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Optimal Stopping Related to the Random Walk
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1 Introduction and Summary

We first review the gambler’s ruin problem. Consider a gambler who at each play of the
game has probability p of winning one unit and probability ¢ = 1 — p of losing one unit.
Successive plays of the game are assumed to be independent and the gambling process
continues until the gambler having initial fortune ¢ will attain his goal of N or go broke.
It is well known (see, e.g., Ross[1]) that P;, the probability that this gambler achieves his
goal before he becomes broke, is given as

Il—“-:—N,’ if 01
Pi=q 7 (1.1)
< ifo=1, |

where § = g/p. For general use, it is more convenient to introduce the notation F;(a,b)
the probability that the gambler’s fortune will reach ¢+ a before reaching i — b for a, b > 0;
160 |
’ 1—_'—9m, lf 9 # 1
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Py ifg=1.

Note that P;(a,b) dose not depend on the initial fortune % ( of course P; = P;(N —',1)).

The problem we consider in Section 2 is concerned with finding an optimal stopping
rule which maximizes the probability that the gamble quits the casino with the largest
possible fortune. If X, be the state of the gambling process at time n,i.e., the gambler’s
fortune after n plays, then the above problem can be described, in terms of the stopping
time, as that of seeking an optimal stopping time o* such that

P{X*-_—Oma‘(X |X0_z} maxP{X :matX jXO__z}

where C is the class of all stoppmg tlmes and T is the tlrne that the process {Xn, n > 0}
‘ﬁrst reaches state 0 or N namely,

T m1n{n>0X—OorX—-n}
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In Section 3, this problem is generalized to the one where the gambler does not persist
in the very largest, but rather feels satisfaction provided that his fortune upon stopping
is within m units from the largest. More specifically, when the allowance measure is m (
m is a given positive integer), the gambler seeks an optimal stopping time o}, such that

* < - - =1} = r > ax s —{m — £ =1} (L.
P {Xgx > Or<—nnanT Xn—(m=1)| Xy =1} I;lgg(P {Xs > Orgnn&g‘(T Xp—(m-=1)| X =1i}. (1.3)

Obviously when m = 1, this problem is reduced to the one considered in Section 2. It
can be shown that there exists an optimal stopping time o}, of the following form;

*
Um

=min{n:Xn= max X; — (m —1), Xn<k;"n},

0<j<n

where k7, is a positive integer defined as

__ pk k _Am
k’,"nzmin{k' 10 >Q9(1 9)}

: 1 —@gN-m+l — 1 _ Pk+m

2 Stopping on the largest

Suppose that we enter a casino having an initial fortune of z units and bet one unit each
time. Then we either win one unit with probability p or lose one unit with probability
q =1—p, where 0 < p < 1. The gambling process {X,;n > 0}, a Markov chain,
continues until it reaches its absorbing states 0 or N, but we can stop the process before
absorption, if we like. If we decide to stop at time n, then we are said to succeed if
X, = maxo<j<r X;. The objective of the problem is to find a stopping policy that will
maximize the probability of success.

Suppose that we have observed the values of Xy, X, -+, X,,. Then serious decision of
either stop or continue takes place at time n when X, is the maximum value observed so
far, that is, X, = max(Xo, X1, -+, X,). This decision epoch is simply referred to as state
z if X,, = z, because, as a bit of consideration shows, the decision depends neither on the
values of Xy, X1, -+, X,—1 nor on the number of plays already made.

Let v(z) be the probability of success starting from state z, and let s(z) and c(z) be
respectively the probability of success when we stop in state z and we continue gambling
in an optimal manner in state z; then from the principle of optimality.

v(z) = max{s(z),c(z)}, 0<z <N (2.1)

where
s(z) =1- Py(1,z) (2.2)
c(z) =pv(z+1)+q(1 —s(z—1))v(z), 0<z< N (2.3)

with the boundary condition v(0) = v(N) = 1. (2.3) is immediate from (1.2). (2.4)
follows because the next possible state visited (after leaving state z) is either = + 1 or
z depending on whether we win one unit at the next play or lose one unit at the next



151

play but attain state z again before going broke.To solve the optimality equation (2.2)-
(2.4), we invoke the result of positive dynamic programming (see, for detail, chapter IV
of Ross[2]). The main result (Theorem 1.2, p.75 of Ross) is that if the problem fits the
framework of the positive dynamic programming, then a given stationary policy is optimal
if.its value function satisfies the optimality equation. This gives us a method of checking
whether or not a guessed policy can be optimal and is particularly useful in cases in which
there exists an obvious optimal policy. Our problem in fact fits the framework of positive
dynamic programming with the state being the gambler’s fortune, since if we suppose
that a reward of 1 is earned if we attain the largest over all and all other rewards are zero,
then the expected total reward equals the probability of success.

Theorem 2.1 Let f be a stationary policy which, when the decision process is in
state z, chooses to stop if and only if z < z*, where

_ Az z _ AHr+l
:1 0 >0 0
1—6N = 1 — g+t

z* = min {x (2.4)

Then f is optimal.

Proof Let vs(z) denote the probability of success starting from state  when policy f is
employed. Once the decision process leaves state (> z*), it never stops until absorption
takes place under f. Thus we soon obtain

s(z), ifr < z*
ve(z) = (2.5)
P,(N —z,z2), ifr > z*,

and it is easy to check that s(z) is decreasing in z, while P,(N — z, ) is increasing in z
and that z* can be described as

¥ = min{z : s(z) < P,(N — z,z)}.
Therefore, to prove f is optimal, it suffices to show that, from (2.2)-(2.4), v¢(z) given in
(2.5) satisfies
vp(z) = max{s(z),pvs(z + 1) + ¢(1 — s(z — 1))vs(z)}, O0<z < N. (2.6)
We now show this distinguishing among three cases.

Case(i): z<z*—1
Since v¢(z) = s(z), to show the validity of (2.6), it suffices to show that

vs(z) 2 pug(z +1) + q(1 — s(z — 1))vy(z),

or
5(z) 2 ps(z + 1) +q(1 — s(z — 1))s(z),
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or equivalently , :
{s(z) —s(z + 1)} + bs(z +1)s(x) >0,

which is immediate since s(z) is non-negative and decreasing in z.

Case(ii): z > z*
Since vs(z) = P;(N —z,z) > s(z), it suffices to show that

vi(z) > pup(z + 1) + q(1 = s(z — 1))vs(x),
or equivalently
P:c(N - :D?:B) 2 pPz+l(N -—z—1l,z+ 1) + qP$—1(17$+ 1)PI(N - I,ZE),

which in fact holds with equality, because straightforward calculation from (1.2) leads to
the following identity;

P.(N—-z,2) =pPy(N—z—- 1,2+ 1)+ qP,_1(1,z — 1) P,(N — z,z). (2.7)

It is easy to interpret this identity probabilistically by conditioning on the result of the
first play after leaving state z.

Case(ili): z=2z* -1
Since vf(z* — 1) = s(z* — 1), it suffices to show that

vp(z™ = 1) 2 prg(”) +q(1 = sz = 2))vp (2" = 1),

or
s(z* = 1) 2 pPp(N —z%,2%) + qPp_o(1,2" — 2)s(z* — 1),
or P (N )
* Dlg» —.T*,.T*
-1) 2
S(x ) =1= qu*_2(1,:E* _ 2)7

or equivalently from (2.7)
s(z*=1) 2 Py (N =2+ 1,2" = 1),

which is obvious from the definition of z*. Thus the proof is complete.

3 Stopping on one of m largest

In this section, we are concerned with stopping on one of m largest of the gambling
process. That is, we wish to find an optimal stopping time o7 which satisfies (1.3).
Suppose that we have observed the values of Xo, X;, -, X,. Then serious decision of
either stop or continue takes place at time n if X, > maxo<j<n X; — (M —1). We
denote this state by (z,7) if X, = z and X, = maxo;<, X; — (1 —1),0 <z < N —
m,i = 1,2,...,m. Our trial is now regarded as successful if we stop at time n and
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Xn > maxocj<r Xj — (m — 1).Let v;(z),1 < i <m, be the probability of success starting
from state (z,%), and let s;(z) and ¢;(z) be respectively the probability of successes when
we decide to stop and when we decide to continue in an optimal manner in state (z,1),
then from the principle of optimality, '

vi(z) = max{s;(z),c;(z)}, 1<i<m, 0<z<N-m : (3.1)
where : :
si(z) =s(z) =1- P(m,z) 1<i<m , (3.2)
and | A :
a(z) =pu(c+1)+qu(z=1) - (3.3)
() =pvia(z+ 1) +qui(z—1), 1<i<m (3.4)
Cm = PUm—1(Z + 1) + qPp1(1, z — v, (z): (3.5)

Assume that we choose to be continue in state (z,%),1 < 4 <m, if s;(z) = ¢;(z). Then as
the next lemma shows, we never stop in state (z,),1 <7 < m.

Lemma 3.1 For1<i<m,
ci(z) 2 si(z).

Proof. Since, from the definition,
ci(z) > ps(z+1)+gs(z—1), 1<i<m,
to show c¢;(z) > s;(z), it suffices to show that
ps(z + 1) + ¢gs(z — 1) > s(z),

or

1—-6% ] — g=+1 1 — g1 .
1_getm  \PT_goemtt + Sy rr—" 0. (3.6)

Because p = 1/(1+6),q = 6/(1 + ), after a bit of calculation, the left-hand side of (3.6)

becomes
1—-6m
92m+m—1
(=7

1__02:+m—1 1 — g=tm 1__93:+m+1 ’
() () ()

~which is obviously non-negative and proves (3.6).

From Lemma 3.1, we are only concerned with the oi)tvimal decision in state (z,m). The
following lemma expresses c,,() in terms of v,,(.).

Lemma 3.2 Define P = (1—6™"1)/(1 —6™). Then, forz < N — 2m,
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Cm(IlJ) = {pGP + qu_l(].,.'B - 1)}Um($)
 +p(1 = §P) TN2mEL py=a=1(] — Py, (y)

y=z+1

+p(1 — §P)pN-e=2m=L

Proof. Let p(z,y) be the transition probability from state (z,™m) to state (y,m),y > .
Then straightforward calculation yields

qP,_1(1,z —1) +p[l = Poyy(m —1,1)], fy==zx
PEY) = § pPysfm—1,1) [ Patmei(lim = 1] [L = Pramea(lm = 1),
frz<y<N-2m+1
qP;-1(1,z — 1) + pfP, ify=z
{ p(1—9P)PV "1 (1-P), ifc<y< N-2m+1.

The remaining probability

1= Zy52m  p(z,y) = p(1 — 6P)PY-2=2m+t

corresponds to the probability that the gambling process { X, } attains its absorbing state
N — m + 1. Thus the proof is complete.

We now have the following identity.

- Lemma 3.3 Form>1andz <N -2m,
P(N-m+1~-z,2) = {pdP+qP,-1(l,z - 1)} P,(N -m+1—1z,2)
| +p(1 — OP) SN2m+ py=s=1(1 — P)P,(N —=m + 1 —y,4)
+p(1 — 6P) PN===2m=1,

Proof. We can prove this by straightforward calculation from (1.2), but this identity is
quite intuitive from Lemma 3.2.

We are now ready to prove the main result.

Theorem 3.4 Let f be a stationary policy which, when the decision process is in
state (z,m), chooses to stop if and only if z < z*, where

_pz z __ gz+m
1-6 >0 0 }

z* =min{x: [ gN-—mil 2 T _gotm
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Then f is optimal.

Proof Let vf(z) denote the probability of success starting from state (z, m) when policy
[ is employed. Once the decision process leaves state (z,m) for z > z*, it never stops
until absorption takes place under f. Thus we have

s(z), ifr < 2~
’Uf(.T) = _ (37)
P(N-m+1-zz), ifr>z,

and it is easy to check that s(z) is decreasing in z, while P,(N —m+1—z, z) is increasing
in z and that z* can be described as '

" =min{z:s(z) < PL(N-m+1-1z,1)}.

Therefore, to prove f is optimal, it suffices to show that vs(z) given in (3.7) satisfies
vf(r) = max{s(z),cf(z)}, 0<z<N-m+1,
where
ci(z) = {pdP +qP,—1(1,z — 1)}vs(z)
+p(1 = 0P) T2 Preml(1— Pluy(y)

+p(1 — gP)pN-=-2m-1

We can show this in a similar way as in Theorem 2.1, appealing to Lemma 3.3.

Finally we give V (z), success probability starting from x units of fortune.

Lemma 3.5 Let P be as defined in Lemma 3.2. Then, form —1<z < N —m,

V(iL‘) — ZN—2m+l Py—:c+m—1(1 _ P)'vf(y) + PN—m—z-i—l_

y=z—m+1
Proof This can be derived easily by conditioning on the first state (y,m) visited.
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