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SUFFICIENT CONDITIONS FOR STARLIKENESS AND
CONVEXITY

NORIHIRO TAKAHASHI

Abstract. Tuneski [2] introduced a new sufficient condition for starlikeness. The
object of the present paper is to improve Tuneski’s result and to obtain new suffi-
cient conditions for starlikeness, convexity, strongly starlikeness and strongly con-
vexity of order a.

1. INTRODUCTION.
Let A be the class of functions of the form

f(z)= z+Zanz"
n=2
which are analytic in the open unit disk U = {# € C: |z] < 1}. A
function f(z) in A is said to be starlike if it satisfies

Re{%{%gl} >0 (z€U).

We denote by S* the subclass of A consisiting of all starlike functions
in U. A function f(z) in A is said to be convex if it satisfies

z f” ( Z)
f'(z)
We denote by C' the subclass of A consisiting of all convex functions in
U. A function f(2) in A is said to be starlike of order « if it satisfies

zf’(Z)}
Re<——=?>a (z€U
{F}>e eev
for some a@ (0 < @ < 1). We denote by S*(a) the subclass of A
consisiting of all starlike functions of order a in U. A function f(z) in
A is said to be convex of order « if it satisfies
Zf”(Z)}
Reql+—7¢>a (z€U
{i+ 7} e cen)

for some a (0 < o < 1). We denote by C(a) the subclass of A con-
sisiting of all convex functions of order « in U. A function f(z) in A
is said to be strongly starlike of order a if it satisfies

Re{1+ }>0 (z €U).
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Zf'(z)}
arg{ —~
g{ 1(2)
for some a (0 < o < 1). We denote by SS*(a) the subclass of A
consisiting of all strongly starlike functions of order @ in U. A function

f(2) in A is said to be strongly convex of order « if it satisfies

zf"(= s
arg{l + j{'(i))} <@ (z€U)
for some a (0 < a < 1). We denote by SC(a) the subclass of 4
consisiting of all strongly convex functions of order o in U.

In particular, we denote by S*(0) = SS*(1) = S* and C(0) =
SC(1) = C. It is shown that f(z) is in C(e) if and only if zf'(z)
is in $*(a), and also f(z) is in SC(a) if and only if z2f'(2) is in SS*(a).

Let f(z) and g(2) be analytic in U. Then we say that f(2) is sub-
ordinate to g(z) and we write f(2) < g(2), if g(z) is univalent in U,
£(0) = g(0) and f(U) C g(U).

~ Tuneski [2] introduced a new sufficient condition for starlikeness as
the following.

<ga (zeU)

Theorem A([2]). If f(z) € A4, f(2) #0in 0< |z| <1, and

FAOPE o 2
Far PTaoap s B0

then f(z) € S*.

In [2], the condition f(z) # 0 in 0 < |2| < 1 was not assumed, but
it is necessary to complete the proof, because p(z) = zf'(z)/f(z) must
be analytic in U in the proof.

Furthermore, the condition f'(z) # 0 in U is also necessary to com-
plete the proof, but if f(z) # 0in 0 < |z] < 1 is assumed, then we have
f'(z) # 0 in U. Because if f'(z) = 0 in 0 < |2] < 1, then we have
f'(2) = (2 — 2)'g(2), where g(z) is analytic in U, g(z0) # 0, and l is a
positive integer. From this, we have

[ e 1@
fi2) 7 (2= 20)Fg(z) (2 - 20)'g(2)*
Letting z — 2z with

arg f(z,) — ar
arg (z — 29) = rg f( °3+1 g 9(20)

9

then
f(z)f"(2)

lim —=~—=~* = +c0 (real number)

s (o)
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because f(z9) # 0. Thus
. f(2)f"(2)
o Tree #hO)

because it is obtained {z € C: z = Rez > 3/2} € h(U) by an easy cal-
culation. This contradicts the assumption and so we conclude f/(z) s 0
in U.

In the present paper, we improve Theorem A and we obtain new suf-
ficient conditions for starlikeness, convexity, strongly starlikeness and
strongly convexity of order a.

We need the following lemma due to Miller and Mocanu [1].

Lemma([l]) Let g(z) be univalent in U, and let 6(w) and d(w) be
analytic in a domain D containing q(U), with ¢(w) # 0 when w € g(U).

Set Q(z) = 2q'(2)¢(q(2)), h(z) = 6(q(2)) + Q(2), and suppose that
(i): Q(z) is starlike in U,
(ii)=€R§{zh'(Z)/Q(z)} = Re {#'(¢(2))/8(e(2)) + 2Q'(2)/Q(2)} > 0,
If p(2) is analytic in U, with p(0) = ¢(0), p(U) C D and
0(p(2)) + 2P (2)8(p(2)) < 0(q(2)) + 24 (2)$(a(2)) = h(2)
then p(2) < q(z).

2. NEW SUFFICIENT CONDITIONS FOR STARLIKENESS AND
CONVEXITY OF ORDER «.

We begin with the statement and the proof of the following result.
Theorem 1. If f(z) € A, f(2) #0in0<|z|<1, -1 <a<1, and

TOL < hate) = {il (-fmam) @0
f (Z) -2z (a=0)

(z e U)

then f(z) € S* (1 3 a).

Proof. We choose p(z) = z2f'(2)/f(2), ¢(2) = (1 — az)/(1 + 2),
f(w) = 1 - (1/w), #(w) = 1/w?. Then g(2) is univalent in U, §(w)
and ¢(w) are analytic in the domain D = C \ {0} which contains
qU) = {z€C:Rez> (1 -)/2} and ¢(w) # 0 when w € ¢(U).
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Further, ;
2) = z2q'(2 z)) = __(_1-}-__3)_2_
Q) = 4/ ) =~

is starlike in U, and

h(z) = 6(¢(2)) + Q(2)
_ (a+1)(az? — 22)

- (I-oa2)?
a+1l 1
—_-{ a (1—(1-—az)2) (o #0),
-2z (a=0),
and
HE) _06E) , Qe _ [  @#0),
00 " @) T am 'Y (=)
Thus,

Zh’(Z)} ~ Re {0’(9(z)) ZQ’(Z)}
re{ G} =R { G * Q170 €Y
Further, p(z) is analytic in U because f(2) #0in 0 < |z| < 1, p(0) =
¢(0) = 1 and 0 ¢ p(U) because it is obtained f'(z) # 0 in U applying
the assumptions f(2) # 0in 0 < |z| < 1 and f(2)f"(2)/f'(2)* < ha(2)
by the preceding argument of Theorem A. Thus, p(U) C D. Therefore,
the conditions of Lemma are satisfied and so we obtain that if

0(p(2)) + 20’ (2)¢(p(2)) = %ﬂ
a+1 1
() e
-2z (a= 0)
then
2f(z) _ Lo

ol =n() <) = T

Thus, f(z) € S* (1 > ‘"). O
Remark 1. Theorem A is obtained from Theorem 1 (o = 1). There-

fore, Theorem 1 is an expansion of Theorem A.

Remark 2. We have that f(z)f"(2)/f'(z)? and hq(z) defined in The-
orem 1 are analytic in U, f(0)f"(0)/f'(0)* = ha(0) = 0 and hy(2)



is univalent in U. So, we have that the condition of Theorem 1 is
equivalent with

f(2)f"(2)
()2 € ho(U) (z €U).
Example. The function f(z) = a(l — e™*/%), a > 1/log3, is in A,
f(z) #0in 0 < |2] < 1, and

F(2)f"(2)

ff(z)‘z
Therefore, f(z) € 5*(1/2).

=[l-e’ <[l -2 =2 (zeU).

If 2f'(2) is in S*(a), then f(z) is in C(a). Therefore, we have the
following corollary.

Corollary 1. If f(z) € A, f'(2) #0im0< |z| <1, -1 <a <1 a"n'df

f@ R+ [T (1) @z,
{f'(2) + zf"(2)}? 9, (a = 0)

(z € U)

then f(2) € C (1_;_a)

3. NEW SUFFICIENT CONDITIONS FOR STRONGLY STARLIKENESS
AND STRONGLY CONVEXITY OF ORDER a.

We have the following theorem from similar argument of Theorem 1.

Theorem 2. If f(z) €A, f(2) #0in0< |2|]<1,0<a <1, and

M 2 =1 — 1+2 "_2az(1+z)a—1
f'(z)? < kalz) =1 (l—z) (1 — 2)o+!

then f(z2) € SS*(a).

(zeU)

Proof. We choose p(z) = zf'(2)/f(2), ¢(z) = {(1-2)/(1 +2)}*,
f(w) = 1—(1/w), ¢(w) = 1/w?. Then ¢(z) is univalent in U, 6(w) and
#(w) are analytic in the domain D = C \ {0} which contains ¢(U) =
{z € C: |argz| < ma/2} and ¢(w) # 0 when w € ¢(U). Further,

, 202(1 + z)*1
Q) = 20 G)olale) = - 2L
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is starlike in U, and

h(z) = 0(g(2)) + Q(2)
142\ 20z(142)"
-1- (122

1-2 (1= z)et
and
2h(z) _ 0e(2) | 2Q@(2) _ 2(1 + e2)
Qz)  ¢(e(2))  Q2) 1-2°
Thus,

{0} =Gy g | 7170 e

Further, p(z) is analytic in U because f(z) #0in 0 < |z| < 1, p(0) =
q(0) = 1 and 0 ¢ p(U) because it is obtained f'(z) # 0 in U applying
the assumptions f(2) # 0 in 0 < |z] <1 and f(z)f"(2)/f'(2)? < ka(2)
by the preceding argument of Theorem A. Thus, p(U) C D. Therefore,
the conditions of Lemma are satisfied and so we obtain that if

0(p(2)) + 2p'(2)p(p(2)) = f(;’)(f;(z)
1+2\* 2021+ 2)>!
<1- (T:_Z—) - (1 - z)a+1
—h() (z€U)
then
z;(i;) =p(z) < ¢q(z) = (1 :- j) _

Thus, f(z) € SS*(a). O

If zf'(z) is in SS*(a), then f(z) is in SC(a). Therefore, we have the
following corollary.

Corollary 2. If f(z) €A, f'(2) #0in0<|2]<1,0<a <1 and
I +A"@Y L, (142 e+

oo - () S e
then f(z) € SC(a).
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