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1 Introduction

Let (Q, #,u) be a finite measure space throughout this paper. A game v
is a nonnegative real valued function, defined on the o-field &, which maps
the empty set to zero. An outcome of a game v is a finitely additive real
valued function o on & scuh that a(Q) = v(Q2). For an outcome «a of v, an
integrable function f satisfying [ fdu = a(S) for all S € £ is said to be
an outcome density of o with respect to u. An outcome indicates outcomes
to each coalitions while an outcome density designates outcomes to every
players. The core of v is the set of outcomes « satisfying a(S) > v(S) for all
SeZ.

To every game v we associate an extended real number |v| defined by

v —sup{z/\v Z/\sz, <XQ}

where n = 1,2,..., S; € &, A is a real number. The notation x4 denotes
the characteristic function of a subset A of Q. For a game v with |v| < oo,
we define two games ¥ and v by

—sup{Z)\v Z)%XS <x5} SeZ,

0(S) = min{a(S) : a is addltlve, a>v, aff)) =}, SeZ,



following [3]. A game v is said to be balanced if v(2) = |v|, totally balanced
if v =7 and ezact if v = 9, respectively. It is proved in [3] that the core of
a game is nonempty if and only if it is balanced, every exact game is totally
balanced, and every totally balanced game is balanced.

A game v is said to be monotone if S C T implies v(S) < v(T) for any
S and T in Z. A game v is said to be continuous at Q if it follows that
limy, oo v(S,) = v(Q) for any nondecreasing sequence {S,} of measurable
sets such that |J22, Sn = Q.

2 Market Games

We denote utilities of players by a Carathéodory type function u defined on
Qx Rf‘_ to R, , where Rl+ denotes the nonnegative orthant of the /-dimensional
Euclidean space R', and R, is the set of nonnegative real numbers. The
nonnegative number u(w, z) designates the density of the utility of a player
w getting goods z. We always use the ordinary coordinatewise order when
having concern with an order in RL. We suppose that the function u :
Q x Rl+ — R, satisfies the conditions:

1. The function w — u(w, z) is measurable for all z € R.;

2. The function z — u(w,z) is continuous, concave, nondecreasing, and
u(w, 0) = 0, for almost all w in €

3. 0 = sup{u(w,z) : (w,z) € Q x By} < oo, where By = {z € R, :
|lz|| < 1}, and ||z|| denotes the Euclidean norm of z € RY,.

For any set S in &, the set of integrable functions on S to Rl+ is denoted
by Li(S,R,). We take an element e of L1(Q, R, ) as the density of initial
endowments for the players. For any S in &, define

v(S) = sup {/Su(w,x(w)) du(w) : € Li(S, RY), /Sxdu = /Sedu}.

The set function v defined above is called a market game derived from the
market (Q, Z, 4, u,e).

It is well known that the function w +— u(w, z(w)) is measurable for any
z € Li(S, R,). Moreover we need to show that the function w +— u(w, z(w))
is integrable in order to define v(S) as a real number.
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Lemma 1 If z € Li(S, RY,), then u(-,z(-)) € L1(S, Ry) for any S € & and
the map x — u(-, 2(-)) is continuous with respect to the norm topologies of
Ly(S,R.) and L,(S, Ry).

Proof Let z € L;(S,R"). Since u(w,-) is concave, for any z € R. with
lz|| > 1, we have the inequality

uw, z) —uw, z/||z[) _ ww,z/|lz]) — u(w,0)

|z — /|||l | lz/llzll = 0|
and hence we have u(w, z) < ||z||o forany w € Qand z € R, with ||z| > 1. It
is obvious from the definition of o that u(w,z) < o foranyw € Q and z € R:

with [|lz]| < 1. Thus we have u(w,z) < o(1+ ||z||) for any (w,z) € Q x R.,
and this leads to the inequalities

/U(w,x(w»du(w) < /0(1+ lz(@)]) dp(w)
S S

=w(m&+ﬂmwmww0

< 00.

Thus it follows that u(-, z(-)) € L1(S, Ry). The second part of the assertion
is verified in Theorem 2.1 of [2]. Although Theorem 2.1 of [2] is proved under
the hypotheses that S is a measurable set in R' and the second argument z
of the function u runs over R, the proof of Theorem 2.1 of [2] is valid even
in our setting. Thus the map z +— u(-, z(-)) is norm continuous. Q.E.D.

A

Lemma 2 A market game v is actually a game and is monotone.

Proof It is obvious v(#) = 0. The finiteness of v(S) follows since the
inequalities

LM%ﬂWWMWSULU+WWW
! l
Sa(u(S)-f—Z[S:cid,u) =a<u(5)+ZLeidu)

/xdn:/edu,
s s

where z* and €’ are the i-th coordinate functions of z and e, respectively.
Moreover v is monotone because u has nonnegative values. Q.E.D.

hold if
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3 Cores of Market Games

We start with a lemma on concave functions.

Lemma 3 If f : R — R is concave and f(0) = 0, then for any z1,...,2Zn €
RL and A1,...,An >0 with 32, A <1, it follows that

Z Aif () < f(z AiTi).-

Proof We can assume that A = > .- ; A; > 0 without loss of generality. It
follows that

g Aif(zi) = A g %f(ﬂfz)

Q.E.D.
Let S be a measurable set. For any x € L1(S, RY ), define T € L1 (£, RY)
by

(W) = z(w), %fw €S,
0, if we S-.

Proposition 1 A market game v is totally balanced.

Proof Take any S € £ and S; € & and \; > 0, = 1,...,n with
S Aixs; < xs. We can assume that ©(S) > 0 without loss of general-
ity.
Let € be an arbitrary positive number. Take z; € L1(S;, Rl+) such that
/xid/L:/ edyp and ’U(Si)—£</ w(w, 7;(w)) du(w),
S; S S;

n

7 T

52



53

and define y € L,(S, RY) by

n
=1

Then we have the following:

/Sydﬂ=§>\i/s@dﬂ
=;)\i/5iedu
=/eZAiX5idu

S =1

< /edp,.
S
Define ' € L,(S, R,) by

et ([ [54),

Then it is easily seen that [qy'du = [gedp.

On the other hand, let A be the family of all nonempty subsets A of
{L,...,n} such that Ty = ;¢4 Si N (Njeae(S\ Sj) # 0. Then it is easily
seen that S; = |J,5;Ta for i =1,...,n and {T4 : A € A} is a partition of
Uiy Si, and 37, , A < 1forall A€ A For any i and A with i € A € A,
define a:{‘ = z4|1,, the restriction of z; to T4. Then we have

To=» 7 and y=) > A7

A>i AcA icA



Thus we have

Z)\iv(S- —6<Z)\/ u(w, z;(w)) dp(w)
“Y N [ o) dute)

=1 A>¢
=S 0n [ wte ) du
AcA icA
=5 [ 3 vt o) dutw)
AcA’Ta jea
<Z/ Z/\:v )) du(w) by Lemma 3
AeA i€A
/ ZZ)\m du(w) by u(w,0)=0
AeA €A

- / u(w, () du(w)
S

/u(w, y'(w)) du(w) by monotonicity of u(w, -)
S
v

IN

IN

Therefore, we have

Zx\iv(Si) < (S
i=1 ,

Thus 7(S) < v(S) and the reverse inequality is obvious. Hence we have
v =v. Q.E.D.

Proposition 2 A market game v is continuous at (2.

Proof Let {S,} be a nondecreasing sequence of measurable sets with {2 =
U, S. and € an arbitrary positive number. Then, there is z € Ly (S, RL)
such that

v(Q)—e</ﬂu(w,x( w))dp(w) and /xd,u /edu
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Let z, be the restriction z|s, and define a sequence {y,} of functions in
L1(Sn, R,) by

Jo, e dp . . .
i fSS zﬁldp,z:w if fsn x dy > fsn e* du;

Yp = . ) ) ) ) )
x;-i—mén—) (fsn etdu—fsna:;du), if [5 xhdu < [g € dp,

for ¢ - 1,...,1. It is obvious that

/ ynd,Uz-_—/ ed,u.
hm/ |yt — 2i|dp = lim / 6iduf/ xi}du‘ =0,
fori=1,...,1, we have

lim / 17, — zll du = lim / lyn — 2l du+ lim / ] du =0,
n—oo Q n—oo Sn n—oo Sﬁ

and hence ¥,, converges to z with respect to the norm topology of L1 (€, R',).
Therefore, by Lemma 1, it follows that :

On the other hand, since

lim [ u(w, ya(w)) dp(w) = lim | uw, To(w)) du(w) = / u(w, z(w)) dp(w)

n—oo Sn n—oo Q Q

and hence, for sufficiently large n,
o) = e< [ ulw,un) dule) < (S,

Thus we have lim, . v(Sy,) = v(Q). Q.E.D. ,
Now we have reached our main theorem combining Proposition 1 and
Proposition 2.

Theorem 1 A market game v has a nonempty core, and every element «
of the core is countably additive and has a unique outcome density f in
L,(Q, Ry) with respect to u, and hence it follows that

a(S)zfsfdu, SeZ.

55



Proof The core is nonempty by Proposition 1. Since v is continuous at €2
by Proposition 2, any element « of the core is continuous at 2, which implies
that « is countably additive. To prove existence of an outcome density for
a, it is sufficient to show that o is absolutely continuous with respect to u
by virtue of the Radon-Nikodym theorem. If u(S) = 0, then v(S¢) = v(Q2)
by the definition of the market game v, and hence we have a(S¢) > v(S°¢) =
v(Q) = a(), that is, a(S) =0. Q.E.D.

Remark 1 Similar to the assertion of Theorem 1, an exact game which

is continuous at €2 has a nonempty core and every element of the core is
countably additive. Moreover, there is a measure A on & such that every
element of the core is absolutely continuous with respect to A according to
[3]. The following example shows that there is a market game which is not
exact and Theorem 1 is independent of the results of [3].

Example 1 [[1], pp. 192] Let | = 1, Q = [0,1] and p be the Lebesgue
measure. Define u : [0,1] x Ry — R, by

ww,r) =vVr+w—+vw and e(w )=%f0ra11w€[0,1].

According to [1], the supremum is attained for every measurable sets in the
definition of the market game, and the core has only one element o and the
outcome density f of « is given by
1 2, 1 17.
R
39) ifwe [Z’ ].}
Thus it follows a([3,1]) =
we have

o> and hence ([3,1]) = &; . On the other hand,

for 1/2<w < 1and z > 0. Thus, if z € L,([0, 1], R,) satisfies

1 1 1
du = du = —
[ adu= [ edu=g,

2

/; ulw, 2w / \/7 64\/_ —1—'

Therefore we have v([3,1]) < 9([3, 1]) and v is not exact.

(ST

then
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