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1 Shape Theory — old problems and new

solutions

1 9 6 0 FER%¥IZ Borsuk 12 & o T shape B A EA XL TLUK, &
LEAHTHY 2B OHELE LV RBIEO— DI ‘stability’, B ko &FRo1E
WEWEHET B &, ¢ bad 72’ ZZREIM, WD, ‘good 72’ ZEM D shape & D
N EWHRBEIZEE LT Tho72. b o4 LIEREIZIX

Problem 1. Give necessary and sufficient conditions for a connected
finite-dimensional compactum X to have the pointed shape of a
CW-complex.

Problem 2. Give necessary and sufficient conditions for a connected
finite-dimensional compactum X to have the pointed shape of a
a finite CW-complex.

EWVIHIHLDTHBA, ZhbDOREIX 7 0FERIZ/2 Y, D. A. Edwards and
R Geoghegan I3V DD DFRLERE T, [Ed-Ge] 12 & o THRACHI IR %
®/ilc. $0bn



Problem 1 [ZDULYT : X has the pointed shape of a CW-complex if and
only if each of its pro-homotopy groups is stable.

Problem 2 IZDUVT : X has the pointed shape of a a finite CW-complex
if and only each of its pro-homotopy groups is stable and its Wall
obstruction w(X, z) € Ko(Z[#1(X,x)]) vanishes.

Wall finiteness obstruction 23t TE 7ZERICOVTALENTH LS.

B 1.1. (CAEZEH X 2 finitely dominated T % L i3, finite CW-complez
P& mapsf:X = Pg:P— X st gof =idy WEETZHILT
5. :

#il 2 1¥,compact ANR X X finitely dominated T3 Y, $IZ,compact
NLAEZ#RR1T finitely dominated T 5. ‘compact ANR iX finite CW-
complex & homotopy equivalent & F& Y %55 2>?’ iX Borsuk DRETH -
7. Z ORI West [We] 2 &> THEITHENIL TS, £z, finitely
dominated &#17-22f#i finite CW-complex & homotopy equivalent & f
8572 1% J. H. C. Whitehead IZ k> CERILSh-REL LTaIbH
TW%. Milnor [M] iZ, finitely dominated &3#17222fix CW-complex &
homotopy equivalent &5 Z & &7 L7=D T, BR8N, finitely dominated
S 7z CW-complex I finite CW-complex & homotopy equiValent &K
DELIN? ICEEHR DI LN TES. S5 Milnor [M] B, ¢ Z DR
BIIBOLLANWEAIN, ETHLEELWES Y L E-TWA. ZORE
(22T, Wall [Wa)] i, 4 B ‘Wall’s finiteness obstruction’ & FE[Zi Tu>
% ‘finitely dominated CW-complex 7 finite CW-complex & homotopy
equivalent (2K D 52 N ERET B’ algebraic K-theory invariant % A
LCRRREE - T72bb S

FEE 1.1. A finitely dominated space X has a finiteness obstruction
o(X) € K’O(Z[m(X, z)])

such that o(X) = 0 if and only if X is homotopy equivalent to a finite
CW-complez.

—J3 ,compactum X »3 CW-complex @ shape ERFOMLESEFILX
75 finite CW-complex (Z shape dominate Z#15%), (i.e. finite CW-complex



P L shape morphisms f: X - Pg: P — X st. gof =idx : B’FEET
%) ThHbD. Lo T, shape B ¢ bad 72’ ZERICETHHE MY —FR &
EZEXTWBHZ & LT, Edwards-Geoghegan {2 X % Problem2 Df#ik
Wall’s finiteness obstruction thoery @ ¢ bad 72’ B ~D BARLRER L Z
ATWBZENBETEDEAS.

Wall DR [Wa] HIEFICTIED LT A F A THBRY, %21 bk
REEBEEXT. LML, —FTIIERICHERERRBE LTHHMLNT
WT, KV ARE ME—RBERIEN L OfEH L LTI, [Va], [Mi], Bxo
& SBATHY 2B D> b Tid [Fey], [Fe-Ra] REVH 5.

Geoghegan [Ge] I Probleml @ elementary proof & & 2 T\ 575, Z
ZTiX, FOEKRNET AT 47T A LRNB D Problem2 @ elementary
proof (BEAEVIRE/RFERA ?) % B 2 7= Guilbault [Gu] DEEDHEEZREIT
3 5. EEE, the category towers of finite CW-complexes {23t LT Wall’s
finiteness obstruction ZE# L T\ <. &ANIC, Wall DFIREDIERA % 5 ¥
KEHTH7-0IT, [Fe;] PFHE%EE > T towers of finite CW-complexes
ODEEROFEERT.

WM& 1.1. Let {K;, fi} be a tower of finite complezes such that pro-ry({ K;, fi}),

k < n, are stable and pro-m,.1({K;, f;}) satisfies the Mittag-Leffler con-

dition. Then there exists a tower {L;, g;} of finite complezes equivalent
to {Ki, f;} such that each g; is (n + 1)-connected.

 Moreover, passing to a subsequence of {K;, fi} and relabeling (if neces-

sary), we may assume that

(1) each L; is obtaining from K; by inductively attaching finitely many
k-cells for 2 < k <n+2,

(2) each g;is an extension of f; such that g;(K;U(new cells of dimension
< k)) C Ki_1U(new cells of dimension < k — 1)).

E HIZ, [Fey), [Fe-Ra] 12 X % infinite telescopes D7 A T 4 7 & VT
ROFBERERL TN ¢

EH 1.2. Let {K;, f;} be a tower of finite CW-complezes. Suppose that
sup{dim K} < oo and pro-mi({K;, f;}) are stable for all k. Then there is
a well-defined obstruction w({K;, f;}) € Ko(Z[71({K;, fi})]) which van-
ishes if and only if {K;, f;} is stable.
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B 1.3. Let G be a finitely presented group and P a finitely gener-
ated projective Z[G] modules. Then there ezists a tower of finite, 2-
dimensional complezes {K;, f;} such that

(1) pro-mx({Ki, fi}) are stable for all k,
(2) m({K;, fi}) =G, and

(3) w({K;, fi}) = [P] € Ko(Z[G)).
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2 Extension dimension and cohomological
dimension

BT, ERRE—MOIEBIDZLENTEEIHDLH BN, 220 1144
BTS2V RY EEEMEEX TV D LT 5. BEIC, 2TRETOKRT -
TRE R V—RTEOBEZHE—HIICE X 7= extension dimension D&
EELTBL Lo

EH 2.1. ZH X & CW-complex K 122\ T, e-dim X < K Th 5 L,
EROMMOEE ACX LERER f: A— K IXHLT,

‘ '@i’ﬁ?‘cgfﬁf:X—}K 5. 1. fAzf-.
BEETDHZLENS.
L KHBIIZIRIE - 2 BT V—RITOBEMIT D,
(i) e-dimX < 5" <= dim X < n,
(ii) e—dimX < K(G,n) < diméX <n.
CW-complexes K, L IZ2W\WTC, K g'L Th 5 Lix, compact %Fﬁ'ﬁ X1

LT, edimX <K 2bifedimX <L THBHZ LEWVH. < Dl
PIDHEERER ~: T72bb K~ L THHEIT

compact ZZfH] X [ZBA L T, e-dim X < K <= e-dimY < L,
(&% K ODRIEE%Z extension type of K LW\, [K] &FT. &big,

[K]<[L]+<= K<L

(2L o T extension type (ZNEFEZBEATEHI LN TE D,
% Z T, compact ZZf#] X D extension dimension &R D L 5 CEERT D!

e-dim X = inf{[K] | X7K}.

7205, e-dim OBEERIL, KIT, aRE O P—RITOHKE—HIRT Fa—
FTHDHILETHD. T TRILIIZDFEM» L DOFENEA TS, B
FED & Z A% F172:8 BiX Dranishnikov [Dry) 12 & % ¢ Hurewicz theorem
in cohomological dimension theory’ & FEIEILARDEETH S -
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EE 2.1. FRET compact FEBEZERE X & simple compler K {22\ T
RIIFMETH S :

(1) X7K,

(2) XrSP®K,

(3) dimH..(K)X <1t foreveryi>1,
(4) dimgx) X <i for everyi > 1.

T DFER LEEFICEE LT Shchepin [Sc] IZRKDOH 3L EA L
T&/7 LALIDHRTIZI00_N—C 28T 0BERHICHLM0bLT
(Bl X - C) HBEEEZ HEL, HHABETZ L1TL THRETT. Dydak
Dyl 307 e —FIcEB LT, ®XREMABL LAVWRKRERERL
T3,

EHE 2.2. Suppose that L is a connected CW-complez and n > 0.

(1) IfE™(SP*(L)) has the extension type of a countable, finite-dimensional
and nontrivial CW-complez, then either SP*(L) ~ K(Zw,1) or
SP>*(L) ~ K(Q,m) for somem > 1.

(2) If Zf"(SP°°(L)) has the extension type of a compact CW-complez,
then either SP*°(L) ~ S*

T, ZTRNETUTOXL > AN TV AR/REZEE L bD Lo
TW5 .

e

. S™ and K(Z,n) are of different extension type for n > 3 (Dranishnikov
[Dry)).

. 8™ and K (Z,n) are of different extension type for n > 2 (Dydak-Walsh
[Dy-Wal).

N

. M(Zp,n) and K(Z,,n) are of different extension types for n > 1
(Miyata [Mi]).

w

. M(Z3,1) and K (Z3, 1) are of different extension types for n > 1 (Levin

[Le]).

N
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3. RP™ and RP® are of different extension types for n > 1 (Dranishnikov-
Repovs [Dr-Re]) .

Hurewicz theorem in cohomological dimension theory DFERA 7 & &
? cohomological dimension theory Tid localization theory % AEHIC
FEOBEPEITETWS, aRERP—KRITHRDEZIF»LRITHIC
localization theory ZIGH L TH KL 5 LRALZHDIT [Yo] BdH5B. £Z
TRDZEPRINTNS :

EHR 2.3. Suppose that X is a finite-dimensional compactum and K is a
simple complex. Then the followings are equivalent:

(1) eddim X < K, and
(2) edimX < Ky for all prime numbers p.

Z DFERITARE b E—FRD localization B DFER L 5 T HEL TV
%. ¥7z, Hurewicz theorem in cohomological dimension theory 5%/
SET7VITIERT 57-DIZ, extension dimension theory % simple CW-
complexes 7ZIFICHIRL TEZX B L H 1DODFEIESS.

T ZTLERDEZE% T T simple CW-complexes 7ZiHIZHIFBL TE S
5 compact ZEH X (2T D EHEE

e*-dim X
ERTILICTD. ZORF, EE23IIROLIICKRHATE 5:

EH 2.4. compact ZZfE X IZ2WT,

e*-dim X < K <= e*-dim X < Ky for all prime numbers‘ p.

—%,e-dm X IZLTH e -dim X IZLTh, EZDOFIIAE2EERT B0
RIIEDEEL. Bl —BEMZS RS IZLTHORD L 5727 LR
DSI->TLED.

EE 2.5. compact ZEM X 122\,
e*-dim X = [S"] <= dimg X = n for all abelian group G # 0
37205 X 1T dimension full-valued T 5

SHICERMICHLBEZAZZLELHEV Lo TRV ERBRTH
A9, Bz
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B 2.1. B DOFE CW-complezK IZxt L T, e*-dimX = [K] Th 5
compact FEBEZER] X BFEET H 02

2.5 IS LTI

FARE 2.2. compact BEBEZER] X IOV C, e*-dim X = [K(G,n)] 1E{T%
BIRT D07 '
W2 Z DBEIL?

ZERIEDoItBERAEZ DL I EBA L TH LS. & Dydak & D
F£[FHFFE [Dy-Ko),[Boe-Dy-Ji-Ko-Sc] TR D X 5 72 Borsuk-Sieklucki The-
orem M AHRE R V—RTREEZER L TE .

EHE 2.6. Let X be a compact ANR and let G be an abelian group. Let
{Ka}aca be a pairwise disjoint family of closed subsets of X. Ifdimg X =
n = dimg K, for all o € A, then A must be countable. ‘

fEBA I principal ideal domain EDFRAERMBDOEAREHE, Zyw DD
& ‘Descending chain condition’ # AV TREE) MR o O —DFELZ B
EL7. LML, ZOFRD extension dimension iRAS & 9 IZHTE 7220
»? LWV RFRERPHTL 5. ZOROERIAO—HL LT %5 %
EDOXHICHERETI2HBRBEICRD. ERBELOLDTHRVREY
LAVWHE - BEBXELNEZOWVWEB S TN, EEE ROMBENEE
7Zol-DTY.

IR 2.3. Let X be a compact ANR and let K be a countable CW-complex.
Let {Xa}aca be a pairwise disjoint family of closed subsets of X. If e*-
dim X = [K] = e*-dim X,, for all o € A, then must A be countable?
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3 Topics from embedding problems

EE 3.1. For every n-dimensional metric space X there exists n +. 1
metrizable spaces Xi,--- ,Xny1 of dimension one such that X can be
‘embedded into the (Cartesian) product X; x -+ X Xnq1 (see [Nay ] ).

o S N7-fRE [Nag) :

B8 3.1. Is it true that for every n-dimensional metrizable space X there
ezists a system X1, Xs, -+ , Xn of metrizable spaces of dimension < 1 such
that X is homeomorphic to a subset of X1 X X x -+ x X, ?

ICOWTEBETS. b HAHAZDRREIX Borsuk [Bo] (2L >T (—fRAIIC
i) BEMCHBRENTVD. Thbb,

EE 3.2. The product X xY of two one-dimensional compacta X and
Y does not contain a copy of the 2-sphere S2.

ZOREREZRE LT J. Dydak & O3FEHEFFE [Dy-Ko] i k- T S Dk
IZE AR 2 DD 1 RIT compact FEBEZEM DOFEZEHITH DAL Z LA TE
RWEMOEBGEREICKRBE LT .

EH 3.3. Let X be an n-dimensional compactum. If there ezists an
abelian group G # 0 such that H'(X;G) = 0 but H*(X;G) # G, then
X cannot be embedded into the product of any two one-dimensional com-
pacta.

COYHEBEEREATA LI T, HEFEES, 2RTEKRE L F
BRIZ, AR 250 1 IR3T compact FEBEZER OFEZEMICHE DAL Z & 23
TERWI ERbhotz., KT o7=DEH, Borsuk & 4 DEIZ,
W. Kuperberg [Ku] 23, ¢ n RIEFAZERE M 122\ T, m(M) BFERZ
BIE, M X E A% (n — 1)-IRJE compact BEEEZER & 1-IK 5T compact FEHE
ZEIOBZEMICHEDIAT Z EBTE ARV ZRLTWE Lo T, HE
EFEIZOWTIHA LN TWERERThH-T-. L, ZOFEMEIE ‘m (M)
BAERZ 51F 1%, —f& D compact BEBEEM TIX, LD LD LD RN G
DTHDIEBRDNP>TND. .

BT, J. Krasinkiewicz & S. Spiez & ORI FEIZ L » THESRHFZH
B¥aZlyncEi:
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SEH 3.4. Let X be an n-dimensional compactum. If the rank of H'(X)
is less than n and H™(X) # 0, then X cannot be embedded into the
product of n one-dimensional compacta.

ZDHESZRMEIZ L - T, FlxiE, the Klein bottle R E A2 22D 1 KT
compact FEREZER OB ZEMICHEDIAT Z E B TE RN BN 5.

THOLTRHRER O LRENEEICAET D Z L ie<EBELbNnR
WEHIZRZB. LZAR, EHLTE D LT, % nED 1K compact
FEEEZE OEZERNICHE OIAT Z & BT E B n RIT compact FEEEZEREIXE
ET20TY. Flz, BHETHEH TEE 5272V n-dimensional herede-
tarily indecoomposable conttinua, ZIZV D> T% n {8 D 1 KT continua
DFEZER~EDIAT Z LA TE % [Po] , mod2 @ Pontrjagin surface % 2
DM 1 RIT continua DFEZEH~E DAL Z & A TE 5 [Ko-Kr-Sp|. —7,
Borsuk DXl (FEE 3.2) IZH 003057, compact FEIZOVT, {K@
ZEBbhd

(i) S? LAt @ & fHiF FIREIX compact BEIX, 22D 7 F 70)%7"3]553
)Rt Z LR TE B,

(ii) EA % O~ TD compact FEIEL T F L AR OFEZERICED
AL LR TES.
% 9, Bl S? DEFBFIN 2D TT .

F I TIXM X AT R ATEE7R compact BEIZE 9 2 2 E TOHIEE
EEREAT S L, B8 YE, the Klein bottle 13 2 -2 1 kIt compact FEEfE
EROBERM~EDRAL I LIXTERY. IHIKESRRDTETRD
TEERTIENTE :

SEE 3.5. A nonorientable compact connected surface M can be embedded
into the product of two graphs if and only z'f the Euler number x(M) < —4.

SEBRIZCL T O 2 DOFEN O D. +oHEIC Wi

Fact. compact HifEi M 752507 5 7 OFELEH~EDIAD 572 b1, #E
FERMMET S 2050777 DEERM~EDIADS.

WCHEBTLHLEROZLZRETFATHLHI LR DND

fifE 3.1. 2 o077 7 DEZERM~HEDIAD 5 nonorientable compact con-
nected BTl M T% @ Euler character x(M) BRENEI -4, —5Th D
b DOMRFET D.
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compact BHE DM FHEEII—BICEE A DENL FETD P LWVWHRE
B LRELRT B0 LiveWds, Euler character x(M) R EH
—4, -5 THDHHL0% EFITEDALDTIIRLS, 220777 DFEZE
B~ ¥3iA 5 nonorientable compact connected i M %k L CT%
® Euler character #3535, EWIHOFETEZXLDTI ISV -RE
M7 4y b TBHERI. BrobBEFATBI ;!

L % triangulation 7 # > m R L&, Ki,Ks, -+ ,K; & T \ZH
THDnREBHEEELTD. O K, Ky, -, K, D amalagamated
sum %, WEED K, Ky, - K, \CEENDTXTO n RITEEOFIE
BIZX>TEEL, '

KiUK,U---UK,

ERT.

HEE 3.1 O
K, #BRabcdaEbORETTT7LTH. 40D —I )N

Si=abUbcUca, S| =abUbcUcdUda
Sy =bcUcdUdb, Sh=abUbdUdcUca,

LLT -
My =8 xS, and My=S,xS,.

XHiZ

M=MUM, C Ky4x Ky

EEBETDHI LI ST x(M) = —4 T D nonorientable compact con-
nected Bifi M B35 bh 5.
K#%#TERabec EbvbO2=ZAKLETSH. ZOKR3DOF—I7 1

Sy =waUabUbu, Sy =vbUbcUew,Ss = veUeaUav,

ZWY, | |
N=S x5 USxSUS3xS; ¢ KxK

LERTDHILIZE>TROD x(N) = —5 T % nonorientable compact
connected HifE N 2355 5. O

¥ 1Z nonorientable compact connected Bl M 237 7 7 K OFEZEMH
Kx K ~#»iAh 5 LIRETH. KIZ5x bz triangulation T 1Zxf L
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T, K x K @ cell structure %
7'%{7'1 Xxm|neT,i=1,2}.
WL TEHEZATEL. Ok
(1) M X K x K ® (cell structure {22V T 7) subcomplex T 3,
(2) FEED 2cell 0 =11 x 72 € Tar K2R LT, circles Si(0), (o) C K:
71 X Sa(0) USi(o) xmC M
BIFIET D,
WCEBLTRDOZ & &R

8 3.2. nonorientable compact connected il M 232 2D 7 5 7 D
ZR~EOIRAD 572 61, €D Buler character x(M) X< -4 Th 5.

FEZR 3.5 I nonorientable compact connected HiFE D 2 2D ' 5 7 D
ZERI~DEDIAIIZ DN T H o7 B, EBIT, BEERD T S5 7 OEZER~
DEDIAFZ & —#D 1 RIE compact TEEEZER] DFEZEM ~DEHIAL & D
BRIZOWTKRD Z L Bbh5 -

EE 3.6. If an n-dimensional manifold is embeddable into the product of
n one-dimensional continua, then it can be embeddable into the product
of n curves. '

AERA I S RFEREE R & 25035 5 D THED H 5 A i35 [Ko-Kr-Sp
ZRTIEIW. ' ‘

INETORREZEDLED L, compact FED 22D 1 KT compact 5
RIEZE R DFEZE R ~ D HE IR B D FHEMEIZ DV T ¢ complete table’ 23T
EEE-oTIWNWEAS. v

INODOFERER TV &, BHE 34 DHERIZIRTaFED O—§E
BIEFINEL, EEERTEDOIFRER P—BERAATIIRNEWV I T N
ZURAEZFIHLTWS. 25 TRWEE, Bl IXROBEIIB L LAV E
B

&8 3.2. Does there ezist a contractible n-dimensional continuum which
cannot be embedded into the product of n one-dimensional compacta?

In particular, can every n-dimensional AR be embeddable into the prod-
uct of n one-dimensional compacta?



BETAREREL LTI, R ~E®DIALZ & B TE R\ contractible
n-dimensional continua DTFEME b TV VS [R-S-S], [R-S].

I/, BREZ L OBEESEIREE/R n IRIT compact ZAREDEDIAIIT
SV TKRORBEIIEERRBE/HEON 22 RIEOHAEIX (1) THY, 3K
FTOHE B EERIHEINN TV [Zh).

RIRE 3.3. Is every n-dimensional PL-manifold with boundary embeddable
into the product of T x ---T xI?
T/
TZTCINETORRLEEL TF VL MHE (Cartesian product) 7> 5
XFFRE (symmetric product) ~FEREZERHE L CH L 5.
ZER/] X O n RAFHHE SP™(X) &1, n RAFREE S, OFEZERH] X" ~D1E
ROBEZER & & 5. TabbRZER X" EORIERR:

(xla'“ 7xn) ~ (yh"' 7y’n) —
‘ O"E Sna (y17 e 7yn)>= (Icr(l)y T ,xa'(n)), Z)E‘T?E'd‘é
X BEERTHS. |

1 % Menger curve &35 &, SP™1(p) (ZFEZER ™t D copy ZBEAT
WAL, EH 3.1 13

HEE D n IRIT compact EEREZERTIX SP™ (u) ~EDRALZ LR TE D’

LEVKZ BT LA TE B, % 2T lllanes-Nadler[I-N] iZ Borsuk 0
3.2 %% CROBIME & HH L1z

R 3.4 (Question83-14). Is there a one-dimensional continuum X,
such that the 2-dimensional sphere S? can be embedded in SP*(X)?

HHAURTREIIT AN MEE RS L EEREEE L. & 2T,
EF3IND SBIIEARIOD 1 RTERKEDT IV ME~EDIAT Z
EMTERVA, Bott[Bt] i SP3(S?) = S* 2R LTS, #5ITHEDHIA
HBADBHENET LE 0N TR E LB ERNRBEIRE LN
bhrbian, LM LEENICRINER =2 & n =3 TOXNHHEOEN
DRI S, BEMIBINIEn =20BATH (ZEHOEBEOIAHLMEID
DNT) SR E T HL FEOEBVASEREICTE S LD EERREET
HoT. :

PbIINHESP2IZOWT (ZBHEETRL) amEad—H2 LD
EREMICEBEEZ L O L ERLT
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FEH 3.7. Let X be a two-dimensional compactum. If the rank of H'(X)
is < 1, then X cannot be embedded into the symmetric product SP%(Z)
of any one-dimensional compactum Z.

Lo THIMESP? I DWW TH T AV MEDHE & FFRIC 2 RotEkmE, HETE
i, Klein bottle i3 & A7 1 K IT compact FEREZER] Z OXIFE SP%(Z) 1238
DAL Z EIFTERNZ E30H 5. FEATHREN R Z LIX HY(SP(V SY))
DHEEZRETDHZLTHS.

78 3.3. SP2%(S') is homeomorphic to the Mébus band.
Therefore H'(SP%(S')) = Z and H?(SP?(S')) =0 .

Lemma 331X X< HONTEEETHINEDT-DIZFDEEDREDH
FEmERLTRL.

Proof. We may identify the 1-sphere S* with the quotient space [0, 1]/{0, 1}.
The torus T = S! x S' is obtained as the identification space [0.1] x
[0,1]/ ~, where (0,t) ~ (1,t) and (s,0) ~ (s,1). Then the symmetric
product SP?(S') can be obtained as the identification space:

Ar={(s;t) €[0,1] x[0,1] | s > 2}/ ~,

(5,0) ~ (1,s),s €]0,1] and (OO)~(1 0) ~ (1,0).

Therefore SP?(S") is the projective plane with a hole, that is, the Mobus
band.

Next we shall specify a presentation of H'(SP?(S')). We shall use
the following notation: Let ¢ : [0,1] x [0,1] — SP2%(S!) be the natural
projection. |

Xi = p({(s,2) € [0,1]x[0,1] [1/3< s < 2/3, t < 5-1/6 and ¢ > 1/6}),

XQ = SP2(Sl) \X1 and XO = X1 N Xz.
Under this consideration we shall identify S! with the image ([0, 1] x

{0}) = ({1} x [0,1)).
Then we consider the Mayer-Vietoris sequence of reduced cohomology
groups of the pair (X1, X5):

0= H%(Xo; G) — HY(SP(SY); G) —» A (X1; Q)@ H' (X G) 1% H'(Xo;G)



— H2(SP%(S'); G) = H*(X1;G) ® H*(X2;G) =0,

here i1 : Xo — Xi,%2 : Xo <> X, are the suitable inclusion maps. Since
the induced homomorphism i} : H'(Xo;G) — H'(Xs;G) corresponds
with the homomorohism ¢ : G ® G — G given by ©(g1,92) = 291 + 92,
the above sequence can be reduced to the following sequences:

0 — H'(SP*(SY);G) - GG —5 G — H*(SP*(S");G) — 0.
Therefore A’ :
HY(SP%(S');G) = Ker(—p) 2 G
H?(SP%*(S');G) = Coker(—yp) = 0.
In fact, by the inclusion-induced homomorphism,

H'(SP*(S");G) = HY(SY;G) o

finite bouquet of 1-spheres \/7; S; D 2 RFTEaFER V—HEEZ 2.
Lemma 3.2 & R#iZ\/7_, S; % the quotient space [0,7]/{0,1,- - ,n} &
A—#35. $Thbb, SPYVL,S:) % idefication space of the lower
triangle & R.727":

An={(s,t) €[0,n] x [0,n] | s 2 ¢}, and
(5,0) ~ (5,1) ~ oo~ (8,4) if i<s<i+1,i=0,1,---,n—1,
G4+Lt)~e~ (=1t~ (nt) if j<t<j+1,j=01---,n—1,
(s,) ~(i+1,s) if i<s<i+1,i=0,1,---,n—L |
@ : Ap = SP?(\/_; Si), & X o T the identifaction map Z& ¥ Z &1
T5. KHxDpairi,j=0,1,---,n—1, ¢ >4, ITDONT
Ty = p(lii+ 1] x 1,5 + 11N Ag).
&Té éf, Ti,i = SP2(SZ) Tj?) Uj ; 1 75] fﬁ%&‘i\, Tiﬂ' I the torus Sz X Sj b
fARRAETHD. ZORROILEERE D:
fiRd 3.4.

D, PHAT) = HA(\ S)

i>j i>j i=1
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Proof. We shall show by the induction on n > 1. Lemma 3.3 gives the
case n = 1. We assume that for case of n < k, where k£ > 1, we obtained
the isomorphism:

k
(h;;) : H*(SP*(\/ $:); G) & @i H'(T..5; G),
i=1
where h;; : T;; < SP%(\V_, S;), i # j, are suitable inclusion maps.
We shall consider the case n = k + 1. Note that
k+1

k k
SP*(\/ Si) = SP*(\/ Si) U (| Te415 U SP?(Sk41))-
i=1 i=1 j=1
Then Ui, Tht1s = Setr X (V51 S;) and (Ui, ka“,j) N SP(Sg41) =
Sk+1. Hence HZ(U‘?:l Tk+1,j U SP2(Sk+1); G) = @1-:1 Hz(Tk_,_lﬂ'; G) Let
us consider the Mayer-Vietoris sequence of reduced cohomology groups
of the pair (SPz(Vf=1 Si), Ule Ti+1, U SP?(Sk41)):

k k+1
0=H(\/ 8;;G) » B (SP*(\/ 5:);G) -
j=1 i=1
k k . . k
H(SP*(\/ Si); @) ® H*(|  Tk41,; U SP*(Se1); G) "=3 H'(\/ $55G) —
i=1 j=1 j=1
k+1 k k
"2(SP2(\/ 5:);G) = HA(SP*(\/ 8:); )@H?(| ] Ti1,USP?(Sk41); G) = 0,
i=1 i=1 j=1

here u,v are suitable inclusion maps. Then the homomorphism u* — v*
is clearly epimorphic. Hence

k+1
H'(SP*(\/ Si);G) = Ker(u* —v*) 2 @ H'(T.;5G)
i=1 i#j
and
. k+1 _ k _ k
q2*(spP(\/ 8);G) = H*(SP*(\/ 5:); G) ® H*(| Tk1, U SP*(Sk41); G)
i=1 i=1 i=1
=D H*(T.,;G) O
i#]

INLDORROBRIEBRITELZETON TRV, Bro bR L THT
HLWWWEAS S REREEATRDZ L Rbhsb:
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TH 3.8. n KITERE S 13 & A72 n KT compact BEREZER X OXIHHE
SP(X) ~HEbiATeZ LN TE RV,

— 5, RDFA FIXET Do TV, ZOMENEEMIETNIT
SP2L SP3DEVWE ELITEE-EH LN TES.

fIRE 3.5. n IRICERTE S3" 13 Y72 n RIT compact BEEEZER X O xt#FE
SP3(X) ~EBOIALZ LN TEBH0?
B S0 13 SP3(SM) ~EBHIATeZ L B TE B0

BBIZSP2IZOWTHORHEE T v MREOEDIARIZEE T 5 HE A
BhpzlizggLTEL:

EHE 3.9. The symmetric product SP2(\/>_, S;) cannnot be embedded into
the Cartesian product of any two one-dimensional compacta.
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