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PROPERTIES FOR CERTAIN SUBCLASSES
OF ANALYTIC FUNCTIONS

- DINGGONG YANG AND SHIGEYOSHI OWA

Abstract. Let A be the class of functions f(z) which are analytic in the open unit disk U with f(0) =
and f'(0) = 1. Two subclasses H(\,p) and Ho(), ) of A with some inequalities for functions f(z) are
introduced. The object of the present paper is to consider some interesting properties for functions f(z)
belonging to these subclasses.

L. throdmcn Lot & dencte the class of functions of the Sorn fx)= %-{r’;-m,,,z”
which are analghe w He wik disk E = : (21<1}. We denote by S the subelass
of A censustwq, of Functions whach are univalent s E. A fmwhm fz)eA os Callell
Sltwruke m (z]<T (0<1<1) 2 o sehsfies Re{Zf’(%)/J‘(E)} >0 For |21<T

Fer ct,ftm,dwn f[z)eA, we. Swy—i"wt jf(ﬁ)/vs /mﬂe class H(a, ,u) d wwianlg/ ‘
o it Sahsfms the Cfmdq,‘cam,s j”[z)lzqko For EEE and ’

Ei f’(Z) a
7 = (

ﬂz)- "1,</‘* (zeE), o)

whete 2 is o complox mamber with Red 20 and i1 A5 @ positive real maumber. Atso
we oLeJcme the class Ho(a, i) by |
Ho 1) = {ﬂz)eHum) $70)=0}- -
In [2], Nmm Obradovie and Qua, proved Mat of F(z)€A with He)/z#0
for z€E and [(2/5())"| <1 an E, then f(2)€S. Ozehy and Nunhawa [4]
Showed et H(0,1) CS ‘and Opsadonie ef ab. [3] emsidored the classes H(01)
G”lf)l H, (o ). In' He 1»*(23%2‘ '{Pa{awv‘ we. finmst;gde, céfka)-@ Pmrexﬂas for the classes
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H(a,p) and Ho(?t)_/u)_, Our resubls generalize or amprove. the vesults ohlumed an [2],
(31 ond [4] and some other new Tesults are alse given.

2 PYU{)?JI@QS of the class HUL;/“')" Let f{z) ond 3{2) be 'cmaLyj{c, n E. Then we
Sovy ek f(z—) 45 subordinafe 10 9{z) s E, written f(zR Hz), 4 there orists o
analytec Funckion wiz) /mE Swd»ﬂﬁ lw(z)l<l2l andf(z)= H{w(z)) fo zeE. If 9(2)
As umml%i m E, Hon f(?:)-< %(%) 45 e%uwul@ﬁt o f0)= W) ad F(E)CHE )

. We Mul the )‘olbowtmﬁ Lemma otm 13 Miller and Moumw [U |

Lemma. Let hiz) be Wb,m o/mi convex wuvalet E UD =1, ond Lot ’P(Z) {+h, 2"
+ 4y ¥+ o (meN) be a,vaad'wm E. I p(x) + 29(2)/ ¢ < ki2), where c=£0 omd
Rec 20, #an
)< 5 2o ¥ £ i)t

Fer Red >0 and u>0, of ﬂ,swa\t., vmfy fewr the functeon

- - -
I ()
belongs %o Hm 43 omd only of u<|i424. Applysg the Lemma , we derive
Theorem 4. Let Ret20 ond 0<A [1+2a1. Then HGup)CS.
P‘rouf Let )
2R i _
| 1”()— o) = {4 b2 e | (3
for $Ye HOG, ). Then |

=t (*)"“E ()
and o fowm From  Condition (1) that

@)+ 2 S (0N
P+ Azpe = = ?\Z(ﬂz))<i+/‘-z

For X#0, ReA 20 ond M>9Q, an applecateen of the lenma, Yiolds
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ple)< 1+ + o 4)
Frem (3, (4) and the dez lemma., we have,
2z " . ~
i) S et (zeE) )

wae7L>00md/L>0 Hence .
) |<_L_
| O TEPEY
for ReA20 and 0<pg|t42n], |

<t (z€E) )

Now wSwg Theorem 2 an [41, f«rem (6) we emcude Hat f(z)e S,
If we Lk /{L-[1+9,7«,l and A=>00, then Cﬂmlub\.e«n (1) Can be wistten as

al]s oo W

Lf} the S'duum;rz Mﬁw. Thus we obtam an A)mfl'ouwm o»f He mam Heorem l;n, [2]. NM%,
we have | |

. COTOUM‘} 1. Lt () e A with f(z)/z0 for ;ZGE oand Let F(z) satasfy (7). Then
(=) e S.

Remark, 1. Recontly, Yang and Lin U5] showed Corollamp £ by o different metfod.
Corollomy 2. Let ReA>0, 0<us |14 20| ond

§a)= —Z—— €A, (3)
- 14X by 2"
=
15 =
“Z-z (=) {1+ bl S M, »(‘1)
Hen F(z)€S.

P‘mf Frem (8) and (9) we .ﬁewq,
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i (n-1)({4n2) bnz“

=2

z"f’(z); 1_2_”;’
o (ﬂz)) !

©a

€ 2 (n=t)[Ltnaf [bal <1
'?61‘-26 E. Therefue f)eHHMICTSHS {7} 'us:mg WTPM 1.

Theorolt 2, Let 05 4< s aid >0, Then H (o, 1) C H (e, ).

Proot. Let f(z)EH (Ra, ). Then | |

‘f’[z) _
TR M (f(z)) X laps
amd from (4) an the proog of 'Theorem 1 we UHM

Zf(z) o
) <1 +iJr o 2L {+uz.

Hemnce

2 §/(z) N VIR O i CA NNy O SRR B AL VAN & L CY I
) Mz (f(z)) Tl P ho® (f_(ﬁ) }JF(I 12) (=)
<1+ uz |
Jor 0< <Az, Thus w\mfu,es Hhat )C(Z) €H (Ag, M),
Thzomm 3. Lt Rer =0, u>0 amd fr)=z+ Z A" € H (1), Then |

%:z
M

f(z) -1+a,z <ll+ | (217, (10)
Fﬁ—i [z[((azﬁ- T42h] m) | (1D

B
1 [Z'(MZHIH Mlzl) Re <1+l '(IQLH'—L‘H_ 2] l%l) ‘ (1-2)
and ‘ o
142 2 - (13)

L4(0a] 1214 (a/114220) [212

Equalites m (10)=(13) are aitaaned 4f we fake



98

(z 2 |
.f) HBZHNIHMI)Z '-HQ)M'

with 0<M\li+lkl and O<b<zm |
_?mﬁ Fer f(_i‘).—z+ Lz GHUM); wefmwl *&ai
5 (f‘(ﬂ tl) (fc Ht))] . @) “?_', D _U‘”
Usig. (5) n e prosf of Thee'rm L, ot ftlows Srom (14 Hat |

S jlzl F)-

J‘*(x) t1
MM&, }wes (10) In view of ({0), we easily hqu, CH) (12)o/rwlU3)

cH%\ Izl (z¢E),

e,
fz) % [1+ 22

Remavk 2. Tu,&/w(} A=0 omd =1 m (11)omk (12), we ge& hw’“?"“‘*ﬂ?f
Yesults 4 1'3]

Theorem 4. Lot ReA>0, A>0 and f(z):ﬂé@ﬁeH'(x;/L)-‘Wen
| el i, (19
The Tesulk is sharp for o< <1422,
Proof. Since
o ﬂ) “ttaz=(a-a) 2+ 3 byz",

T=3

Frem (10) s Theorem 3 we deduce #Har

s

et .
(Tzw)“ I Garest

a2 )
d.o :[ G- r* 4 > | by [2 120

‘h=3

< M 2 4
\(|1+2M) ™ (ecr<y),

’U\)'eu:oet XMAS K Ub’)a:
U 15 2asy b see that the estimate (15) 3 best possible for the funchion F(2) Joven
by (2) with 0<usgitta. B
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3 ’Pfope%\\}es 6f the class Hy(4, )
Theorem. 5, Let Red >0 ond §(21€H,(1,p).

(@) 5 [14201/03 SA 1420, then $(z) is starlibe an [El<]142A1/(5 M) ;
() I5 - l420l/2 s p<{i4aal, then Ref(2) >0 for [2l<TT4anl/ (o)

Prorf. We u;se;-mmﬂxm n T51. Lot Red>0 and 0<<({+2Al, Then
Jrem (5) wn the /pmf of Thfaovem { we have

! - |
l Tzi(g—.\ (mlzlz) (zeE). (16)

Also ot follows From (10) in Theorem 3 with Go=0 that
‘ |wv3f—(z——) < axes

(GU 1f lH’ﬂ»l/F 2 SAS (1420, Men fram (167 and (17) we obdun, -

m( “f‘m I%P) (zeE). (1

zf*(z) 2*§/(%)
I "V [ e ||
< 2a,Tc34m( !i+2lllzl )

For [zI<vi={[14a0/(zp) <1, This shows that §(z) as storlike an |z|<Tie

(b) If [i+2al/2smu<|1420, Hhen b Follows f'rerh, (16) and (17) Hal

arg /(2| < l 2|,
\ 3' Z)| Q;'I'g. fz( )

< 3anesm |z;2)<f;-“
For lzl<fz:,,[1+ixlk(zj.t)<1. This tmplies that Ref'(z) >0 for [z]<1,.

Remark 3. Letting 2=0 ond p={ m Theorem 55, (b) smproves & resuth of [3]
and (&) &5 #he same as w [3].
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Corollary 3. Lot Ren 20 and (z)€ Hy (R, 40,

() If 0<As[i42MNZ, then §(z) is starlike in E 5
(b)) If 0<ms[i420/2, then Ref(2) >0 for 2€E.
Theorem 6. Lot - |
| 2 | | Y
R )_ 1+ Z bn,z | “

Fiz) =2 and Fol@) =2/ (b2 -t bm™) (in22). If Re0, 0<A€]+2A]

B aenlimlb s, )
Hen we have

Cm sz)eHo(%mc S, -

ﬂz) m“‘i‘(’m‘ﬂ)ll : 9 )

Re-1EL ﬂz) 5 m{ttmt)al |
Tul®) " mittmenAl 40 (ay

The Tesults 'wm' sharp for each me N :
onef Let cn= (n—i)lHnM/M (n22); Thew
G >Caz{ (nz 2) ' | - [22)
for Rg1>o and 0</u<l1+27d From [1‘1) ond (22) we AeAuoe, tﬁm“c}be functven f(z)
%wen f;aj, (18) is cmn,(x!di«,c n E ond

Zlwa Crtt Zlbn|< ch(bnnq (mz2). ()

@ Notivg that f(e1e A ??!.‘_.?‘.;_jf_'_’,&‘?_) =0, fom the fronf of Corollary. 2 we. see that
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flz) € Hs(L m e 8.
(b) Let . |
| Y= @ _ (1 .
f’z(i) Cnty () (1 Cmg{-i)}

) o A Cnt _Z bnzﬁ
)=+ ——

1.+ Z b‘n P
h=2

and from (23) we deduce Hak

h@)-1 l _ o Ty O
1’1(.%)‘*'1 2(1_‘_1%2_&)”2")_1_ cﬁﬂ‘hgﬁbnzn 8
< - Cratt Em‘ bal .
2= 2 27 byl — Cpay 22 (bl
=2 P
S1 (zeE).

Hence we conclude #Huat Re{f@(z)/ﬂz)} >1—t/Cmpy for zeE. Thus proves (20)

for m»a2.

If we twke
Z

H(M(muﬂmmzl))é"‘“ 7

-S—(Z) = . (24_)

bhen Fule)=2 and Fw()/$2)— 1= A/(ILHIHDAL) as % — S0 Hence,
the bound an (20) 13 best possible for each m=2, |
Svmilay , G we pub
$.@) = (14 )

( $() _ _Cmpt }7
Ufin(®)  {4Cmu

then wt follews From (23) k&d’
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P21 ’ - ~(L+Cmi) 2 i b 2"
Pzt 2(1+ Zbui”) (Cmss—t) Z b "

'ﬂ“'MH

(1+Cm+1) Z lbwl

| Z*ZZ[bnl‘(omaﬂ 1)Z_Ibnl
g (zeE)

Now we eas«ub&t have fﬁame%uuuﬁ;, (Z1) for mz2 and He beund n (21)4s Sharrf for
Ahe Funchion &) }wem,b} (24).

Fenally, (23) becomes
& Z Il < 2 cufhai

n=2

~N

when m=1. By using e same way s in the above, He proot of Ha Haorom {5
completed. |
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