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mE
Let T € B(H) be a bounded linear operator on a complex Hilbert space H.
Let Ag be an isolated point of ¢(T") and let E = ZL (T — \)"1dX be the

T JIA=Xo|=r
Riesz idempotent for A\g. In this paper, we prove that |if Toils either p-hyponormal
or log-hyponormal, then F is self-adjoint and EH = ker(T — Ag) = ker(T — Xg)*.
Also, we prove that if T is a p-quasihyponormal operator with 0 < p < 1 and if
Ao # 0, then FE is self-adjoint and EH = ker(T — \g) = ker(T — X\g)*. But if Ay = 0,
these results do not hold in general.

BV NZER H EOFRBIUAERR 6% B(H) LB, ERRUIEALZ T € B(H)
2% p-hyponormal (0 < p) &%
(TT*P < (T°T)?
ERBHLEEVD, BT p=1D&E hyponormal, p = 1 O & & semi-hyponormal &1,
Semi-hyponormal EFIE OMEIZ D. Xia [15] IZ3E L < BB T3, P-hyponormal
BRI IT Aluthge [1] IC & > THFREDIMAE V., B2 REEBHILNLTE T35, (BR
[1,2 4,5, 89,13, 16]), £/ T REHT

log(TT*) < log(T*T)

? & & log-hyponormal &5, EFIZEE T 7% p-hyponormal TO0 < ¢ < p 261X T i
g-hyponormal T%» %, 72, F[#¥72 p-hyponormal {fEF i3 log-hyponormal T % 43,
WHIRRSZ L7V, & [11, 12] 1K, {77 [5] \2 & 5 p-hyponormal fEFi# ® Putnam R
FX & # T, log-hyponormal {ERRDTEFEEIZR D& 1997 £ ¥4 T log-hyponormal 1§
MFE D Putnam RER %R L. log-hyponormal fEF %% 0-hyponormal fEAFE TH D 2
LEFELE,

HRBIEAERFE T € B(H) # p-quasihyponormal (0 < p < 1) &%

0 < T*((T*T)” — (TT**)T
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LB lER VWS, LoT T ® range TH »® dense 725 T 1% p-hyponormal T %,
P-quasihyponormal fEFIR OMHEIZAIL [14] 233 LYY, '

T Z Ti%. p-hyponormal, log-hyponormal, p-quasihyponormal {fEFIED AT +J A
o(T) DI AIZBET B Riesz idempotent DHEEZFH <D, A 2 o(T) DIMLE LT 5,
NP -1

{AeC : X=X <7}Na(T) = {X}

ERDEEr>0%2E-T

E= i (T — A)~tdA
27F'L P\—)\oI:T

LEDD, ZDEEE % N\ IZXT 5 Riesz idempotent &V V9, E L
E*=E, ET =TE, o(T|EH) = {)\o}

BT A, —RRICIE self-adjoint T2V, LA L, T € B(H) #% hyponormal 7 &1
E 1% self-adjoint (2725 Z & % J. G. Stampfli [10, Proposition C] 233EBA L7z,

[65%8 1 (Stampfli [10])] T € B(H) »* hyponormal 72 HiT o(T) DIMILK Ao IHT
5 Riesz idempotent E I3 self-adjoint T

EH = ker(T — Ao) = ker(T — o)
2T,
[REBA] T i hyponormal 72D T T i3 normaloid
|7\l = sup{lp|: pn € o(T)}
Thb, £z, (T - A1\ € p(T)) b hyponormal 7255
(T = N7 = sup{lp| : p € o((T = N7}
Lo T Tk Gy b

Gi:[(T-N7= A€ p(T)

d(X,o(T))’

PWicd, £oT

1

11
E S——/ T—N7Ydr< =—=2nr=1
BI< g [Nt g
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ThHb, - T E X self-adjoint Tdh 5,
¥/-z€eEH LT3

1 .
I = o)z = 55 [ (A—Ao)<T—A)-1di[|
T JA=2o|=r
1
< — rl(T — \) " 1z|ld)
o o I
1 1
< —rx-= =
< 27rr X r”x||27rr r||lz]| = 0 (r — 40)
&2B0DT
(T - /\0).’17 = O
Thbd, £oT
EH C ker(T - /\0)
Th b,

WiZzeker(T—X) £T2&Tr=MNr &Y

(T — Nz = (ho — Nz

THd, #-T
1 -1
Erx = — (T = A" "zd)
278 Jir-aol=r
1
= Ao — A)"lzdA
2mi |,\—,\o|=r( ’ )
_ L 2W(re”’)‘1:157"z'¢3""d0 =z
2mi Jo
&%, £oT
ker(T — /\0) C EH
THHH0 0
EH =ker(T — \)
BRENT,
wiZ

ker(T — Ag) = ker(T — Ap)*

%R9, T IX hyponormal 7255 ker(T — \g) C ker(T —Xo)* Th B, #HiZ ker(T'—Xp)* C
ker(T — Xo) 7%, E I self-adjoint 72-72D T

" H=EHo(-EH
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LERFTH ZRED, £oT

T=(T|EH)® (T|(I - EYH),
T*=(TIEH) @ (T|(I — BEYH)* = (T*|EH) & (T*|(I — EYH)

CEXRMIIREIN,

o(T|EH) = {Xo},
o(T|(I - EYH) = o(T) \ {Xo}

Thb, &Tarecker(T—X)* £T5HE T e =Xz THD, EXT LHHBRIE57=DT
T*(I — E)x =X (I — E)x
T#HhB, 22T, bl, [-Ex#0%6E(I-Eze(—-EHRDT
Xo € 0,(T*|(I — BYH)

LB, LaL, Zhid

Mo & o(T|(I - EYH) =o((T|(I - EYH)*) = o(T*|(I — E)H)
KT 5, 2T —E)z=0Thodhb
z = Ex € EH = ker(T — X)
LB, [REBA#E]

RIZ, ZDOFfERIX p-hyponormal EAFE CHRIBRICEKIL T2 Z & &R 7, KRiX B. A.
Barnes [3, Proposition 2] IZ X 2R TH DA, A TRELREEZRET,

[## 2 (Barnes [3])] £ ® R, S € B(H) KX LT
S(ker(I — RS)) = ker(I — SR), kerSnker(I — RS) = {0}
BRI B,
[(EE 3] Lo T A#074b6
S(ker(A — RS)) = S(ker(I - %RS))
— ker(I — SLR) = ker() — SR),

A
ker S Nker(A — RS) = {0}
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DRRALT Do

[#%8 4] T € B(H) DB %E T = U|T|, £z Aluthge £#:% T = |T|2U|T|V/? &
B L& |
IT|2 ker(T — A) = ker(T — )),
|T|% ker(T' — A)* = ker(T — \)*
AN AVAC RPN
BEL)
ker(T — X) = ker(|T)2U|T|z — X)
= |T|% ker(U|T|*|T|* — )
= |T|2 ker(T — A).
ker(T — \)* = ker(|T|?|T|2U* — X)
= |T|2 ker(|T|2U*|T|* - X)
= |T|zker(T — \)*.

[REBA#E]

[B® 5] T € B(H) # p-hyponormal 72 &I o(T) DIMILK o IZXxF % Riesz idem-
potent E ¥ self-adjoint T

EH = ker(T — \) = ker(T — Xo)*
BT,

[REBA] EH 13 T ODAREHHZEMTH S, Wl [13, Lemma 4] £ Y. p-hyponormal £
AR DREE S ZER ~D restriction 1% p-hyponormal 72D T, T|EH ¥ p-hyponormal
ThHD, £7=. o(T|EH) = {Xo} 2D T, &, {# [5, Theorem 5] ® Putnam R
b T|EH X normal, f€->T

TIEH = Ao

Thd, £>TEH=ker(T— X)) TH?2,
RIZXN #0225
ker(T — Xo) = ker(T — Xo)*

%27"% 9, T i¥ p-hyponormal 72D T [4, Theorem 4] & ¥

ker(T — ) C ker(T — Xo)*
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THbD, LoT ker(T — A\o)* C ker(T — Xo) BT LV
(Case 1. 1/2 < p)

1/2 < p 2DTT = U|T| ® Aluthge Z#2 T = |T|*/2U|T|"/? 1% hyponormal T o(T) =
o(T) %#7=¥., (B8 [1, Theorem 1], [7, Lemma 2], 8, Theorem 2], [16, Theorem]), &
Treker(T— ) &T 5. A4 LY ker(T — \o)* = |T|V2ker(T — Xo)* 2D T

z = |T|?y, y € ker(T — Xo)*
L12B y BEET D, ZIZT A i3 o(T) OIMILEENS, 6kE 1 &9
ker(T — Xo)* = ker(T — Xo)

Thb, MiE4 LY
y € ker(T — o) = |T|Y?ker(T — \o)

THoHMD,
y = |T|Y?2, z € ker(T — Xo)

L72% 2 BFEET D, £oT
v = |T|"?y = |T|"*|T|"?2 = |T|2
ThHD, £l Tz =Xz 72D T [4, Theorem 4] £V |T|z = ||z THD, &2 T
z = |T|z = ||z € ker(T — Ao)
T D,
(case 2. 0<p<1/2) z€ker(T —X)* & T 5, WE4L LV
ker(T — Xo)* = |T|"?ker(T — Xo)*

720DT
z = |T|"?y, y € ker(T — Xo)*

L7d oy BEET S, ZZTTIX (p+ 3)-hyponormal T, X i o(T) = o(T) OHaL
BTHDHNE (case 1) DIEFA LY

ker(T — Xo)* = ker(T — o)
THbD, LAT (case 1) DFEFAL R L TH 5,
WIZ A = 0 DIFEIZ

ker(T — Xo) = ker T = ker T = ker(T — Ao)*
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E72B5Z & &K% D, T id p-hyponormal 72D T [4, Theorem 4] X ¥ kerT C ker T* &
RBMPB kerT* CkerT ZaHIXL VN,

T*'z=|T|U*z =0

b5, ker|T| =ker|T|} &Y [T3U'z =0 &7%25, ZhEHVELT [TPPUT =0
EoTUITI>PU*s =0 L7253, ZZTS8 =UITP &B< &‘, S % hyponormal C [7,
Theorem 6] & ¥

a(S) ={rPe? : re® c o(T)}

Thd, £z, 08 o(T) DIMILRZDT O o(S) DIMRTHH D, H-oTMEL &
Y kerS=kerS* &RRoTW3B, L»oT

SS*r =UIT|*U*z=0 < S*Sz=|T|*z=0

ThB, o [TPz=0, 1o>T [Tlz=0. £»>T Tz=U|T|lt =0 T3,
KIZ E B self-adjoint 7”9, EH X T OREHZZEMTH B0 EH = ker(T — Xo)*
ROTT* ORERDZEEMTHLH D, Lo T EH X T @ reducing subspace & 725D T

— A 0 _ 4
r— (i 2) n-rmacen

LOETE B,
E3
)\0 ¢ O'(Tl)
Z2h9, bLAeo(Ty) CERELEL D, EH T T D reducing subspace 725> 5

o(Ty) = o(TI(EH)™) C o(T)

& tﬁéo)—@ Ao ‘i U(Tl) @%ﬁ;‘f—f‘:'@&) 60 : :"C‘-\

_ (Pl 0 o (Pl 0
'T'_(O |T1|)’ 'T"(oo |T1*!)

X Y Ty i¥ p-hyponormal 72D TRI¥DH RN
Ao € Up(Tl)

LB, £oT
Tiz =Mz, z€ (EH)*

ERBTA0OBFET D, Lo T Tz =Xz THEND

z € ker(T — X\g) = EH
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Lo TFETH D,
LoT
1

F=_— T — X))~ tdx
2m |/\—/\o|=r( )

1 (/\0 - /\)_1 0 l
= d\
2T [A=Xo|=r ( 0 (Tl — )\)_1 )

1 / -1
- Ao — A)THdA 0
_ 2m1 |,\_>\0|=r( ° ) )
0 — T, — M) ~tdA
o] R

_ ((1) g) H = EH ® (EH)*

Li2d, 18- 7T E I3 self-adjoint TH D, [REBA#E]
Wi, Z DRI log-hyponormal fEFR THRIRICHKIN T 5 Z & 2T,

[feH 6] T € B(H) »° log-hyponormal 72 51X o(T) DIRILIR Ao (29 D Riesz idem-
potent E ¥ self-adjoint T

EH = ker(T - /\0) = ker(T - /\0)*
72T,
[BEBA] T iXx® #7420 T N\ # 0 THD, 7z [11, Theorem 11] £V ker(T — Xo) C
ker(T — Xo)* TH D, KIZ ker(T — Ag)* C ker(T — Xo) 2775
T OWS#%E T = U|T| £8<, [11, Theorem 4] £ 9 T = |T|2U|T|? i semi-
hyponormal T o(T) = o(T) TH B, £>T A iFo(T) PMILKRRDOTERE 5 £V

ker(T — Xo) = ker(T — Xo)* TH B, STz ecker(T—X) &€F5, ZITHEL LY
ker(T — Ao)* = |T|V2ker(T — No)* 72D T

z =Ty, yeker(T — o) = ker(T — Xo)
LDy BHEET D, €-T
Moy = Ty = |T|M2U|T|?y

£y
olTIV?y = |T|"*|T|VU T |2y

&%, 27T
Mz = |T|Ux



74

THd, £»T
TUz =U|T|Uz = AUz

THb, X =|\|e? £3B< & T iX log-hyponormal 72D T [11, Theorem 11] & ¥
IT|Uz = |Xo|Uz, UUz = €Uz

<hB, 2T T XAHAROT U I unitary Th B, £oT

0

Uz =€z

L72B50DT
| T|z = [Aolz
Thd, #~>T
Tz =U|T|z = Aoz
ThBEND,
z € ker(T — X)
Thbd, £»T __
ker(T — o) = ker(T — X\)* C EH
BRI,
wiz

EH C ker(T — X)
%5%, T X semi-hyponormal 7275, EE 5 LV A [T 5 T O Reisz idempotent

1 ~
E:=— T -1
=5 IHOIZT( )7t

iZ self-adjoint
EzH = ker(T — \g) = ker(T — Xo)*

BWT-F, T IXFHENSG (T, |T)E bA#T

T —X=|T|2UIT|z — A
= [T|*(U|T| - N)|T|2
= |T|3(T = N)IT| "2

Thb, EoTAepT)=pT) IKRHLT

(T - X" = |T|3(T — \)7YT|



ERBND
1
E=_— T —\)"'d)
2ms |,\—,\0|=r( )
=L ITI=3(F — \)7}T|
278 J|a=rol=r
1 " y
172\ 5.5 IA—AoI=r( ) T
= T Ez/T|2
—(‘-‘%50

ETrseEH T3, ZDEX
z = Ez = |T|2E4|T|?z
Thd, £oT
T|2e = E|T|?x
LRBDT, 42D

T2z € E;H = ker(T — Xg) = |T|? ker(T — o)

&b, £oT
z € ker(T — Xo)

ThD,

75

WIZ E 78 self-adjoint MEEANE > TWAH A, ZHIXER 5 OFEHADOH S LFEKTH

Do

[EEBA#]

% 7] E 1 self-adjoint T ET =TE &Y ET* =T*E Th 5, £~>T E|T|=|T|E

ROT Ef = |TIE|T|" = E[T|3|T|": =E Th 5,

WRIZ. p-quasihyponormal fEFIRD AT b T ADIILA A (24T %D Riesz idempotent
iZ p-hyponormal, log-hyponormal fEFE DA L RAROMEE ZFOMB, M =0720E%

BT EETRT,

I [14] (2 & 5 g-quasihyponormal operator DT TH D,

[#%E 8 (LU [14])] T € B(H) % p-quasihyponormal (0 <p < 1) 25, H & TH

O [TH] & kerT* ICERGELIZ & E

0 0
(AA*)P < (AA* + SS*)P < (ATA)P,
a(A) Cc o(T) C o(A) U {0}

T = (A S) H = [TH]®ker T",
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b, XoT, #IZ A X p-hyponormal Th 5,

[#®&8 9] T € B(H) » p-quasihyponormal (0 <p<1) &¢T5, 20L& (T- Nz =
0 A£0 B (T -\ 's=0L%5,

[REBA] #HRE 8 2 AHWVT

_ I _ A S _ *
x—<x2),T—(0 0) H=[TH] @ ker T

ERRTBH, THEL
_ . (A — /\)1’1 + S.’Ez _ 0

ERBIBAL0EV 2, =0,(A- )1, =0 TH3D, TZTAIIMRES LV p-hyponormal
THDH5 [4, Theorem 4] £V (A— Nz, =0 £725, Lo T|Alz =[Nz =|A%z T
bhd, £l WES LV

0 < ({|AP? = (|A" +1S**)} =, 2) < ((JAI* — |A*[*)z,2) =0

LRRBDT
(14" + 18" ")z = |A[Pz = |A[*z

L3, X»oT »
(JA* ]2 + |S*P)z = | APz = |A* Pz

THENG S Pr=0,>T S*'z=0 THDHE-T

o (A — /\)* 0 sl _ (A - )\)*.’El _
oo (4 ) (457
TH 5, | [SEHA#]

[E2 10] T € B(#H) % p-qusihyponormal (0 < p < 1) %2 5F o(T) @ 0 TRWVWIMLA
Ao {Z%9 5 Riesz idempotent E X self-adjoint T

EHM = ker(T — Xg) = ker(T — \o)*
W9,
[SEBA] T @ range TH 7% dense 72 51 T i p-hyponormal 72D T, TH iX dense T2
WELTEWY, BES ZHWT

r-(53) n-rmewr
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R D. Mo 1X o(T) DIMMLRIED, HES LV o(A) PIMMALRTHLH D, &T
O D=2 <r}n{o(Au{o}} =0

ERDERrHED L

-1
E= _1_ A—A4 =S d\
211 Jiaxol=r 0 A

1 A—A)1 Al(A— A8
= ; dX
2m [A=Xo|=r 0 A

LB, ZIT 1
Ei=— (A= A)ldA

275 Jir-xol=r

X A AT D A D Riesz idempotent TH 5, fifE 8 LY A iX p-hyponormal 722>
b, EH 5 £V F, iZ self-adjoint T

EA[TH] = ker(ho — A) = ker(Ao — A)*
Elzd, TZTEAS=0%79, "I M ze[TH| &V y=FEsx B &
y € EA[TH] = ker(Ao — A) = ker(N\o — A)*

L7, T2 CHIE 9 O L AEEIC LT S'y = S*Eaz = 0 25T B, £oT S*E, =0,
BT ES=0 &5, &T,

A=A =) (A= 2)"An+ Y (A= Xo) "By,
n=0 n=1
Ao = — (A= 2o)~1(A — A)~1dA,

278 J\a-xol=r
Bi=FEA,Bpii=(A—X)"Ea

LREATDE

L ATA=A)dA S
2mi |A=Xo|=T
=(A\'By = \2Ba+ );°B3 —---)S

= A7 EAS — A\72(A = M) EaS + A3 (A — Xg)?EsS — - =0
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3B, XoT

J_,/ (A — A)~ldA L ATH A = A)71SdA
2m1 [A=Xo|=r 2m1 [A=Xo|=r

E=

3

THbH, #-> T E iZ self-adjoint T

0 — A~ d
278 J | a—xol=r

EH = E4[TH] & {0} = ker(A — X)) & {0}
= ker(A — X)* @ {0}

b, S TR MWz eEH BED, TDHE

T = (261) z1 € ker(A — Xo)

k%éﬂé@’(“

(T = Ao)z = (A —(—) Ao —i()) (%1) _ ((A —0)\0)331) —0

&b, Lo TEH =ker(T — ) TH 5,
I ker(T — Xg) = ker(T — Xo)* &%, 9 £V ker(T — Ag) C ker(T — \o)* 72D

Tker(T — Xo)* C ker(T — Xg) ZREIE IV, N7 bz = (i1> € ker(T — Xo)* & &
_ 2

o:a—Mm:(mgﬁy_%)cgz(ggﬁgD

LB, £oT xy € ker(A — X)* = ker(A — \), #E-> THE 9 LREKIZLT S*r; =0
Ehd, koTazy,=0¢&0500

T = (:Bl) € ker(A — X)) @ {0} = ErH = ker(T — Xo)

<%, | [EER#]
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I
T oo
11U % = zz Z |zn|?> < 00 p £ unilateral shift £ 45, ZZT
n=1
A=U+2,

S = (A"A - AA*)z,

A S
T = =lel’

L 8B< & T iX quasihyponormal TTH D, 7
o(T)={0}u{reC: |A-2<1}

L2BOT 0 oT) DILATH B, =T 0 ICKF 5 Riesz idempotent % E &3
<k

I »—%331'

T R

E= 0 X X 2| _ ( 21,)3 2
0-1 T3 (,—5 T3

L 725D T E T self-adjoint Tlx72V, 7

ker T — { (—(U + 2)‘1Sy)
Y

ker T* = {0} @ I°

y€l2}=E”H, ,

/)
EH =%kerT ¢ ker T

TH D,
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