_ll fluw)du #0 and 0 < A < X(f), where A(f) is small enough;
(b) g is monotone and there exists u* € (—1,1) such that |Af(u*)| > 1 ;
(c) g is nonmonotone and there exists u* such that (i) A\f(u*) < —1 and u* €
(—1,8), or (i) Af(u*) < =1, u* € (v,1) and g(B) < g(u*), or analogous conditions
when Af(u*) > 1.

Remark. The wave is strictly monotone if supp(J) contains 1 or contains two relatively

prime integers. A condition such as this is natural, since with only second-nearest-neighbor
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interaction for instance, the system decouples into one with odd subscripts and one with
even subscripts. The two independent solutions can then be translated in any way to
provide a composite non-monotone solution. Even if we specify a sign change at n = 0,
two copies of the same solution can be combined to produce a single solution which is not
strictly monotone. Similar considerations apply if the interaction is such that the system
can be decoupled into several independent systems.

The proof of the theorem is rather technical and so is omitted here. For details one may
refer to [4]. Suffice it to say that for existence and parts A. and B., one first approximates
Js by a smooth, compactly supported function J,, and then applies the results found in

(5], in particular,

Proposition 2. With Js in (3.2) replaced by Jp, there exists a solution (Um,Cm) of (3.2)

such that u,, is (strictly) monotone, U, (—o0) = —1 and un(4+00) = 1. Moreover,

1

(3.4) ¢m = 0 if and only if there exists k such that / gr(u)du =0,
1

and otherwise, sgn c,, = sgn f_ll flu)du.

Our solution is found by passing to the limit as J,, — J; in the appropriate sense. Note
that A., which follows from (3.4), gives a very simple sufficient condition for pinning. In
[4] we show that, unlike for the continuum case, the existence of such a k is not necessary
for pinning. Conclusion C. (a) of the above theorem, which says that the wave moves if
f is not balanced and the interaction is sufficiently strong, is included as a special case
of the main result in the next section. Conclusions C. (b) and (c) give motion when the
interaction is not so strong but f is sufficiently unbalanced in some sense. On the other
hand, the requirement in C. (b), for instance, allows A f_ll f to be arbitrarily close to 0
and still have a wave of nonzero speed, so the sense in which f is unbalanced has more
to do with its shape than with the difference between the depths of the two wells.

As was noted at the start of this section, these results are for the case that J > 0,
relying as they do on the above proposition. This is because, to prove the proposition,
a comparison principle is used to show strict monotonicity of waves. In fact, the proof

involves a homotopy argument, deforming the traveling wave for the Allen-Cahn equation
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(1.5) toour equation and'strict monotonicity of the waves obtained throughout the homo-
topy allows the use of the Implicit Function Theorem to continue the solution branch. In
the next section, we drop the comparison principle entirely by allowing J to change sign.

Thus, the proofs are quite different and we are unable to show that waves are monotone.

4. INDEFINITE J AND SMALL )\

We again consider the discrete, one-dimensional case where A = Z but now replace
the positivity condition on J by one in transform space, allowing J to change sign but
retaining A > 0 and ), J(n) = 1. Most of the results here are for large A and so we

rewrite equation (3.1) as

1 &K
(4.1) | Un = = Z QpUn— — f(un), n € Z,

where € > 0 is small, >, o =0, ag < 0, and a_; = ax. We shall not assume oy > 0 for
all k # 0, but we assume that >, axk® = 1.
Setting u,(t) = u(en + ct) and using the properties of the ay’s, we may write the

traveling wave equation for (4.1) in variable z = en + ct as

0 L oif — Z ank? uw(z + ke) + u(x — ke) — 2u(x) )

(4.2) =

k>0
We seek a solution u such that u(+o0) =

Formally, as ¢ — 0, we obtain the traveling wave equation for the Allen-Cahn equation:
(4.3) | cw' —u"+ f(u)=0 in R u(Fo0) = £1.

It is well-known that (4.3) has a unique (up to translation) traveling wave profile, u,
and wavespeed, co. Furthermore, ug > 0 and the operator obtained by setting ¢ = ¢
and linearizing the left hand side of (4.3) at ug, has 0 as a simple isolated eigenvalue, the
remaining spectrum being in the open right half-plane. It is therefore natural to hope that
for € > 0 and sufficiently small, (4.2) also has a traveling wave (u, c.) close to (ug, cp). We
prove that this is the case, first under the assumption that cq # 0, that is, f_ll flu)du # 0.

We then consider stationary waves in the case that f is balanced.
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We uniquely determine uo by requiring uo(0) = 0. For brevity and to suggest what is

to follow we introduce the notation
: , 1 « :
(4.4) Agu = = Z ar(u(z + k) + u(z — ek) — 2u(z)).
Thus, we study
(4.5) cue’ — Acue + f(u) =0 on R, wuc(foo)==l1.

Instead of positivity of the éoefﬁciénts, we shall assume

(A1) Yoaik? = 1, S ysolaulk® < oo, and 37, 5 ak(l — cos(kz)) = 0 for all
z € [0,27]. ’ | ‘ |

As an example, with only nearest and second nearest neighbor interaction, ey 2 0,

Cag=(1—0y)/4<1/4, and a; < 0if and only if oy >1. '

Theorem 5. Suppose cg # 0. Assume that f satisfies (F) and {ay} satisfy (A1). Then
there exists a positive constant e* such that for every e € (0,€*), problem (4.5) admits at

least one solution, (c.,u.), which is locally unique and has the property that

11{%((:5,%):(%,%) in R x H'(R).

The outline of the proof is as follows. We write
us:u0+¢sa | ¢€ EHI(R)

Then the traveling wave problem (4.5) is equivalent to finding (c., ¢.) € R x H HR) such

that

(4.6) LFi¢e = Riee, ¢e),

where

(4.7) L6 = (ool — Ac+ fuluo(e) + 6},

(4.8) Rie,$) = (co—c)(uy+¢)+ (A — 45 )uo + 6 ¢ — N(uo, ¢),

(4.9) N(ug,¢) = [(uo+ ¢) — f(uo) — fuluo)¢

and § > 0 is a small positive constant chosen at our convenience. The operator £ is

introduced since it is the adjoint of 5:,5 and we use the Fredholm Alternative Theorem.
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The most difficult part of the proof involves showing that ‘C:,s has a bounded inverse,
(Ezg)'l, from L*(R) to H'(R), and that when restricted to the orthogonal complement of
uge” % (this generates the kernel of the limit of the adjoint operator as ¢ — 0 and é§ = 0),
" (£F5)7" is bounded independent of ¢ and § (for sufficiently small positive ). Hence,
for every small ¢ € H'(R), we choose ¢, = c.(¢) such that R(c.(#), ¢) is orthogonal to
ube=%%. Then we define ¢ = (E:a)_l’R(ce(qﬁ), #). One can show that the mapping ¢ — ¢
is a contraction and thus possesses a fixed point, in some small ball in H*(R), thereby
establishing the existence of a solution to (4.5). Details may be found in [2].

The following lemma encapsulates the essential properties of A, which are useful in the

above analysis and may be of independent interest.

Lemma 4.1. Let A, be defined as in (4.4), where {a} satisfy (A1). Then
(1) for any ¢ € L®(R) with ¢" € L*(R), |Acd — ¢"||z2 — 0 as e \, 0;
(2) for any ¢ € H'(R), (A.¢,¢') = 0;
(3) for any ¢,9 € L*(R), (Aeg, ) = (6, Actp) and (A.¢,¢) < 0.

The proof, which uses Fourier transforms, is straightforward and is omitted.

To bound the inverse of [::5 we begin by studying the ¢ — 0 limit case, where A,
becomes a‘%. Hence, we introduce operators £ and functions #% by

LE¢ = +cod) — " + fu(uo)d ,

$o =g/ llugllze,  dg = upe™® / [lupe™ |12 .
Lemma 4.2. Let L and ¢% be as in (4.10). The following hold.

(1) ¢F € H*(R) and LE4E = 0.

(2) For every ¢ € L*(R), the problem

(4.10)

Lo =1, ¢ € H* with ¢ L ¢F

has a unique solution ¢ if and only if » L ¢F. In addition, there exists a positive constant

C1, which depends only on f, such that
6l < Cil| LE¢ |12 for all ¢ € H*(R) satisfying ¢ L ¢Z.
(3) There exists a positive constant Cy, depending only on f, such that for every § > 0,

(@11) 9l < Coflblis + £l DN} for all ¢ € HP(R), where % = £ + 66.
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The proof is fairly straightforward and is omitted. We only mention that for part (3)
the proof is separated into the cases where 6 is large, small and of intermediate size.

For every positive ¢ and e, we define

. 1 .
(4.12) A*(e,8) = inf {||£§5¢||Lz+5|(£§5¢,¢(T)|}, A*(8) = liminf A*(c, 6).

4]l g1 =1

Lemma 4.3. There exists a positive constant Cy such that A*(6) > Cy for all 6 > 0.

Proof. Let & > 0 be any fixed positive constant. By the definition of A*(§), there
exists a sequence {(gj,$;)}52; in (0,1) x H'(R) such that lim; .. &; =0, ll¢;llg: =1 for
all j, and t; := L7 54, satisfies

limyeo {[I%5llz2 + 105, #5)1 } = A*(6).

By taking a subsequence if necessary, we can assume that there exist functions ¢ € H 1

and ¢ € L? such that, as j — oo,

¢ — ¢ in L? (R) and weakly in H}(R) ,
i

loc

P; — weakly in L?(R).

By the weak lower semi—continuity of the L2(R) norm, ||9||z2 + §|(s, ¢3)| < A£(6).

For any test function ¢ € C§°(R), (¢;,() = (;C::’_’5¢J” ¢) = (45, £fj’5§). Since lime\ o || A —
¢"||z = 0, sending j — oo we obtain (,() = (¢, (£§ +6)¢) for all ( € C&(R). That is,
¢ € H'(R) is a weak solution to (LE + 8)¢ = 1. An elliptic estimate then shows that ¢
is in H%(R). Consequently, by Lemma 4.2 (3),

(4.13) Illz> < Coflldllzz + 3@, 631} < C28%(8).

It remains to find a positive lower bound of ||¢|| 2.
First of all, using (,ij’&qu’qS;-) = (1;, ¢;) and the identity (Acty,¢i) =0= (65, 4%), we
obtain col|¢[|2. = (b, #5) — (fu(to)¢;, ¢}). Cauchy’s inequality then gives

| fuluo)||zee | billze = leol lI5lle — l1¥sllre

which implies

(4.14) 2|| fuluo) |20 165172 = collg5l7e — 25172
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Let m be a positive constant such that
0 < a:=Emin{fu(1), fu(~1)} = mingepm{fu(to(z))}.

Using (¢, ¢;) = (,Cj:j’sqﬁj, ¢;), the identity (¢}, #;) = 0, and the fact (—A.;¢;,¢;) > 0, we

obtain

(i) 2 (Falun)dy ) = min (o)} [ 82— htuoll [ 4
rlzm [z|>m [z|<m
=  aj|@; 22— a + +\Ug o0 ?
165122 — (@ + || fuluo)lz) [ 6

Therefore,

(4.15) (a+ || fu(uo)||z) / ¢t > allgillis — (¢5,%5) = £l éillze — = llwsll3.-

lz|<m

Adding a multiple of (4.14), we see that there exist positive constants Cs and Cy, which -
depend on |¢g| > 0 and f, such that

/I 82 Ollsllin — Culgslis = Cs — Culll

Sending j — oo we then conclude that
(4.16) / ¢* > C5 — C4AE(6).
lzl<m

In view of (4.13), we then obtain A*(8) > C3/(Cy + C4) = Cy. This completes the
proof. | O

The proof of Theorem 5 now proceeds as outlined above and is omitted.

We now turn our attention to stationary solutions. The case ¢o = 0 is more difficult in
some respects and our attack is different, using variational arguments.

Assume that f is balanced, that is, it is the derivative of a double equal-well potential.

Since f'(£1) > 0 we may write
(4.17) f(u) =F'(u) where F(£1)=0 and F(u) > mo(1 — u?)?
for a positive constant mgy and u € [—2,2]. When u is outside [—2, 2], we assume that F

is bounded away from zero, and approaches infinity as |u| — co. We look for a function

u. such that

(4.18) —Acu. + f(ue) =0 forall z € R, lim wu.(z) = +1.

r—too
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Observe that if u. is a solution, then for every zo € R, if we define u,, = w.(zo + ne) for
all n € Z, then {u, }5> __, satisfies
—e72 Y o0 Wk (Ungk + Un_k = 2u,) + f(un) =0 for all n € Z,
(4.19) ,
limy, 400 un = 1.

On the other hand, if a sequence {u,, } satisfies (4.19), then the function u, = Do UnXs is a
solution to (4.18) where X is the characteristic function of the set (e(n—1/2),e(n+1/2)],

ie.,

(4.20) \i(2) = { 1 if € (e(n—1/2),e(n+1/2],

0 otherwise:

Hence, the solvability of (4.18) and (4.19) are equivalent.
To show that (4.18) or (4.19) admits a solution, we need stronger assumptions on A,

than we needed for the non-stationary wave case. Let |

k-1

' sm2 kc '
(4.21) =Y oy — =) a Ll e‘“‘ , C(€R

k>0 k>0 {=0

Notice that B(-) is 2w-periodic and even. It can be expanded as a Fourier cosine series

(4.22) B(¢) = —I;B + Zbg cos(€¢) for ( € R where b, = ;r_/;” B(¢) cos(€¢) d¢

£>0

~ We assume the following: v
(A2) B(¢) is uniformly positive, bounded, and in H'Y?([0,27]); that is, there exists a

positive constant By, such that

'—Bl—ﬁB(C)SBOO forall( e R

and

Zﬂbﬁ < 0o,

£>0

Theorem 6. Assume that f € C? satisfies (4.17) and {a}32, satisfies (A2). Then for

every e > 0, problem (4.18) or problem (4.19) admils at least one solution.

The theorem is proved via an energy minimization method. We define an energy E by

(4.23) Blu] = Erfu] + Epolu],  Epolu) = Q/RF(u) dz, Elu] = —/PuAsu dz,
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where “po” stands for potential and “ki”” for kinetic. We show that E[-] has a minimizer

in the space

(424) X = {u=T,umxd 0 Dl —ul + £ 11+ ual? < oo},

giving the desired solution.
First we write the kinetic energy —(A.u,u) in a convenient form for piecewise constant

functions. Using Parseval’s identity, one may prove

Lemma 4.4. Letu(z) =) u,X; andv(z) = Y v,X5 . Assume that Y (upt1—uy,)? <
00 and Y. (Vn41 — vs)? < 0o. Then,

(4.25) (—Awnﬂz—iiéﬂi%o¢«f75da

2me
where B(() is as in (4.21),

(4260)  $(O) = S (a1 —w)e™ and  P(C) = 3 (vmtr — vm)e ™.

n m

Consequently,

eulil = 5 [ BOJ0)] dc

- o2re

When all o4’s for £ > 0 are non—negative, the energy of any non-monotonic function
can be decreased by removing the “bumps” of the function. In our current situation where
some of the a;’s may be negative, we cannot use this modification. Indeed, an energy
minimizer may not necessary be monotonic. Hence, to show that an energy minimizer
satisfies needed asymptotic behavior as * — 400, we need extra care.

For convenience we redefine mgy so that
(4.27) fu > mg in (=1 —mg,—1+ mg)U (1 —mg,1+my).

By making careful comparisons for both potential and kinetic energies, one can prove

Lemma 4.5. Let M be any fized posttive integer. Assume that E[u] < oo and |u+1| < mg
on (—e/2,e(M + 1/2)]. Then for any n € (0,1),

r l 1+bpBoo By, [ MaXo<n<M | 4 1|2 (Ung1 — tUy)?
Blw'] + E[u] < S2=IEl] + Tt M vy

o<n<M
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where

W= —-14+01+u), u=-14+0-=-0)(1+u), and 0= Z min{-j—% ,11xG.

n>0

Notice that § = 0 for z < e/2 and § = 1 for z > (M — 1/2)e. It then follows that
u" = —1,ul = ufor x <e/2 and u" = u,u! = —1 for x > (M — 1/2)e. This lemma shows
that if u is in a “resting” state for a large interval, i.e., both ™'Y 1rltng1 — Un|?
and maxo<n<n |Un + 1| are small, then the energy of u can be decomposed as the sum
of the energy of u” and that of u!. In particular, it eliminates the possibility of energy
minimizers having transition layers in “remote” locations. This property is crucial in our
proof of the existence of an energy minimizer with required asymptotics at z = +o0.

One can also easily provide an energy lower bound for states which change sign.

Lemma 4.6. There exists a positive constant eq such that Elu] > ey if u changes sign at

least once, i.€., UpUn1 < 0 for some n € Z, where u =Y, upX5.

In fact, we may take

eo = min{ 2¢ min {F(s)}, 1/(4Bwe) }-

ls|<1/2
The existence of a minimizer for each ¢ > 0 (not necessarily small) now may be es-
tablished by taking a minimizing sequence in X (translated to have a change of sign at
n = 0), using the coercivity of F' to extract a subsequence convergent on each integer,
and then using the above lemmas to show that the limit is in fact an energy minimizer in
X. Details may be found in [2].
Even though this result is for all € > 0, when ¢ — 0 one again obtains convergence of

the minimizer to ug:

Theorem 7. Let {u®}.so be the energy minimizing solutions to (4.19) obtained above,
translated so that * = ¢/2 is the first place where w® = Y uix: experiences a sign

change; i.e., u¢ < 0 for alln <0 and uj > 0. Then,

limes o %e = ug in L*(R),

lims\o(ﬂs — Uo) =0 wm Hl (R)
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where u° is the “companion” of u® obtained by a linear interpolation of the node values of

u® aten, n € Z:

w(a) = Y {us + E2 s, — w) i (e — e/2).

The proof requires an upper bound on the minimal energy and proceeds by first estab-
lishing uniform convergence on compact subintervals of R. Getting convergence of the
tails is more delicate (see [2] for details).

We conclude by presenting perhaps an initially surprising result concerning the question

of uniqueness of solutions:

Theorem 8. There exists €3 such that for every e € (0,e;], problem (4.19) admits at

least two solutions, ul and u?, which differ by more than translation, and as ¢ — 0,

[lué — wol|zeo@) — 0 fori =1,2.
The proof requires some preparation. First we investigate the operator
(4.28) Lep = —Acd+ fuluo)d

for functions lying in the space

Xo:={¢ =2, 6uXs 1 2,2 <00},

which are clearly constant on every interval (e(n — 1/2),e(n + 1/2)], n € Z. We define

A = inf - Aa + u —ef2,e ’
(6) ¢EX0,“¢”112=1,¢(0)=0 {” ¢) f (u0)¢l|L2(R\( /2, /2])}
Ay = 1i15r{jglf Ae) .

Lemma 4.7. Ag > 0. Consequently, A(e) > Ao/2 for all small positive €.

Proof. By the definition of A there is a sequence {¢;, ¢;, 9;} such that lim;_, e; = 0,
limy; oo |95 || L2 (R\(=¢,/2,¢;/21) = Ao, and for each j > 1, ¢; > 0,8; € Xo,||¢;lz2 =1, ¢; =0
on (—¢;/2,e;/2], and v; = —A.,¢; + fu(uo)d;.

Using the identity (—A., ¢;, ¢;)+(fu(uo)d;, ¢;) = (¢;, ¢;) and that ¢; = 0 on (—ei/2,€;/2],

we obtain

1 ~
§—|I¢3II2 + /R; Fu0)d? < 85l sl Lo @y(=<, /2.6, /20
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where ¢, is the linear interpolant of ¢ at node points. It then follows that ||¢'||z> is
uniformly bounded. Consequently, ||¢; — ¢;|| 12(r) 18 of size O(e?). Thus, we can select a
subsequence from {qu, ¥;}, still denoted by {éj, ;}, such that for some ¢ € H'(R) and
¥ € L*(R), | | |

¢; — ¢ in L} (R) and weakly in H*(R),

Y, — P weakly in L (R \ {0}).
In addition, ¢(0) = 0. In the weak formulation, one can show that —¢" + f(ug)¢ = % in
R\ {0}. By an estimate similar to (4.15), (4.16), we conclude that Ag > 0. This completes
‘the proof. ‘ O

Now we consider a related constrained minimization problem. For every a € (=1,1)

we define

Xa ={u=Y u,Xo ¢ uo=q, Zn>0|1——un|2+zn<0|1+un|2<oo}.
Define |
E(a,e):= inf E[u], E(e)= inf FE(a,¢).

ueXq ae(-1,1)

We note that E(e) is the energy of the minimizer we discussed above.

It is not hard to prove the following:

Lemma 4.8. There exists eg > 0 such that for every o € [-1/2,1/2] and ¢ € (0,&,],

there exists u® € X, such that E[ul] = E(a,¢).
Now we compare this minimizer with wug.

Lemma 4.9. For every § > 0, there exists €1(8) > 0 such that if ¢ € (0,e1(6)], 0 €
[—1/2,1/2] and u® € X, is a minimizer of E[u] in X, then |[ug —uo(2(a)+-)||lt2are <6,

where z(a) is the point satisfying uo(z(a)) = a.
We omit the proof. Using this and the eigenvalue estimate above one can then show

Lemma 4.10. There exists ¢, > 0 such that for every € € (0,e5] and o € [—1/2,1/2],

the minimizer u® € X, for E[u] in X, is unique.

This uniqueness implies continuity of u2 in «. This allows one to prove
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Lemma 4.11. Foreverye € (0,¢,], E(a,¢) is continuously differentiable in a € (—1/2,1/2)

and

(4.29) %E(a, e) = 2e{—Aul + f(ul)} K

Consequently, ul solves (4.18) if and only if E%E’(a, e) =0.

To prove the non-uniqueness theorem above let (a,b) C [-1/2,1/2] be an interval such
that for some integers n; and n,, a = u,, < b= u; . Then consider the differentiable
function E(a,¢) for a € [a, b].

If E(a,¢) is a constant function, then every u is a solution to (4.18) and hence we
have a continuum of solutions to (4.19).

If E(c,¢€) is not a constant function, then as it attains the global minimum E(e) at
a = a and o = b, there exists at least a local maximum of E(-,¢) attained at some
¢ € (a,b), at which £ FE(c,e) = 0. Consequently, the local saddle u¢ € X, is a solution to
(4.19). Clearly, u¢ is different from any translation of u, since their energies are different.
Translating u¢ and using Lemma 4.9 completes the proof. O

Some interesting open questions arise. Consider for simplicity the case when the oy, ’s
are nonnegative for £ > 0. By removing possible “bumps”, we obtain nonuniqueness of
increasing stationary waves for € small enough. On the other hand, from [3] it follows
that for e large enough there is only one increasing wave. Hence the question: at which
e does the change from nonuniqueness to uniqueness take place? Also, is it true that for
e small enough there is actually a stationary solution to (4.5) of the form u(z) for z € R,

with u continuous, as one might conjecture?

5. AN APPLICATION

In this section, we comment on similarities and differences between (1.4) and another
bistable equation which is currently of great interest, the Extended Fisher-Kolmogorov

equation

(5.1) ur = —yu' +u”’ — f(u) (v >0).
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This equation can also be thought of as being an L? gradient flow, with the underlying

functional

(5.2) E(u) = %/R|u"(x)|2d:v-|—%/K;Iu'(:c)Pd:c—l-/RW(u(x))dx.

It has been argued that (5.1) is an “extension” of the Allen-Cahn equation (1.5); however,
it is interesting to keep in mind that both these local equations can be obtained from
appropriate “truncations” of (1.2). Namely, changing variables in (1.2) using n = %%,

¢ = ¥ and expanding u(z) = u(£ + 1) and u(y) = u({ —n) about £, we get the formal
expression, for E(u) in (5.2),

(5.3) / (r(t () — calu(€)) + ... )dE + ]R W (u(z))dz,

where ¢; = £ [ J(2n)n%dn, c; = & [p J(n)n*dn, etc. Assuming that J changes sign,
¢y can clearly be negative. With ¢; > 0, after truncating the summation in (5.3) and
rescaling, one obtains (5.2). Of course one can also have a case in which ¢; < 0, which

(after rescaling) results in the gradient flow
up = —")’Uiv . 'Ll," . f(u),

an equation also of interest in pattern formation.

Some current results may suggest that actually there are some nontrivial similarities
between (1.4) and (5.1).

Assume for simplicity that f(u) = u(u® — 1). First, for v < %, it has been shown
that (5.2) admits local minimizers with any number of interfaces, located arbitrarily (in
a sense) [24]. These may correspond to the pinned solutions constructed in [3] for (1.4).

Actually, the stationary version of (5.1)
(5.4) yu' —u" + f(u) =0

can be recast as a nonlocal equation. Write f(u) = bu — Sp(u) and consider (5.4) with

Sy(u) neglected,
yut? —u" 4 bu = 0.

When b € (0,1/47), this equation has four real solutions etz etme® (with my > my >

0). After an elementary calculation, one sees that the above linear operator has the
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Green’s function J(z — y) with

Jy(z) = ;) [—}—e‘m‘x' — ie‘m1 le} > 0.

v(m? — m2) lm, my

Consequently, putting the Sy(u) term back into the equation, (5.4) can be written as
(5.5) Jp * Sp(u) = u.

Now if v < 1/8, one can find b € (0,1/4v) such that S, is increasing, so that, after the
substitution w = S,(u) and dropping the subscripts b, (5.5) becomes

(5.6) J*xw— SN w) =0,

which has the form of (2.1). Observe that this in particular shows uniqueness of increasing
kink (stationary wave) solutions of (5.4) (see [28] and [37] for other proofs), since [5] shows
that such solutions are unique for (2.1). For v > %, in order to obtain (5.5) with J > 0,
J needs to be the Green’s function of yu™ — u” + bu, with 0 < b < %. However,
S(u) = bu — f(u) is then nonmonotone, and (5.5) cannot be written as (5.6). The
solvability of (5.5) with S nonmonotone remains an open problem.

Finally, another similarity between (1.4) and (5.1) arises in the occurrence of periodic
minimizers, which, it should be pointed out, do not exist for the Allen-Cahn equation.

The interested reader is referred to [32] and [12] for details.

6. APPENDIX

Here we present a proof of the comparison principle mentioned in the introduction. We
only give the proof in the continuum case since the discrete case can be proved in the

same way.

Theorem A. Assume that g € C'(R), J > 0and fp, J = 1. Let u,v € L¥(R™; C*([0,T]))
satisfy u(z,0) < v(z,0) for all z € R™ and

ug—J xu—g(u) >v,—J*v+g(v) foralle € R® and t € (0,T].
Then

v(z,t) <u(x,t) for allz € R* and ¢ € (0, 7).
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Proof. Set M = ||u||ze + ||v]|z, 8 = 3 + max;,j<um ¢'(2), and w = (u — v)e”#*. Then
—Jsxw = —Pw+|ug—Jxu—v+Jxvle —ht

(6.1) > —pw+[g(u) — g(v)le™ = w[-B+4'(0)]
for some (function) 6 bounded between v and v.

Now suppose the assertion is not true. Then M 0 := — infrayjoryw > 0 and there exists
(zo,t0) € RY x [0, T] such that w(zo,to) < —My/2. As w(-,0) > 0, we have ¢, > 0. Since
w(wo,-) is C* on [0, T, there exists fo € (0, %] such that w(xo,to) = mingepo o] w(Zo, t)-

Now at (2, 1), we have ‘
w, <0, w<—Mf2, Jrxw>—-My, w[-B+g(0)]>—3w>3M/2.

However, altogether these conclusions contradict (6.1). This contradiction shows that

w>0,ie,u>vonR"x[0,T]
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