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1 Introduction

In this article we study the Cauchy problem to the one-dimensional rela-

tivistic Euler equation

O ptPut/ct D (p+ P/
o6t 1—u?/c? 2 1—u2/cz2 7
9 (pt P/c?)u 9 P+pu® 0 (1.1)
ot 1—wu?/c2 =~ dzxl1—wu?/c2 S
plizo=po(2),  uli=0 = uo(z). (1)

Here c is a positive constaﬁt, the speed of light, and P is a given function of
p. The equation (1.1) governs the one dimensional motion of a perfect gas
in the Minkowski space-time. When ¢ — 00, (1.1) tends to the usual Euler

equation of gas dynamics

pi+ (pu)s =0,
(pu)s + (P + pu?)s = 0. (19)

Many mathematical investigations for thié- non-relativistic Euler equation
were done. But the first mathematical investigation for the relativistic Euler
equation (1.1) was done recently by Smoller and Temple [6]. They assume
P = ¢%p, where o is a positive constant < ¢. Under this assumption, they
showed that if the initial data po(z) and uo(z) satlsfy

+o
— Ug

<oo,

T.V.log pg < o0, T.V.lo g



then there exists a global weak solution to the Cauchy problem (1.1)(1.2).
The result was obtained by Glimm’s scheme and it is the relativistic version
of Nishida’s result [5] for the non-relativistic problem.

However we would like to consider a more realistic'equation of states. We

keep in mind the equation of state for a neutron stars, which is given by
=Kf(y), p=KPg(y)
) q4
= [ A=
V1+¢?
=3 / q \/1+q dg.
0

For this equation of state, we have P ~ %—p as p = oo but P ~ %1(2/3/75/3
as p — 0. So we assume the following properties of the function P(p):
(A):
P(p) >0, 0 < dP/dp < ¢, 0 < d*P/dp?
for p > 0, and
P = Ap (145" /c%)

as p — 0. Here A and v are positive constants and

=1
Y=Y o1

N being a positive integer, and [X]; denotes a convergent power series of
the form Zk>1 ap Xk
The result which we want to generalize to the relativistic problem is those

by G.-Q. Chen et al [2]. So we assume that the initial data po(z), uo(x)
satisfy

¢, c+up(x)
< = _— .
. 0_p0($)SMo, |2logc_u0(w)|SM0
A weak solution of (1.1)(1.2) is defined as follows.
We write
7 = p+Pu2/c4’
1—u?/e?
P (p+ P/c*)u
1—u2/c?’
G = P+ pu? ’
1—u2/c?

= (E,F)T, fU)=(Fa6)T.
Then (1.1) can be written as

Ut +f(U):v =0.



Let us denote by Up(z) the initial data. Then a weak solution U(t,z) is a

bounded measurable function which satisfies :
//(U@t + f(U)®,)dxdt + / Uo(z)®(0,2)dz =0

for any test function ® € C§°([0, +00) x R).

2 Riemann problems

The Riemann problem is the problem to the special initial data of the

Uole) U, ifz<0
xr) =
0 Up ifz>0

In order to slolve this we introduce the Riemann invariants

form

w=zx+y, zZ=z—Y

where
=S c+u PP P
= —lo = _dp.
2 e _w v o p+ P/ ’

Then (1.1) is diagonarized as
wy + Agwe = 0, 2zt + Az, =0,

where .
_u=vP \, — u++vP
1—+Pluj2 2= 14+VPlu/c?

the possible states U = Ug connected to Ur on the right by rarefaction

AL

waves are
R1 : w=wp,z2 > 2L,
and

Ry : w>wL,z = 2L

The Rankine Hugoniot jump condition

where [U] = Ur — Ur,[f(U)] = f(Ur) — f(UL), gives the shock curve

(up —ur)? __ (pr=pL)(Pr—P1)
(1-u%/c®)(1—u}/c®) ~ (pr+ Pr/c?)(pr+ Pr/c?)’

Along this curve we have shocks

Sy pL < pR,ur < ur,

Sy : PR < pL,UR < UL.



The- Riemann problem can be solved uniquely by using these rarefaction

waves and shock waves and vaccuum state. The detailed discussion can be
found in J. Chen [1].

If we look at a region of the form
£ = {(w,2)| - B<z<w< B,
we have the following

Proposition 1 If the initial data Uy, Ug belong to £p for some ldrge B,

then the solution: of the Riemann problem is confined to Xip.
Moreover if we consider the image of X in the (E, F)-space, we have
Proposition 2 The region ¥ g is convez in the (E, F')-plane.

Proof. Let us consider the above hedge F=F (E) which corresponds to
w = B,-B < z < B. We have to show d?F/dE? < 0. Along the hedge

w = B, we have

‘ 1 ? /P
u_ctanh;(B— ; p+P/cZ dp),
from which
du VP!

= =)
By a direct calculation we have
dFF  u—+P'
E  1-+/Plu/e
Differentiating once more we have

&*°F 1—u?/c? ( p" +a P’) VP
dE2 — (1- /P’u/c2)4 P! c2’ p+ P/c?

This was to be seen. QED.

From Proposition 2, we have

p+ PJc?’

:)\1.

)< 0

Proposition 3 If U(s),s € [a,b], is confined to a region Lg, then the
.average
1 b
i (s)d
b-—a/a U(s)ds

Let us look at the shock wave which connects the left state Ug to, the
rlght state Ug with the shock speed o.
The right state Ur and o are parametrized by p = pR Then we have the

belongs to EB

following fact, which will be used in Section 4.



Proposition 4 AlongSi(pr < p), we have do/dp < 0, and along Sa(p <
pL) we have do/dp > 0.

Proof. Without loss of generality we can assume u L = 0. Then u = ug

is given by

w——. | [P]LP]
Ve +P/)(p+PrL/c?)’
where [p] = p— pr,[P]= P — Pr. We have

[F] _ (p+P/*)u

[E] ~ p+ Put/ct —p (1-u?/c?)’

By a direct but tedious computations, we have

de , (p+P/cH)(pL + PL/c))[p]lX
dp 2(p+ Pu?/c* — pr(1 —u?/c?))?u(pL + P/c?)*(p+ Pr/c?)?’
X = (p+Pr/P)p+ P/*)P'[p] +

(
+ (p+P/P)(—(p+ Pr/c®) + [P)/c*)[P] +
(o + P/cA)[P]*/c?. |

Since P" > 0 we know [P] < P'[p]. Thus

X > (p+Pr/)(p+ P[P+

+ (p+Pr/c*)(—(pr+ Pr/c®) + [P]/c*)[P] +
(pr + P/c*)[P)*/c? e e
= [Pl((p+ Pr/c*)([p] + [P1/¢) + ([o] - [P1/*)[P)/c?).

But

[Pl_-._[£f1/¢2 =1 P'(pr +6(p— p1))/¢* > 0.

Using this, itis easy to see X > 0 both when [p] > 0 and when [p] < 0.
Since u < 0, this completes the proof. QED. .

3 Entropies
A pair of functions 7 and ¢ is called an entropy- entropy flux if it satisfies
the equation ‘ - o V o v

Dyq = Dyn.Dyf. ‘ ' (3.1)
Using the Riemann invariants, we can write (3.1) as

¢ _, On-  bq _, On -
dw = M 8z Moz



By eliminating ¢ from the equation, we get the following second order equa-

tion:

8%y on 108y ‘
L _ = 3.2
gwoz T Vg~ 73 =0 (3-2)
where
_ 1 P p+P/?_,
Q = 4—\/};(1— Ry =T ),

1 —+VPlu/c?
14++VPu/c?

Since this equation tends to the Euler-Poisson-Darboux equation

%y N ,8np 0n
(91 _ 90 (3.3)

Owdz  w-—-z

as ¢ — oo, we shall call (3.2) the relativistic Euler-Poisson-Darboux equa-
tion.
Among entropies of (3.3) when ¢ = oo the kinetic energy
‘ r ., p
== _ 3.4
=gt o (34)
plays an important role. Therefore we want to find an entropy of (3.2)

which tends to (3.4) as ¢ — oo. Let us look for an entropy-entropy flux of

the form
n=H(p,v?*), ¢=Q(p,v’)u.

Inserting this to the equation it is easy to find an entropy-entropy flux

.o Y(p) z(p+Pu2/c4

N = —(1—U2/02)1/2 +c T2/ ), (3.5)
* v )+ P/c?

¢ == (1- uz’(;)gz)lﬂ +¢ fjuz//cz)”’ (3.6)
v = el’p(/lvp # + Ky), (37)

where Ky is determined so that n* tends to the kinetic energy (3.4) as
¢ = oo. We call the entropy n* defined by (3.5) the relativistic standard
entropy. The important fact is

Proposition 5 The Hessian D3n* is positive definite. For any fired B

there 1s a positive constant k such that
(EIDEn* (U)€) > klel?,

for any U € £ and € = (§,61) with |€]> = €2 + €2.



Proof. The proof is due to direct but tedious calculations. We note

o 1
OE ~— 1—-Plu?/c*
o (4P -
0E ~ (p+ P[A)(A - Pu/ch)
O _ __ 2w/
OF — 1—Pu?/c*’
du  _ (1—u?/c?)(1+ P'u?/c?)
oF - (p+P/c2)(1_P,u2/c4) .
Using these, we have
g i + ¢?
3E ~ (p+P/A)1-wtjeyi TS
on*  _ Yy /c?
9F — (p+ P/A)(1— u2/c2) /2’
ot V/c? » / o
0E? (1—P'u2/c4)(1—u2/cz)1/2(p+p/cz)2(P +2P'u?/c? + u?),
627’* = ——‘I’/62 /4.2 2 4
OBOF (1_P'”2/04)(1—u2/c2)1/2(p+P/62)2(2P /e® + 14 P'u®/c),
8%n* B ¥ /c? N
aFz (1_p/uz/c4)(1_uz/c2)1/2(p+P/c2)2(l+3Pu /c).

Therefore we get

(€|DGn"e)

A
B
C

v+

I

NeEgs + 2npréoft + Nprél
U/c? 7

(1= Pu?/et)(1 = u?/c?)/?(p+ P[c?)?
(P' 4+ 2P"u?)c® + u?)E2 — 2(2P" [c® 4+ 1 + P'u?/c*)uboly +
(14 3P'u?/c*)e? ‘
2P'(1 — u?/c?)%(1 — P'u?/c*

e L B )

A+C++\/(A-C)2+4B?

P +2P"W?/c® 4+ u?, '
(2P'/ +1+ P'uz/c4)u, .
14 3P'u?/ct.

This completes the proof. QED.

4 Construction of approjcimate solutions

Let us construct approximate solutions using the Godunov scheme. The

construction is similar if we use the Lax-Friedrichs scheme.



Suppose that the initial data Uy (z) is confined to an invariant region Xp.
Put Ag = sup{|A;(U)|lj = 1,2,U € £p}. Fixing A; > Ao, we take mesh
lengths Az, At such that Az = A;At. We denote A = Az.

Let us construct the approxomate solution UA(%, .'c) First we put

Us () = Uo(iv)X[—l/A,l/A]-

We define

1 (2j+2)Ax A )
=L d
UA(+0,5) = 5 /mw U (¢)de

for 2jAz < x < (2j+2)Az. Solving the Riemann problem on each interval
[2(j—1)A,2(j+1)A], we define U4 (¢, z) for 0 < ¢ < At. Since the Courant-
Friedrichs-Levi condition is satisfied, the wave from the center 2j A does.not
intersect. If U (t,z) for 0 <t < nAt has been defined, then we define

1 (275 +2)A - !

UA(nAt, z) = %/, s UA(nAt-O, :L')d:l:
. o y .

for 2jA < x < (2 +2)A Solving the Rlemann problem we deﬁne U A(t a:)
for nAt <t < (n+ I)At. :
By Proposmon 1 and 3 1t is mductlvely guaranteed that UA remalns in

EB , Say,

Proposition 6 The approzimate solution U2 (t,z) satisfies U4 (t, .z') E:E“B‘,

therefore,

"El” c+ud(t, z)

A : cru 4,2
0< p2i(t,e) < M, . |2 Ogc_uA(t’m)

| < M.
Moreover we shell prove
Proposition 7 For any test function :<I> ir:f;olds t_hqt( ! _
//(qu + sz(UA));lxdt + /;<1>(.o, ar)UUA(a:)d;r = 0(A?).

In order to prove Proposition 7, we prepare

Proposition 8 For any shock wave from Uj, to Ugr with the shock speed o

and for any convez entropy 1, we have

0[77] [q] > 0,

where [ = 0(0%) ~n(00), )= a0) o0



Proof. The right state of shocks can be parametrized by p = pg. Putting
Q(p) = oln] — [a],

we shall see dQ/dp > 0 along S : [p] > 0 and dQ/dp < 0 along Ss : [p] < 0.
Using the equation (3.1)-and the differentiation of the Rankine-Hugoniot

condition, we have

‘f,—f f};-([n] ~ Dyn(v).[0)

do [1 -
- -F / 0(U — ULIDEn(Us + 6(U — Uy).(U — Uy))db.
0 ‘ ’ : o R

We supposed DZn > 0. By Proposmon 4, we know do/dp < 0 on S; and
do/dp >0 on Sy. QED.:

Proof of Proposition 7.

We fix T to consider U” on 0 <t < T'. First we shall show

2j+2)A _ :
/ [U(nAt —0,2) — U(nAt +0,(2j + 1)A)Pdz < C. (4.1
jin 2jA . . v .

Let us consider the standard entropy n*. Then we have

0 = /n*(U(T,x))da:—/n*(U(O,x))d:c-l—L-i—E,
(27+2)A

L = / (1" (U (nAL=0,2) =" (U(nAL+0, (2 + ) A) ),
2jA P

Yy = t‘

We write Up = U(nAt +0, (2 +1)A), Uy = U(nAt — 0,z). Since

1 i+
= — d
. UO 2A 2iA . Ul l’,

we see

(23+2 ) '
L = / / (1= 0)(Uy — Uo| D3 (Us +8(Us — U)).(Us — Uy))dbda
: 2 ,0 E 7 LS t [ . . ,

Z

On the other hand we have ¥ > 0 from Proposi‘tion 8 Thus L C,X<C.
But from Prop051t10n 5, we have D 7)* > k. Therefore
- ke @A

g 2jA
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Thus we get (4.1).
Now let us consider a test function ®. Put

J= //V(q@tUA +<I>zf(UA))dzdt+/<I>(O,:c)UOAdx.

Since U2 is a weak solution on each time strip nAt < t < (n + 1)At, we

have

J = E/@(nAt,:c)(U(nAt —0,z) — U(nAt +0,z))dz

= Ji+ Js,
(2542)a
hn=3y / B(nAt, jA)(U(nAt — 0, z) — U(nAt +0,z))dz,
in 2jA
: (2542)A
J, = Z/ (B(t,2) — B(nAt, jA))(U(nAt — 0, 2) — U(nAt +0,z))dz.
i J2in
Since _
1 (27+2)A
UnAt+0,z) = — U(nAt —0,z)dz
94 Joja

for 2jA <z < (25 + 2)A, we see J; = 0. It follows from (4.1) that

| Ja

IN

(25+2)4 2 1/2
(,*A1/2||<1>||CI(Z/Z_A |U(nAt = 0,z) — U(nAt + 0, z)|*dz)"
jin V4 .

< C'AY2

Here we have used T/At = O(1/A). QED.
Summing up, we have the following theorem.
Theorem 1 The approzimate solution UA(t,z) satisfies

A
t
0< A (ta) <M, |Slog it (b

<M
2 c—uA(t,x)i_

and
//(cthA + &, f(U2))dzdt + /@(O,I)Uﬁ(x) = 0(AY?)
for any test function ®.

We expect that U2 tends to a weak solution everywhere. For the non-
relativistic gas dynamics, this was done by DiPerna [3] and G.Q.Chen et al
[2]. In their proof the Darboux formula

1= [ (w=s)(s—2)"o(s)ds

which gives solutions of the Euler-Poisson-Darboux equation (3.3) , ¢ being
arbitrary, plays an important role. Section 6 will be devoted to find such an

integral formula for the relativistic Euler-Poisson-Darboux equation (3.2).
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5  Remark
‘We note that

\/}7(1; u?/c?)

Az = 1—u2P'/ct >0,
oA 1—-u?/c? (1 P’ (p+P/cz)P”) 50
8z 2(1—+Plufet) ¢ 2P ’
0Xy 1—u?/c? P (p+ P/cH)P"
ow 2(1+\/P’u/c2)(1_ 2t TP }) >0

for p >0 and |u| < c.
This says that the system is strictly hyperbolic and genuinely nonlinear
on p > 0. Therefore the Glimm’s theory can be applied if

[|Uo(z) = U*||Lee +T.V.Up

is sufficiently small, where U* is a constant state such that p* > 0, [u*| <
c¢. But the vaccum may not be covered by this application of the general
theorem.

6 GeneraliZe‘d Darboux formula

In this section we seek an integration formula for solutions of the rela-

tivistic Euler-Poisson-Darboux equation. Let us introduce the variables

cl c+u P /P d
z=-lo , = ——dp.
log v=| S pad

Then the relativistic Euler-Poisson-Darboux equation is

(EPD) NTew = Nyy + A2, y)1y + B(2, y)7: = 0,
where
1 P p+P/? _, 1+ Pu?/c*
A(l’,y) - ﬁ(l_c_z_ 2p! P )1_Plu2/c4’
2u/c? P p+ P/,
= ——-Tt——(1- - - ——5—P").
B(z,y) —pajal ™3 T

The coefficients A and B are of the form

2N
A= Tta e=la kAR,
4N =z

B = ~yrial

1422/, 92 /*), -



where [X,Y]; denotes a convergent power series Zj +E>1 c]'kaY". In or-
der to remove the singularity in A, we use the trick of Weinstein [7]. We
introduce the sequence of variables ;,5 =0,1,,.., N by

On; _ :
6y - yn.7+1’

or

Y
ﬂj(z, y) = I’)j+1(1'7 y) = A Yﬂj'{'l(ma Y)dY)

where 79 = 7. The sequence of formal integro-differential operators L; is
defined by

2N —j)

LV = Veo=Vyy+(5— +a)V, + BVa +

J J
+ javVe+ ) Fpl*Ve+ Y Hpyl*V,

k=1 k=1
where 5 ' 1
S 0a a1, 5 50
a—'a—&+§—c—2[z’ /c,y/c}o,
The coefficients Fjx and Hjj are determined inductively by
oo [ Eati8E e itk=1
Fjpip = 4 7 Yoy BE= 2
Fik + 5oy Fik-1 ifk>2
Hj +j18 = jfp=1
CHijpik = { Jl+.1y:y v 1 :
Hix+ goHjk-1 ifk>2

It is easy to see that Fj; are of the form %[22[c2,y2/c2]0 and Hj are of

the form %[z?/c?,y%/c*]o. By the definition we have formally

10
Z%U{j’b‘) = Lj+1mj+1-

Now we consider the equation LyV =0 for V = 9y with the initial condi-,

tions

SV =0V, =2VNg(2),  aty=0.

The problem is.
(@) Vyy = Voo = aVy + BVo + NaV+

N N
+)  FI*V, + ) H IV,
k=1 k=1

V=0, V,=2""Nlg(z) aty=o0.

12
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Proposition 9 If ¢ € C'(R), then the problem (Q) admits a unique solu-
tion V in C?(R x [0, 0)).

Proof. Let us denote by H(z,y,V) the right hand side of the equation
Ly = 0. Then (Q) is transformed to the integral equation

oty z+y-Y
V(z,y) = 2NN!/ £)d¢ + = / / H(X,Y,V)dXdY.
T~ T— y+Y

We can solve this integral equation by the 1terat10n
oty <

Volry) = 2V / 8(E)de,

-y

r+y - z+y-Y
Vitl(z,y) = 2NN'/ $(e)de + 5 / / H(X,Y,V™)dXdY.
T z—y+Y

Fixing L arbitrarily, we consider |z| < L. Then it is easy to get the estimates
‘ Mn+lyn+1 '
(n+1)! -~

Therefore V™ tends to a limit V uniformly on |z| < L 0 < y< L The limit
is the unique solution of (Q). QED.

Now we put

|Vn+1($’y) - Vn(x7y)| S

77N:V; IN—k = INN_kt1-

Since 7y _k and its derivatives of order < 2 all vanish on y = 0 for k£ > 1,
we see 1) = 7o gives a solution of the relativistic Euler-Poisson-Darboux
equation (EPD). ' :

Next we give an integral formula for the solution V of (Q).

Proposition 10 There is a C‘N”-functz'o_n G(z,9,8) of || < 00,y > 0,2—
y <& <z +y such that the solution V of (Q) satisfies

Vi) = [ Glegole)de 6.
Moreover :
G = 2NI+0(y/e), )
B OPG = 0(1/c?) for1<m+pz+ps<N+2

Proof. We consider the approximate solution V™ (z,y) which appeared in
the iteration of the proof of Proposition 9. By writing H as

H=(aV)y+ (BV)z + bV + Y (FI*V), + Y HeI*V,
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where

1 A
b = N&—ay—Bz:c—z[mz/cz’yQ/(ﬂ]o’
-~ o1
Hk = Hk_ (Fk)z = c_z[zz/czvyz/cz]O)
1t is easy to see inductively that there is a kernel G™(z,y,£) such that

Tty
V™(z,y) = / G (2,9,€)6(€)de.
T-y . o

In fact' G°® =2 and G™ are determined inductively by the formula

1
G™' = 24 Z(GF+GH+ Gl + Y Glve + ) G,
Y
G = / a(z —y+Y,Y)G(z — y+Y,Y,6)dY +
(—z+y+£)/2
- ,
(z+y—¢€)/2
Y
G = / B(z+y-Y,Y)G(z+y-Y,Y,£)dY +
(z+y—¢€)/2
Yy

-/ B(z—y+Y,Y)G(z —y+Y,Y,6)d,
(—o+y+€)/2 ’

Grr = / / b(X,Y)G(X,Y,£)dX dY,
D(zy,

where :
D(x,y,6) = {(X,Y)|X - Y<§<X+Y:c—y+Y<X<a:+y Y,0<Y <y},
y
(z— y+E)/2
v )
_ / Fi(z—y+Y,Y)J*G(z — y+Y,Y,£)dY
—z+y+€)/2
where v
6@ v = [ Y6l v,edv
|z—¢|
and

Gvi = / / Hy(X,Y)J*G(X,Y,€)dXdY.
: D(z,y,¢) 4

It is easy to see inductively that

Mn.+1yn+1

IG™ (2, 4,€) — G™(2,y,€)| < Tt



therefore G™ converges to a limit G uniformly and (6.1) holds. Moreover we

can differentiate G™t! supposing that G" is differentiable. In fact we have

GI,z'

G,

Grrz

Girg

2aG((e — y+6)/2 (~2 +y+6)/2,6)

—;—aG((:n +y+8)/2(z+y— /2,8 +
/y (aG)e(z —y+Y,Y,£)dY
(—z+y+€)/2
Yy
/ (aG)z(z - Y +Y,Y,£)dY,
(

z+y—€)/2
_%GG((:E —y+6)/2 (- +y+£)/2,6) +

%aG((z +y+6)/2,(z+y—£)/2,6) +

Yy
(—z+y+£)/2

Yy
/ GGE (l' + Y- Ya Ya &)dYa
(—z+y+€)/2

—%aG((m SO/ (ot y+6)/2,6) +

-;—aG((x +y+)/2(z+y—6)/2,6)+
2aG(z,y,€) +

Yy
/ (@G)e(z —y+Y,Y,€)dY +
(~z+y+€)/2

Yy
/ (aG)s(z +y - Y, Y, )dY;
(—z+y+€)/2 »

—%BG((.Z FUHO/2(+y-6)/2.0+

%BG((:U —y+8)/2 (-2 +y+)/2,6)+

Yy
/ (BG)z(z +y—Y,Y,£)dY +
(c+y—£)/2 ~

Yy
(—zt+y+€)/2

-;-BG((a: +y+6)/2, (2 +y—€)/2,6) +

. |
/ 'BGe(z+y—Y,Y,6)dY +
(z+y-¢€)/2

Y
/ BGE(z—y+Y,Y,€)dY>
(—z+y+£)/2

15
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( 1. S
Gy = —3BG(a+y+8)/2(+y-0/2,0 +
1
+ 3 G((ﬂf—y+£)/2 (—-"8+y+£)/2 &)+
Y
+ / (BO):(e+y - Y,Y.6)dY +
(zt+y—€)/2 :
y
+ / (BG)o(z —y+Y,Y,£)dY
(-x+y+E)/2
y y
Grire = / z+y—Y,Y,£)dY—/ Gz —y+Y,Y,€)dY,
(z+y—¢£)/2 (—z+y+£€)/2

(e+-0/2 (—o+y+6)/2
Grrg = / bG(E+Y,Y,£)dY +/ T bGE-Y,Y,6)dY +

0
+ // G(X,Y,€)dXdY,
xy,E)

y
Grry = / bG(:c+y YYE)dY+/ WGz -y + Y)Y, E)dY
T+y—£)/2 (—z+y+¢)/2

and the derivatives of Gy are similar to G 11 and the derivatives of Gy«

are similar to Gyjy. Then it is easy to see inductively that

Mﬂ n
G2+ - G2l + |G - Gl +1GpH - Gyl < =

Thus the limit G is differentiable. In a smilar manner we see

IGot! - Go,| + |GRft - G"g| +lGo - G|+
+ G =GR+ 1GE = G |+ Gy = G, | <
M-t n-— ) 4
(n~— 1)!

IA

Thus G is twice continuously differentiable. In a similar manner we see that
G is N + 2-times continuously differentiable. The rough estimates stated in
the propositions is obvious since the coefficients are all of O(1/c?). QED.

The solution ny_x enjoyes an integral representation

- prTty o
Nk = / Knor(z,9,6)$(€)d,
ey |

where
KN-k(ra yyé): JI{N—'k-I-l(xa y,f) = JkG("’) Y, 6)

So the solution 7 of the relativistic Euler-Poisson-Darboux equation is given
by

. T4y . .
o) = [ Koo

-y



where
K(z,y,8) = JVG(=,y,£).

By induction we see

9NN,

JkG(;(:, yaf) = —Qk—kr(y

— (z—&)**(1+0(y/?).
Thus we have
Proposition 11 There is a kernal K(z,y,€) which is of CN*t2-class in

|z| < 00,0 < y,z —y < & < z+y such that

T4y

ney) = | K(z,y,6)8(€)dé

Ty
gwes a solution of the relativistic Euler- Poisson-Darbour equation for any

smooth ¢. Moreover

K(z,y,6) = (y° — (z — &N (1 + O(y/c?).

But in order to apply this infégration forrhula, the generalized Darboux
formula, to the study of the relativistic Euler equation, more detailed esti-

mates of the remainder are necessary.
Proposition 12 We have
Gy = O(y/c?).

Proof. Since a = O(y/c?), it is clear that G,y = O(y/c?). Next we see

Gr1y = —B((z+y+6)/2, (z+y—£) /2)+B((2—y+€)/2, (—z+y+£)/2))+O0(y/ ). |

On the other hand we can write
1
B= 6—230(1') +O(y?*/c?)

and

z+y+¢ y+Z  z-y+¢ ~y+2 '
= = J=EE—z.
s T tt T A ¢-e
Therefore we see Gr1,y = O(y/c?). It is clear that Gyrr, = O(y/c?) and

Grvk,y,Gviy = O(y?/c?). QED.

Proposition 13 We have
G = 2N+ S0l e)(€ — 2) + O?/e?),
where Cy(z, c) is a function of the form

[2* /o + 5 [a* /.

17
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Proof. It is clear that G; = O(y?/c?) since a = O(y/c?). Next we see

Y
G = 2NN!/
(z+y—£€)/2

K
B(z+y-Y,Y)dY -2V N1 / B(z—y+Y,Y)dY+0(y?/c?),
(—z+y+€)/2

since G = 2V N+ O(y/c?). If we write
1 2/ 2
B:c—zBo(z)+O(y/c), Z=¢-z

, then we see

y y
/ B(z+y-Y,Y)dY - / B(x—y+Y,Y)dY =
(z+y—£)/2 J(—zty+€)/2
1 et e -
= 3 Bo(s>ds—/x+_ _ Bo(s)ds) + O(s*/<?)
2
1
= 6—230(;6)Z+O(y2/02).

Note |Z| < y. It is clear that Gyrr, Grvk, Gvi = O(y?/c?). QED.
Proposition 14 We have

Gz + Ge = O(y/c?).
Proof. First we see

Yy
Gro+Gre = / ((6G)e + aG¢)(z — y + Y, Y, €)dY +
(~z+y+€)/2

+ [ (@) +aGoe 4y - Y V.Y
(z+y=-£€)/2
= 06/

since a,a; = O(y/c?). Next we see

Yy
Grro+Grrg = / ((BG):) + BGe)(z + y— Y, Y,6)dY +
(z+y—¢)/2 i

_ /y (BG)s + BG¢)(z — y+Y,Y,£)dY
(~oty+8)/2
= O(y/c2).

It is clear that GIII,z, GIII,E: GVk,:c;GVk,§ = O(y/CQ). GIVk,z + GIVk,E is
estimated in a similar manner as Grrs+ Grre. QED.

Proposition 15 We have

(Gz + Gg)y = O(y/c?).



Proof. First we see

(Grz+Gre)y = 2((aG)s + aGe)(z,y,€) +

- 1((«10) +aGe)((z — y+€)/2, (~z +y+£)/2,6) +

((aG)s + aGe)((z +y +£)/2,(z +y - €)/2,€) +

5
- / )e +aGe)o(z—y+Y, Y, £)dY +
z+y+£)/
+ / Jo +aGe)z(z+y—Y,Y,£)dY
((z+y— E)/2
= O(y/c),

since a,a; = O(y/c?). Next we see

(Gr1.0 + Grr¢)y

Il
|

+
T2

- E)/z((BG)x + BGe)o(z+y =Y, Y, )dY +
T+y—

Yy
+ / (BG)s + BG¢)a(z — y+Y,Y,6)dY
(—z+y+¢€)/2 :
= 2N~1N'Bx((l‘ -~y +£)/2: (_-'I? +y+ 6)/2)
— VUINIB (x4 y+£)/2 (z +y—£)/2) +
+ O(y/c),
since G = 2V N!+ O(y/c?) and G, + Ge = O(y/c?). But

1
B, = 5 By(x) + O(#*/c*)

and
Bo((z—y+&)/2,(—2+y+£)/2) — Bo((z+y+8)/2,(z+y-¢)/2) =
| = SBi()(~y) + 04/
= O(y/c?).
It is clear that
y
(Grrre +Grrrg)y = / ((0G)e + 0Ge)(x +y —Y,Y,E)dY +
‘ (z+y—£)/2

Yy
+ [ (46 +8GI (e -y +Y, Y)Y
(-z+y+£)/2 :

= O(y/c).

L(BG): + BG((x +y+8)/2 (s +y—)/26) +

+ 2((BG) 4 BGY)((z — v +€)/2(~z +y+ /26 +

19



20

Similarly we can estimate (Grvi,s + Grvk,e)y, (Gvi,c + Gvi,e)y bearing in
mind that (JG); + (JG)¢ = J(G; + Ge). QED.

Proposition 16 We have
1
Gz + G = 5 Ci(,¢) (€ — 2) + O(y*/c?),
where Cy(x,c) is a function of the form
[0 /¢%lo + <512 /%o.
Proof. We already observed that Gy, + Gre = O(y?/c?). Next we look at
y
Gus + Gug= [ ((BO:+BGCe+y-Y,Y,0dv +
: (z+y—€)/2
y
- / ((BG)s + BGe)(z — y + Y, Y,6)dY
(—z+y+€)/2

. . Yy . , y
= --2NN!/ Bw(:c+y—Y,Y)dY—2NN!/ Balz — y+Y,Y)dY +
(z+y—€)/2 . (~z+y+£)/2

+ 0@/,

since G .= 2+ O(y/c?) and G, + G¢ = O(y/c?). Bearing in mind that
By = O(y/c?), we see

Y ’ y
/ By(ze+y-Y,Y)dY - / —y+Y,Y)dY =
(z+y—£€)/2 $+y+€)/2
Yy y
:-/ (-Bs+By)(z+y-Y,Y)dY - / (B: + B,))(z —y+Y,Y)dY
(z+y—£)/2 . . . (- I+y+€)/2 ‘
+ O(y?/c?)
=—-2B(z,y) + B((x+y+€)/2,(z+y—£)/2)+
+B((z —y+&)/2,(—z+y+£)/2) + O(y*/c?)
1 7z A
= Z(-2Bola) + Bole + £57) 4 Bofa+ 7)) + (/e
' 1
= 2Bo( 2)Z + O(y*/c?).
Next we look at
Yy . Yy
Grire +Grie = / bG(z +y—Y,Y,6)dY — / bG(z — y +Y,Y,€)dY +
(z+y—-€)/2 (—z+y+£)/2

[t/ C (atye)/2
+ / bG(€+Y,Y,€6)dY — / bG(E - Y,Y,6)dY +
0

0
[ e veaxay
D(z,y,¢)
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Putting
1
bz, y) = —bo(2) +0(y*/c?),
we see
4 x+‘y—'g—z— z
Gz +Grurg = 2NN!(/ bo(s)ds—/ bo(s)ds +
@ o =2
1»'+-y—"2£ z+Z
+ / bo(s)ds—-/ bo(s)ds) + O(y2/c?)
o+7Z x+;"’§"£
2N NI y+272 y—2Z y—2 y+2 2.2
= o g 7~ g ) Tow/)
= O(y*/).

Grvkz + Grvi,e can be estimated in a similer manner as Grre + Grre.
Finally Gy ¢, Gvie = O(y3/c?) since J*G = O(y?/c?) for k > 1. QED.

Proposition 17 We have
(Go +Gg)a + (Gz + Ge)e = O(y/<?).
Proof. First we see

(Gr:+Gre)e + (Grz+Gre)e=

Yy
= / ((O.G)xw +2(GGE)$ —*-GGEE)(I?—-y-{-Y, Y,f)dY-l—
(~z+y+€)/2

y .
+ / ((aG)ze + 2(aGe)e + aGee)(z +y — Y, Y, €)dY
(z4y—€)/2 . : '

= 0(92/02):
since a,az, az; = O(y/c?). Next
(Grrz + Grirg)s +(Grrs +Grre)e =

/(y E)/z(((BG)x + BGg): + ((BG)s + BGe)e)(a +y — Y,Y,€)dY +
Tty— _ :

It

Y
+ ((BG)s + BGe). + ((BG)s + BGe)g)(a +y — Y, Y,€)dY
(—z4y+€)/2
= O(y/c%).
It is easy to see
(Grre + Grrrg)s + (Grirz + Grire)e = O(y/c?).

The estimates of Gyyx and Gy can be seen similarly. QED.
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Proposition 18 We have

1
(Gz + Ge)o + (Gz + Ge)e = 5 Ca(w,0)(€ —2) + O(y’/c?),
where Cy(z, ¢) ts a function of the form
2%/ + 5 [%/c%)o.
c
Proof. We already observed that
(Grz +Gre)s + (Gro + Gre)e = O(y* /).

Next, bearing in mind that G, + G¢ = O(y/c?) and (G, + G¢)s + (Go +
Ge)e = O(y/c?), we see
(Grre + Grrg)e+ (Grio+Grie)e =
v
= / (BoeG + 2B4 (G + Ge) +
(z+y~£)/2
+ B((G: + Ge)z + (Gz + Ge)e))(z+y - Y, Y, £)dY +
v
(—z+y+€)/2

+ B((Gz + Ge)z + (Go + Ge)e)(z — y+ Y, Y, 6)dY

y y .
= 2NN!/ Bm(:c+y—Y,Y)dY—2NN!/ Bop(z—y+Y,Y)dY +
(e+y—€)/2 (—z+y+€)/2
+ O(y*/c?).

The same discussion to that of the proof of Proposition 16 can be applied
by replacing B by By. Let us look at (Gr11c+Giir,¢)s+(Grrr.z+Grire)e.
Note that

(bG)s +bGe = b,G +b(Gy + G)
= 2VNl, +0(y/c?),
bG = 2N+ 0(y/c?).

Applying the discussion of the proof of Proposition 16 by replacing b by b,

we see

(Grre + Grrng)e + (Grure + Grirg)e =
N .17:-{-1’12'£ r+Z
= 2V N! b ds — b d
(f " vl /+ o(s)ds) +
+ O(y*/¢)
= —2VNlby(2)Z + O(y?/c?).

The estimates of Gyvk, Gy are paralell. QED.
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Proposition 19 We have

1
GE = C—2'Cs($, C) —+ O(y/CZ)

Proof. 1t is sufficient to note that

INUB((o 4y +8)/2, (2 +y—)/2) + B((z —y+ £)/2, (<2 +y+6)/2)) +

Gre =
+ Ofy/) ;
= 2 e+ L) 4 Boa+ L) 0y
- 2113[  Bo(2) + O(y/ ).

QED.

Proposition 20 We have

1
(G,; -+ Gg)g = 25-04(13,0) + O(y/cz).
Proof. We see
(Gr.s + Gre)e = O(y/c?)

by a,a; = O(y/c?). Next we see

(Grre + Grig)e = 7 |
AN INVBL((z +y+£)/2,(z +y—€)/2) +
+ Bo((z—y+£&)/2,(~z+y+£)/2)) + O(y/c?)
2N N

5— Bo(z) + O(y/c?).

Il

And we see

(Grrre + Grirgle =

= VNI((z—y+8)/2 (—z+y+8)/2) +O(y/?)

;
= 2 (@) + 0w/,

Other terms can be estimated similarly. QED.

7 Estimates of the derivatives of entropies

Let us consider the entropy n generated by ¢ of C3-class, that is,

T+y
n(z,y) = / K (z,9,6)$(€)dt.

-y



In this section we will find estimates of the derivatives of n with respect to

E,F. As auxiliary variables we introduce

R= y2N+1, M= :cy2N+1. (71)

We are going to prove the following

Proposition 21 We have

dn
oM

on
8R

OROM

d%n
OR2

92N +1 /o (s = 89V Doz + (25 — Dy)ds + O /), (1.2

1
22N+1/ (S ) ¢d8+

92N+1 / (s — 2Ny+ 1(2s —1))Déds +>
( 2/0 (73)
L .
92N+1,-2N-1 / (s —s2)VD%pds + O(y~ 2N+ /c?),  (7.4)
- Jo

. ,
2N+1, ~2N-1 _\N y _ 2
2 y /0(5 s°)7( z+2N+‘,1(2s 1‘),)D ¢ds +
O(y=>N*1/c%), (75)
. ,
2N+41, ~2N-1 N -
Py [ o P (e gt s - 1)
4

vzt 8)y*)D*(= + (25 — 1)y)ds + O(y™" /¢*(7.6)

Proof. We write

1
q:2R71r+1'/ K(M,Rm‘ﬂ,ﬂ+(2s—1)sz+u)¢(M+(2s-1)Rﬁ)ds.
o 'R R R

Differentiating 7 with respect to M, we have

on
oM

(1 =

Il

2

1) +(2),
9RWAT /0 (Kz + Ke)(z,y,2 4+ (2s — 1)y)d(z + (25 — 1)y)ds

1
o RAlk / K(z v, + (25 — 1)y) D(x + (25 — 1)y)ds.
. 0 o ) ) E N . : e

Since K(:c,y,&) JNG(CB Y, f)

K(z,y,€) =

24
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by Proposition 16 we see
(Ko + Ke)la,y,o+ (25— 1))

y Yy Y,
= / YN/ YN—1---/ Y1(Gs + Ge)(z, Y1,z + (2s — 1)y)dYr--- YN
|2s—1}y |23,—1‘y, 125—1ly

Ci(z,c o
= ——va(mci y?N (25 — 1)(1— (25— 1))V + 0"V /)

NCi(e,¢) o1 d :
& -:(1)!cz)y2N+1£(s_32)N+l +O(y2N+2/02).

Therefore by integration by part we get
R%yzN._‘_g 2N+101(CL’, C).

(N +1)!c?
= O(y*/h).

(1)

[ (o= 27 Dods + 0047/
0

By Proposition 13 we see

y Y~ Y2 . ’
K(I)yaé) = / YN/ YN——I"‘/ YlG(ﬁ,Yl,f)dYr"YN,
jz—¢€l lz—€l |lz—¢€|

2NCO(;L', ¢)
Nlc?

Therefore by integration by parts we get’

— 22N(S‘__ SZ)NyQN + (25 — 1)(s — 52)Ny2N+1 +O(y2N-|;2/02)‘

(2) = 2NHRN /0 (s(1— 5))¥Dg(z + (25 — 1)y)ds

+ R%O(yﬂv“/cz).

Thus we have (7.2). Next we show (7.3). We have

9
N - @r@+6)
2 —2N 1
(3) = N 1 IRW /0 K(z,y,z + (25 — 1)y)é(z + (25 — 1)y)ds,
v [l S ,
(4) = 2R+ /o (—z(Ks + K¢) + ﬁ (Ky + (25 — 1)K¢)) x
(z + (25 — 1)y)ds,
(5) = QRT—m—l/O K (29,2 + (25 — ) (— + 5L (25 = 1)) Do . )ds.

By Proposition 13 we get

2N +1 1
(3) = 22N+1/0 (s = )V 6(..)ds + O/,

As for (4) we use Proposition 16 and

K, + (25— 1)Ke=yJV"1G = (25— (€ — )Gz, € — 2I,6) TV 11+ (25 = 1)IVGe



2N-1Cy(z, ¢)

(N — 1) (2s —1)(s — sH)Ny?N 4

92N+1N (5 — s2)Ny2N-1 4

2NC3 (a:, C)

Nie? (28 _ 1)(8 _ 82)Ny2N + O(y2N+1/c2)

+

(See Proposition 19). Then by integration by parts we have
22N+2N 1
=ov1 J, ) el)ds + O@w?/e?).

As (2) we get

(5) = 22N+1/0 (s — )N (—z + 2Ny+ 1(25 — 1)) D¢(...)ds + O(y?/c%).

Thus we get (7.3).
Next we show (7.4). We have

%y
oM?

1
6 = 2RW_7N+7‘/ (Ko + Ke)o + (Ko + Ke)e) (2, y, ) x 6(...)ds,
0

(6) +(7) + (8),

(7) = 4RZvFT /Ol(f{x + K¢) (2, y,..) Dé(...)ds,
(8) = 2RINFT /01 K(z,y,..)D%(..)ds.
By Proposition 18 we have
(Kz + Ke)o + (Ko +-Ke)e)(z,y, 2+ (25 — 1)y) =
O (o ¥ (25— 1741 4 0N ).
Thus by integration by parts we get
(6) = Ol™¥*1/e2).

By the same discussion as (1) we see (7) = O(y~?N*1/c?). By the same

discussion as (2) we see
. : 1 E
(8) = 22N +1y~2N 1 / (s = sV D2(..)ds + Oy 2N+ /c?).
0

Thus we get (7.4).
Next we show (7.5). We see

oy
oI = (9)+(10)+ (1) + (12) + (13) 4 (14),



AN —4N-1 1 :
9 = —2N+1R INF /0(Kx+K§)(a:,y,...)¢(...)ds,
1
(10) = 2R / (=o(Ke + Ke)s + (Ko + Ke)e) +
0 . .
Yy - .
b o (e Kl + (25 = 1) (e + Ke)e))o(.-)ds,
1
1) = 23%/0 (K1+K,5)(—;c+2Ny+1(2sf1))D¢ds,
4N —an—1 [
12) = - ZNF1 {
(12) 2N+1R N¥ /OI\Dd)ds,

1
=4N-1 . - Y -
(13) = 2R™2N¥T /0 (—:B(K,; + Ag) + QJV—-}-—I(Ky + (23 — 1)K5))D¢ds

(14)

(25 — 1)) D%¢ds.

QR%?VN—E/IK( + Y
o TTONT1

We already know that (9) = O(y=2V+1/c?). (Recall (1).) Next we look at

(10). The first term is O(y~2V+1/c?). (Recall (6)). By Proposition 16 and
20 we see

(Ko +Ke)y + (25— 1)(Ko + Ke)e =

V10 (a,
= T e - (- )+
N
b - f;*'__(cj’c) (25 = 1)(s = s +
N-1
2(N _Cfll()ifcazc) yQN(ZS _ 1)3(5 _ S2)N—1 + O(y2N+1/CZ).

By integration by parts we see (10) = O(y=2N+1/c?). We already know
(11) = O(y=2V+1/c?). Clearly
22N+2N

12) = ———
(12) 2N +1

1
y—2N—1/ (S—SZ)ND¢dS+O(y_2N+1/C2).
0

We see

1
(13) = O(y~2NV+1/c?) 4 R 1Rm%/o (Ky + (25 — 1) K¢) Dgds.

As (4) we have

PN v [ 2N IN+1/,2
13) = y T / s—s°)" De¢ds + Oy~ c’).
(13) 2N +1 0 ( ) ( /<)

Finally we see

(14) = 22N +1y—2N-1 /1(3—32)N(—x+(2s—1) Y )D2¢ds+0(y_2N+1/c2).
0

2N +1

27



(Recall (5)). Summing up we get (7.5).
Next we show (7.6).

o
IR

)
3R

where

I{/I

Ty
. 2N +

D (8)+ o (4) + 2 (5),

: ‘(15) + (16)+ (17),

AN v [1
- N¥1 Kaod
er g f, Keds

2 CaN-1 1 ) .
ZNFI — K ——(Ky + (25 — 1)K¢))¢d
TR | (cole + Ke)+ gl + (25— DKe)dds,

(18) + (19) + (20),

4N —anvo1 1
_. R2NF1 —z(K + K [\, - d
2N +1 o /0 (-2(Ke e+ 2N ( + (25— 1)K¢))¢ds,

1
QRFNTT / K" $ds,
0

2(Kz + K¢) + 2* (Ko + K¢)o + (K2 + K¢)e) +

Y - - .
e (Ko + Koy + (25 = D(Ka + K)e) +

((I&x + 1{5) + (25 — 1) (K + KE)E) +

v ((Ky +’(25 - 1)K¢)y + (25 — 1)(Ky + F2s —1)K¢)e) +

2N +1

a1y Ko + (25— DEKe),

aN— 1
QR—w’ﬁ—ﬁ/o (—z(Kqy + K¢) + 2N+ o 7 By + (25— 1K)

(25 — 1)) Déds,

(£+2N+1

(21) + (22) + (23) + (29),

y
N 1128~ 1) Deds,

(.K + (25 - 1)Ky))
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1
(24) = 2RINFT / K(—x+2Ny+1(2s——1))2D2¢ds.
0 .
First we see
—22N+2N —2N-1 ! _J\N —2N+1/,.2
(15) = —my . ; (s —s%)" ¢ds +O(y /e*),
92N+2 N 1 _
19) = Gy [ (o= s eds -0,
22N+ —2N-1 ' 21\N y . -2N+1/,2
) = s A(s_s)(-z+2N+4(%-4nD¢@+4xy /).
Thus we have
4 22N+ v 7 NN y Déds+O(y=2N+1/¢2
520 = vy ™ [ (=) (ot g (25-1) Dods OV ),

Since (18) is similar to (16), we have

22N+ N2 —2N-1 ! 2\N —2N+1/.2
(2N_+1~)5y ; (s —s*)"¢ds + O(y fe?)-

Next let us look at (19). We already know

(18) = —

1
23%‘/ 2(K, + K¢)¢ds O(y~*N*1/c%,
0

—4N-—-1

1
9RZNF1 / 1:2((]{,, + I{E)x -+ (I{x + KE)E)¢ds
0

O(y~2N+1/c%).

Recalling (10), we see

2 —aN-1 1
R -'// (Ko + Ke)y + (25 = 1)(K, + Ke)e)pds = O(y~2N*1/c?),

9N +1 0

2 _an—a 1
N+ & Iy/ (Ko + K¢y + (25 — 1) (Ko + Ke)e)pds = O(y~>N*1/c?).

0

When N =1, we have
(Ky + (25 =1)Kg)y + (25 — 1)(Ky + (25 — 1) K)¢

= 8(s—s?)+ %(23 -1y - @(25 -1)3y -

c2
2C.
~ (s -1+ 0@E*/e).

When N > 2, there are bounded functions Fj(z, c) such that

(Ky + (25— 1K)y + (25 - 1)(Ky + (25 — 1) K¢)e =

F 17
= 22N+1N(2N —-1)(s— sz)NyzN_2 + —1(02’0) (2s—1)(s— .sz)N_lyzN_1 +
Fy(x,c ‘ _ - Fs(z,c -
2(02 )(23 1)(s 82)N 2y2N 1 a(c2 )(25 1)3(5 52)N ?yZN 1
Fy(z,c - - F5(z,c - -
4(c2 )(25 1)3(5 SZ)N 12N=1 5(02 )(23 1)5(5 SZ)N 242N -1

O™ /c?).



Thus we see
2

oR N Y
(2N +1
22N+3N2

1
y—2N—1/ (8—32)N¢d8—
0

22N+2N
(2N +1)2

30

> / ((Ky + (25 — DKg)y + (25 = 1)(Ky + (25 — 1) Ke)y )dds

1
y—ZN—l/ (3_82)N¢d8
0

1
y—ZN—l/ (8—‘ 32)N¢d8+0(y_2N+1/C2).
0

(2N +1)2
(V).
We have
2 —aN-1 ! " .
(QT}-]_—)ZR 2N+1 y/ (IXy + (25 — l)IXE)quS
0
22N+ N —2N-1 ' 2\N —2N+1 7,27
:my /O(S—S) ¢ds+0(y /C)
Therefore
2N+3N2
(19) = = N
(2N +1)?
We see

_ 22N+2N

1
9 — -ZN—l/ YN
(20) = 5577y (=) et oy

Y

(25s—1))D¢ds+O0(y~2NV+1/c?).

Therefore
9 2NN -2N-1 ' 2\N y ~2N+41/.2
ﬁ(‘l) = my /0 (S—S ) (—$+2N+ 1(23—1))D¢d3+0(y /C )
Next we see
(21) = —22N+2Ny_2N_1 /l(s —sH)N(—z + Y (25 — 1)) Dgds + O(y~2N+1/c?)
2N +1 0 2N +1 ’
(22) = 22N+2Ny_2N"1/1(s — )N (—z+ L (25— 1)) Déds + O(y~ N1 /)
2N +1 0 2N +1 ’
1
— 92N+1, ~2N-1 2\N y —3N+1/.2
(23) = 2 Yy /o (s =) (= + m(?s —1))Dgds + O(y=2N*1 /%),
1
(24) — 22N+1y~2N—1/ (S—SZ)N(—.’L’-l- y (28— 1))2D2¢ds+0(y_2N+1/c2).
0 2N+
Therefore we get
i(5) = 22NV+1,-2N-1 /l(s - sV + S (2s — 1)) Déds +
OR 0 (2N +1)2
' 1
+ 22N+1y—2N—1/ (s — sz)N(—w + y (25 — 1))2D2¢ds+0(y_2N+1/c2).
0 2N +1

Summing up, we have

dR?

62 1
n - 22N+1y—2N—1/ (5_82)N(_x+
0

2N +1

Y (25 —1))Déds
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1
2N+1, —2N—1 N y _ d
+ 2 Y /0 (s =Y (z+ (2N+1)2(2s 1))Déds

1
n 22N+1y—2N—1/ (s = )V (~z + Y (25 — 1))2D%*¢ds
0

2N +1
22N+2 N+1 _ _ 1 :
_ Wy 2N 1/ (s — %)™ (25 — 1)yDéds +
0
1
+ 22N+1y—2N—1/ (S—Sz)N(—CC-F2Ny+1(28—1))2D2¢dS
0
22N+3 2N -1 ' 2\N+1, 2 2
= my‘ _/(s—s) t1y2D%¢ds +
0
1
2N41, —2N -1 2\N/ y — 11)2D2d
+ 2 y /0(3 s)(:c+2N+1(2s 1))*D*¢ds.

Thus we get (7.6). QED.
Let us recall the standard entropy n*. This is generated by

1 1

1—u?/c2 ,/1_u2/cz)’

¢*(I) :AICZ(
where
A= (2N + 1)V (2N + 1)/ (2N + 3)A) 77 (2N — 1)11/2N 1IN,
We note that
u?/c?
D2¢*(.1:) = Al(l + m)(Q R u2/62) > Al
We are going to show that the Hessian D?jn* dominates any D2U17.

Proposition 22 For each ¢ fized in C® we have on each compact subset of
{p >0}
(€1DFn-€)| < C(E|DGn* €),

provided that ¢ is sufficiently large.

By the assumption we have

R = y™Ntl= Kp(1+ [p7F /c?)y),
id’;_ = K +[p™ /e,
PR _ pE o,
TR e,
aN41

where K = ((2N + 3)(2N +1)A) ™2 *. Using these, we have

BR _ 4R 14w
dE ~— dp1— Pu?/ct



= K(1+w/c) +0(*/c),

OR _  dR  2u/¢?
oF dp 1 — Plu2/ct
= K%+ oW/,
oM R 14 P')c? dR 1+u?/c?
O0E = p+P/c? 1—P’u2/04u dp1— P'u?/ct
= K(-u+z(l+v?/c?)) +0(y*/c?),
oM _ _R_14Puwje dRy e 1
OF ~ p+P[c21—Plu2/ct dp c’ 1= Pru?/ct
= K(1-2zu/c?) +0(y?/c?). (7.7)

Differentiating once more, we see

% = —yzifz—g%z(l—uz/;2)/c2+0(y‘2Nﬂ‘1/c2)’

% = ﬁ%u(—w/cz —2uz(l — u?/c?)/c?) + O(y~2N+1/c?),
%@— - yfzil@uz/c + 20u(1 - w?/c?)/¢?) + O(y~ 2N+ /e?),

B = o ) O

= ‘yz—fz{vi‘f%“”( W)/ + Oy HR).  (18)
The chain rule gives

ﬂ — ( )2 77 28R6_M 8277

O0E? 9E’ 3R T “3E OF OROM

oM , 8y 8°ROn 8°M Oy
GE) a7 * 357 9R * 357 o
and so on. Inserting (7.7)nd (7.8) into (7.9), and using Proposition 21, we

+

(7.9)

have

22N+1K2 1
(€Dn8) = T [ (o= )V ZID0ds +

2K?2 1
g2+l c2( u?/c?) (uo —

2K? 1
— g aute(l—u/e))(uk - &)’ —+

+ Oy,

&) o1 4

where

Z[E] = Zookk +2Zn1&oé + Z11€2,
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4 2
(25 1))? ,(Q—NT,_T)ES(I —-s)y°) +

Yy .
v 1)

N
Il

(4w /) (= + g

2(1 +u?/c?)(—u+ z(1 + u?/c?))(—z +
(—u+ta(l+u?/c%)?,
—2(1+u?/A)u/c((—x +

+ +

Zo1

fl

2N 1(25—1))2+ }
(14 3u?/c? — de(1 + u?/cH)u/e )(—:E+2Ny+l(2s—1))+
(—u+x(1+u2/c2))(1 — 2zu/c?),

Zu = %2((—;::+ -(2s - 1))+

- 4u(l—?:cu/c )(—:c+2 Y

N+1
+ (1 -2zu/c?)?.

+ o+

(2N—+1)-2—S(1 - s)yz) + .
(2s—1))+

2N +1

It can be shown that
Z[&] 2 I‘CS(I - s)yz»

where « is a positive constant depending on the compact subset of {p > 0}.

In fact we see

, 4
Z()Qle - Zgl = (1 - u2/62)m5(1 - S)yz.
On the other hand, we can estimate
2K? 1 N €
ly2N+1C_2(1_” /e )ﬁl = N
2K?% 1 9, v ON €
lmg(“+$(1—u /e ))(‘9'];_,4 < VAT

where ¢ = K'/c?. Let us introduce the parameters

¢o = &o, ¢1 =& — uko.
Then we have
Z[€] = QooC? + 2Q01$oC1 + Qi E,
and
Qoo = Q8 ()(2s— Ly + Q%) (2,57,
Qo = Q) (z)(2s — Dy + Q) (z,5)*,
' Qu = Zu=14+0(1/c*)>0

Therefore if |[D?¢| < C, we see

22N+1] 20
@pinel < TG [
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1
y211\2r-€|-1/ (3—82)NC2d8+0(y_2N+1/C2)
0

22N+1[{2C 1 )
S TN / (s = )M (@ui(1 + €)¢T + 2Qo1CoC1 + QuogF)ds
0

+ O,

But since ’Q(()%) = Q(()?) =0, fo s —5%)N(2s — 1)ds = 0, we see

1
/ (s— sz)N(—ze’chocl — €'Quo¢3)ds = O(y~>N*1/c?).
0
Therefore we get

2N+1 72 vy ’ 1
(€ DEne)| < 2 ;Nﬂl“)/ (s — s Z[€)ds + O(y~ 2N+ /c?).

0

Similarly, if D?¢* > pu, we have

2N+1 2
EID3re) > 2 ]§N+1 / (s — )V Z[elds + O(y=2V+1 /).
Thus we get
(€D} 7e)| < C(“—“;(sw )+ Oy~ +1 /).

But we know
(E1DEn™€) > klePy= 2N+,

Hence if ¢ is sufficiently large we get the required estimate. QED.

As for the first derivatives, the following conclusion is now clear.

Proposition 23 On each compact subset of {p > 0}, we have

l l+l I<C

8 Usefull entropies

Let us consider an entropy 7 generated by ¢, that s,

T+y

o) = [ K u o) (8.1)
z-y

The corresponding entropy flux ¢ is given by integrating the differential

equations
0g 317 0q 677
ow Az 25w’ 8z A 1oz
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We can solve these equations as
oA
g = An— / '6'17277(110
Y oA
= /\177—1—/ —B—zindz.
Z .

Thus we get the formula

T+y 7 .
o) = [ Lauose, (8.2)
T—y )
where
L(:L',y,f) = AlI((.’L',y,E) + Ll(may,g)
= )\2K($,y,§) + L2(£7ya§)’
y
Ll(l’)%f) = 2/ ﬂl((l?+y—Y,Y,)K(-’L""*'y—Y,Y,E)dY,
(z+y—€)/2
y
Lyz,u,6) = -2 / (e —y+Y,Y)K(x -y + Y, V,€)dY,
(—z+y+£)/2
o
ﬂl(iv,y) = W
_ _1owe P (e PP
21 —VPlufe?) 2P
_ N 2 |
= sy g1 o)
s
pa(z,y) = Bw
_ 1wl P (e PP
- 2(1+\/Fu/02) c2 2P
_ N 2
= N+l + O0(1/c%).

In this section we will construct various kinds of usefull entropies.
1) Let us put

T4y
m(z,y) = K(z,y,6)kNtiekde,
o—y
o N+1 -k
ni(z,y) = / K(x,y,6)kNTle=kde.

-y
Proposition 24 If 1/c? is sufficiently small, we have
m > 0, nE>0  fory>0, (8.3)
e = 2VNWN(140(y/*))e =t (14 0(1/k)),
o= NV (1+0(y/@)e eI+ O(/K)  (84)
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uniformly on each compact subset of {y > 0}. Moreover

(A2 + O(1/k)),
ne(M + O(1/k)) (8.5)

%

ar

uniformly on each compact subset of {y > 0} and

wak—nba? = (@Y NP0 (L 0(1/62)e™ (y 4+ O(1/k))P. (8.6)

2N +1
Proof. Since K = (1 + O(;yv/cz))(y2 — (& =€)V, we see
oty
M (1+0(y/<*) / (v — (& —)*)VEN* Mg

Ty

— (1+O(y/c2))22N+1yNekwf(ky)

where
1 .
f(r) = rN"'le_r/ (s(1—s))NVe?rsds
\ : 0
" o
— r 1— = N —2ad :
¢ [ =D ao

r

It is easy to see
e~ f(r) = 2= VHINT 4 O(1/r)

This implies (8.4). We note

7= (14+0(1/e)2V NV ek g 1 0(1/k))
P o= (1+0(1/)2V NN KDy 4 0(1/k)

uniformly on {y > 0}. Let us consider the flux. We have

Yy
Lo(z,y,8) = —2/ pa(e—y+YY)K(z—y+Y,Y,£)dY
: (—z+y+€)/2 , : ,
= g oW [ eyt y gy
2N + 1 (cotyte)2
—_ N N N
T=dont = —( oA +0(1/c2))/,+y( —z+ON(y+x - NN dg
¢ = A2n (2N + 1)(N +1) ey Y y ‘
But

z+y
0 < / (y—z+N(y+a—NTENTeMde
-y .

:  (N '+'1)kN/

=y

z+y o '
(¥ — (2 —€)*)Nekde



_ NEN /I+y( _ N-1 _ ¢\N+1 k¢
y—z+&" (y+z— &) TeMdE
T—y

T+y
< WDz [0 (e )RR,
-y
Thus
1 1_ 1
g —An = O(1/k)n".
Since VB -
_VP(1-u?/c?) 1 o
/\2_A1_ 1—'P/U2/C4 _(2N+1+0(1/c ))y’
we have
1
2.1 _ 1.2 1.2 2 BV,
¢ —ng =10 ((—2N+1+0(1/c )y + O(1/k))

This implies (8.6). QED.
2) Let ¢ be a function in C§°(—1, 1) such that ¢ > 0, [ ¢ = 1. We put

$n(z) = tn(z) =ny(n(z - a)),

$a(x) = —Din(),
Tty
Ta(z,y) = K(z,y,€)83(€)dE,
o4y
e = [ K@nose
-y :
7 (x,y) = K(z,y,0)X,
n*(z,y) = Ke(z,y,0)X,
¢élzy) = L{z,y,a)X,
q4(l’,y) = LE(:E’y)a)Xy
X =1 (z—-y<a<z+y)
— 1 —
= 5 (z—a=y)
=0 (e—al>).

Proposition 25 As n — oo, we have

B, @S- et ot
Moreover
3l < My, 163 < My (|z] + ), (8.7)
sl < My*NTU g < My*PN (|| 4 y), (8.8)
N
et —nl¢® = (1+0(1/A))(¥* - (= — a)?)?N(8.9)

2N + (N + 1)
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Proof. We note

Ke = (= 2)Glak - o8 gy (0 — (2= 01" + 76
= @N(z-§+0(1/A)(¢E-2)) (¥’ - (z - )N T+ 0(1/*) (" - (- 6",
y
Lie = 2/ piz+y-Y,Y)Ke(z +y-Y,Y,€)dY.
(e+y—¢€)/2

The estimates (8.7), (8.8) can be seen easily. Let us consider
n°¢* — n*¢® = (KL¢ — LK¢)(z,y,0).

Suppose £ — a > 0. Then

1 y
§(KL€_LKE) = K/ mKe(z+y-Y,Y,a)dY —
(z+y—a)/2
y
- KE/ mK(x+y-Y,Y, a)dY.
(z+y—a)/2
We note
Oﬁf—i—g—‘_‘ﬂ§£—y+Y—a§z—a§y.
Hence we have
y
/ pKe(z+y-Y,Y,a)dY
(z+y—a)/2
N y
= (==——=+0(1/?))2N (z+y—Y —a)(Y2—(z+y-Y —a)?)V"1dY +
2N +1 (e+y—a)/2
Y
+ 0(1/62)/ Y2 =(z+y-Y —a))Ndy
(z+y—a)/2
L O/ (e +y— )Y ety )N (g + (2N + (e )
22N +1) N(N +1)
+ 0(1/A)(y* - (z — a)®)V.
Thus
' y
(z+y—a)/2

N
ST )
+ 001/ (y* — (z — a)®)*V.

+0(1/A)(y* = (z = a)*)*M Nz +y+a)(y+ (2N +1)(z — a))

Also we have

Ke ’ p1 KdY
(xr+y—a)/2

( A 0(1/c* 2 22N -1

N+ 1)(N +1) +O0(1/c*))(z —a)(—z+y+ a)(y” — (z — a)?)

+ O(1/)(—z +y+a)(y? — (2 — a)2)2V.




Hence

| -
5(KLe— LKe) = (

Here we have used

0
0

IN INIA

N
202N + 1)(N + 1)

(z-a)(y—(z-a) <y’ (z—a)",
(y—z+a)(y+ (2N +1)(z - a)
2N +1)(y* - (z — a)?)

+0(1/)(Y* — (z - a)*)*N.

provided that 0 < z —a < y. When z — @ < 0, we can discuss in a similar

manner by using L,. QED.

3) Let @ be a function in C§°(—1, 1) such that [ ® = 0 and the support

supp® is {~1+ @, 1+ o], where « is a small positive number. We put

1 (,y)

g5 (z,v)

By

BY

B,

n®(n(z — a)),
Tty
| K@y oD e,

-y

T4y
/ L(z,y,&) DV 19 () de;

-y

[ o
n®(n(z — a)),

T+y R
| K@ uop e,

-y

z+y ’ R
/ L(z, 5, €) DV, (€)de;

-y
e — mng’,
n'ey —mag?,

Thds = Thdn-

Let us divide the domain ¥ = {—B < z —y < z+y < B} into the following

5 parts.
1 1 1 1
So = {-=<z+y-a<—-,——<z-y—-a<=}NE,
n n’ n~ n
1 1
Sy = {;<z+y—a,x—y—a<—;}ﬂ§3,
1 1 1
SL = {——<z+y—a§—-,x——y—a<——}02,
n n n
1 1 1
Sp = {-<z+y—a-——<z—-y—a<-=}NL,
n n n

S = E—(SoUSlLJSlUSLUSR).
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Proposition 26 We have
|BIl < M/n,  |Ba|<M | (8.10)

on X, and _
|Bn| < M/n (8.11)

on SoU S US. Moreover, on Si, we have

Bn=ny*NA; + yN Ay + A5, (8.12)
where
| ~_  N@VN)? p, [MEVD
A = (TV—I—I_+O(1/C ))(/_1 D)4,
n(z+y—a)
il < MA[ el +y-a)),
M
|4s] £ —.
n
On Sg, we have
B, = ny*NCi+yNCy+ Cs,
N(2NN!)2 9 n(z—y—a) 9
= (2 ) @
a = A& vowen e
n(r~y—a)
cl < MU e+ ietE-y-a)),
M
|G < —.
n

Proof. For the simplicity, we write 1, =13, ¢, = ¢>, fin = n8,Gn = q5.
It is easy to see inductively that, for G; = JIG = Kn_;, we have
ang = J(?ng_l
for j > p+1and
Gy = (-1 (€ — 2P C(x, | — 2], €) + JOEGp-1.

Therefore

for p< N —1 and y = |z — £|. Thus by integration by parts we have
mn = ()N K(z,y,z+ y)¥n(z+y) +
- (_1)Naé\f]{(z)y, z — y)n(z —y) +
+ Fy(z,y),
T+y
Fiey) = (DY [0V K 0 0un @)

-y



We see

y

08 Ly(2,y,8) = ——2/ p20f K (z —y+Y,Y,£)dY
: (—z+y+€)/2
for p < N — 1. Therefore
O Ly(z,y.z +y) = Of La(e,y,x ~ y) =
forp< N -1 Moreover we see
6éNL2(£ay7$ + y) =0.

Therefore by integration by parts we have

on(z,y) = an(2,y) — Aana(z,y)
= —(—l)NaéVLg(x,y,x——y)¢n(:c—,y)+
+ Fl(z,v),
T4y ,
Fl(z,y) = (-n'* / Bp Ly (x,y, €)Y () dE.
-y
Similarly
Gz, y) = au(2,y) — Mnn(z,y) =
+ F2(z,v),
_ T4y v
Ry) = (0 [0 L ey, a1t
T-y
We note

ONK (z,y,6) = (-1)N (€ —2)NG(a, |z — €],€) + IO Gn-1.
It is easy to see inductively that
+1 -
Gy e 0.6 = (PPEID ey iG(a o - g0+
+ (E—z)PHp(x,&) + J@ng_l,
where H, = O(1/c?). Therefore

MK vg = (VD

+ (E-2)VHn(z,&) + JO) Gn_a.

1) Suppose (z,y) € S. Then it is clear that 73,9*,¢%, ¢*, 7, ¢n, fn; Gn,

B3, B}, B, all vanish.

(€ —2)V"'C(a, € — 2|, &) +
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2) Suppose (z,y) € So. Then we see
7 = K(z,y,q)
= O((y* - (z—a)’)")
= O(n %),
nt = K(z,y,0)
= Ol —al(y? — (2 — ))"1) + O((? — (= — 9)2)Y)
— O(n_2N+1),
c® = Ly(z,y,a)
y
= ——2/ _ oKz —y+Y, Y, a)dY
(—~z+y+a)/2
- O(n—-ZN—l),
c* = Ly¢(z,y,a)
y
= —2/ poKe(z —y+Y,Y a)dY
(-z+y+a)/2
= "O(n~).
Since y = O(1/n) and ¢, = O(n), we see
(-1)”6?’1{(7;, U,z +Yn(z+y)+
- (—1)”351{@;, Y,z — Y n(z—y) =
= O(n~Nth).
Since F,} = O(1), we have 5, = O(1). We see
y
BéVLz(x, y,z—y)= —2/ uzaéVK(x —y+Y,Y,z—y)dY =0O(n~N1).
0
Therefore
Since ,
Y
- 2/ )T K (z —y+Y,Y,6)dY
(~z+y+£)/2

O((—z+y+&N)+0(z+y-8),

we see

z+y
F(z,y) = (~1)NH / O Lz, y, )b (€)

= O(n™h).
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Hence o, = O(n~1). Therefore

B = pPop—mpo’= O(n=2N-1y,
B = plop —muot=0(n"W),
B, = nNu0p —Mnon = 0("’_1)'

3) Suppose (z,y) € S, where z +y>a+Llandz -y <a-— L. Then
1/’11(154'19) = 1,/),,(:6‘—:!/) :’d’n(‘c"'y) :Tﬁn(‘c"y) =0. So, n, = Fr%!”ﬂ = F,%,
and so on. But

oty
Eiw3) = ()" [ 0N K (2, ) )

z—y
1

= 0" [ @K@+ D) - 0K (e, 0)0()ds
-1

= O(1/n)

since [ ® =0 and 6? +1K is Lipschitz continuous. Same estimates hold for
F,f,ﬁ’,},ﬁ',f Thus

By = 9°F)-F,0®=0(1/n),
By = 1*F}-F,o*=0(l/n),
B, = F!EF?_F!F?=0(1/n?%).

4) Suppose (z,y) € Sp, where [t +y —a| < 1/n. It is easy to see
B = 0(nN),n* = O(n~Nt1),6® = O(n~N-1),0* = O(n~V). Since
n(z—y—a) < —1, we have ¢,(z—y) = 0. Thus 9, = O(n),0, = F2=0(1).
Therefore '

B3 = 1Po, —muo® = o(nM),
B = plon —muot=0@n"N).

Let us estimate B, = 1,0, — a0 N. Since

ONHIK = (—1)NN—(]Y2+—1)(5 — )N 1G(a, |z — €,€) +

+ (E—2)NHn(z,8) + JOY CGN-1,

4y

L A I R TAGE
z—y

NNV +1) n(s+y—a)

= (MY

VNY(a—=z)V"1 + F'(z,q)) /
-1
+ O(1/n)=
n(z+y—a)
-1

+ O(1/n),

@+
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where F/ = O(1/c?)|z — a|V, F" = O(1/c?). On the other hand

Oy K(z,y,z+y) = (-1)Vy"G(z,y,z +y).

Hence
T = ny"G(z,y,2+y)®(n(z+y—a)) +
_ &%i_l_)zNN!yN—}(ijL F”(:c,y,a))/n<z+y_a)¢+
+ 0(1/n). N
Since

O La(e,y,6) = Ol K((z—y+8)/2,(-z+y+8)/2,6)+

K
— 2/ u26§"+1K(x—y+Y,Y,§)dY =
(—z+y+€)/2

N B
(m'*'o(l/c N(=1)™( 5

x Gz+y+8)/2(-z+y+8)/2,6)+
WwWe see

op = F?=

oty
= ()M [ O L e,y € (€ =

-y

NN NN 41 H(Hy—a)cp
- _2N+1 Y ( + (x7ysa))/;1
+ O(1/n),
where L' = O(1/c?). Here we have used
—z+y+a r+y—a
(FEEEEAN = (- ZEYZON Y L o (1/m).

Similar estimates hold‘for Tn, 0. Thus
B, = ny*N A, + yN A, + A3,

where
I

2NN!(1+L’)<I>(ﬂ)/ P+

-1

N
2N +1

N
2N +1

Alz—'G

2VNI(1+ L')®(B) /ﬁ =

-1

= N 2NN'G(1+L’)(/ﬂ<I>)2 '
2N +17 7 J_1 7

B = n(z+y-—a).

+ G
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The estimates on Sg can be obtained in a similar manner considering
73,6% 7,. QED.
If we put

B: = %8 —nfed,
B nay — mng’,

I

then the same estimates hold.

9 Compactness of 7; + ¢,

Let us consider an entropy 7 generated by ¢ through the generalized

Darboux formula and its flux ¢. In this section we will prove

Lemma 1 Let UA be the approzimate solutions constructed in Section 4.
Then n(U2): + ¢(UA), lies in a compact subset of Hl';cl(Q), Q being a
bounded open subset of {t > 0}.

Proof. Let ® be a test function and we consider

J = //(n(UA)¢t+q(UA)<I>x)dxdt
= N+L+%,
N = —/n(UA(Jro,x)@(o,m)dx,‘

L= X [t elsaemat s,

2 = [ 3 -

shock

Since U is bounded, we see

IN| < M||2]|c.
Let us look at L. We see
L = Li+ L21
. [it)as AVjt=nAt—0
L= Yemanei+as) [ sl
in 2jAx A
(2j+2)Az
L, = Z/ (®(nAt, z) — B(nAt, (2 + 1)Az) x
. 2jAz
J,n

x [(UA))zharodz.



46

‘We note
(UA)izraize = Dun(UA(nAt+0,2))[U%]

+ /1(1 — 0)([UA]|DE(UA (nAt +0) + 8[U]).[UA])d8.
and

(27+42)Ax
/ [UA)dz =0
2j Az

by the scheme. Therefore

1
Ll < Miglle Y [ [ (- 0)1P.n)dode,
: gm0 70
where
F(6,1) = (USIDGn(U A (nAt +0) + 0[US]).[U2]).
By Proposition 22 we know |F(f,n)] < MF(6,n*). But in the proof of

Proposition 7 we know

Z//ol(l — 0)F(6,n*)dodz < C.

Thus we know .
|Z1] < M||2]|c.

In the proof of Proposition 7 we know

Z /:Am [U2)Pdz < C.
Therefore
Lo < 20 |<I>||caZ/Ax n(U)]]de
< 2l 3 [(@a)y+t + Qo)1) e
< Mlfolle-(A2)*F + (Aa) Y [ [U2)de

< M'(Az)*3|@]|ca,

where we use the boundedness of Dyn and n = O(1/(Az)). Next we look
at ¥. Along the shock we have

cU)] - [a(U)]
/,, (_‘;—‘;/0 (U — UL |DEn(Ur + 6(U — UL))(U — U))d)dp

L



This implies
|oln) — [a]l < M(e[n*] - [¢7])-

| ¥ elr1-tna<c

shock

But we know

in the proof of Proposition 7. Therefore
1= < Ml|2]lc.

Summing up , we know the compactness. QED.

10 Convergence of approximate solutions

We consider the approximate solutions U2 constructed in Section 4. Since
UA is bounded, there is a sequence UA= and a family of Young measures

Vi such that suppry, C ¥ = Zp and for any continuous function f
f(UA“(t,z)) - f=< Veg, f >

in L>® weak star topology. By Lemma 1, we can apply the compensated

compactness theory, and we can assume
(ng' = n'Q)(UA") »< v,g><v,¢ > = <w, 1 ><v,q>

in L™ weak star. Here 7,q;7’, ¢’ are arbitrary Darboux entropy pairs. Thus

we have

Lemma 2 For any pairs (0,q), (7', q') of Darbouz entropies-entropy fluz,
the identity

<y —gg>=<v,n><v,¢d >—<v,g ><vq>
holds a.e.-(t,z), where v =1v; .

Since entropies we will use are countably many, we can assune that the
above identity holds outside a null set which is common to all 7. We fix
(t, ) at which the identity holds, and we write v = v; ;. Of course supp.v C
Y. Suppose that supp.v N {p > 0} # ¢. Let Lo be the smallest triangle
{20 < z < w < wy} such that supp.v N {p > 0} C L. Let us denote by
P, the state (wo, 20). It will be verified that v = §p,. (the Dirac measure).

First we show

Proposition 27
Py € supp.v.
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Proof. Suppose Py ¢ supp.v. Since ¥y is the smallest triangle containing
supp.v N {p > 0}, w = wo and z = 2, intersect with supp.v N {p > 0}. On

neighborhoods of these intersection points we have
o> iek(wg—f),
772 > ie—k(Zo+E)

(See Proposition 24). Since v, 7!, n? are nonnegative, we see

<, 171 > elc:(wu—e)

Y

1
M b
<v, 772 > > ie—k(zo—ke).
SinceP, ¢ supp.v, we have

< I/, 7}2q1 — n1q2 >< Mek('wl]—Zo—(;).
Taking 2¢ < 6, we have

| = !< v,n’qt —ntg® >
<yt ><v,n?>
< Me—k(J—ZE)

<vg> <vg>
<V7'771> <V3772>

- 0
as k — oo. Let 8 be a sufficiently small positive number, and we put

Yy = {20<z<w<w— B}
Y = {zogzgwgwmwo—ﬂﬁw}-

Then
n'e™™ = (1+0(1/¢)2" Ny (y + O(1/k))

is bounded on X3 and we have
< Vgt >< MFomf),
Taking € = 3/2, we know

SHlm T > - 0.
<ypt> —

Since dAy /0w > 0, we know

Ag(w,z) > Ag(wo — B, 20)
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on Y3. Therefore we have

<rg' > _ <s,nAe> | <z, ntAe > +
<wpt> <wv,nt > <v,nt >

+ O(1/k)

> o(1) + Aa(wo — B, 20)

Similarly we see

<v,q*>
<_V,’r'2—> S 0(1) + /\1(’(110,2() + ,3)

Therefore we have
Xa(wo — B, z0) — A1(wo, 20 + B) < 0+ o(1).
Passing to the limit, we know v
Az (wo, z0) < A1(wo, 20).

But this means Py € {p = 0}, a contradiction. QED.
Let us fix a such that z5 < @ < wy. We have

<y,B:> = <ynP><vgl>—<yn ><v,g® >,
<v,Bf> = <V,n4><u,q2>—<u,nz><V,q4>,
<Pt =1t > = <y ><y > <yt ><y, >,
<y,B,> = <y ><ned>—<vnd><vg>.

From (8.8) we know
<v,nPgt =t >>0
and from(8.10) we know
<v,B3>-0
Using these we can prove the following propositions. Proofs can be found

in Chen et al {2].

Proposition 28 Asn — oo, < v,2 >, < 1,45 >, < v,q¢ >,<v,¢5 > are
bounded. k

Proposition 29 Asn — oo, we have < v, B, > 0.

Now, taking

$o(z) = e T if | < 1
7o if 2] > 1
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we put

B g
for the generating function of 53. Here 8 = (1 — a)/2. We put

1_
Sy = {e<wlw-d <23

I3

1-3a
}.

S_. = {z<w,|z-q|<
Proposition 30 As n = oo, we have
< I/|5+,ny2N >4+ < l/|5_,.ny2N > 0.
Proof. Put S} = 5. NSL, S = S- N Sg. It is sufficient to prove that
<vlst,ny*™N >+ <wlg,ny*™ > 0.
From (8.11) we have
<vls,,ny*N A+ yN A > + < Vsp,ny?NCy +yNCy >— 0.

Note
n(z+y—a) 1

+0(1/c2))(/_1 ®)? > A >0

N(2N N2

A= (2L
2N +1
on S7. Put
= {0<y< (),
n

where 4 is a positive parameter. Then [yNA,| < M(1/n)*N = o(1) on
SLNE, and |yN 4,| < Mny2N(1/n)1‘”N on Sy — E,. Choose d, \ 0 such

that
l—a—d, 11—
/ <I>:—/ @Z(l/n)”".
—14a l-a—-d,

H
([ a7 > /e

-1

Then

for |[H <1-a-d,, and

H
|<I>(H)|+|/_1 8| = o(1)

for1—a—d, <|H|<1. Put

1- = Un
Si:SLn{lw—a|5—ad_
n

}.

Then S7 C S} C St and
ly™ Az| = o(1)



on S — S} and

1
ny?N A+ gV A > N (oo(1/m) 0 — M(1/n) )
> 0

on St — E,. Here we take 0 < 2p9 < 1 — uN. Then

< V|5L7ny2NA1 + yNA2 > = < VISLnEn:nyZNAI >+

< VISL—En)nyzNAl + yNAZ >+
o(1)

L <v|g ny?V > +

M, S, 0B, Y

< VISL—Sj;nEnynyﬂvAl >+

<Vlsi _E,, ny®V A +yV A, > +
<vlsn_s; g, my*N A1 +yV Ay > +

o(1)

1 2N
— < Vs ,n >
M, ISFnEn Yy +

< Vs - (5 = MU/ >
o(1) '
1 2N
oM, <vlgy,ny*" >+
o(1).

vV o+ + + 4+ IV o+ o+

v + +

+

Similarly we know

1
< Vs, ™M CL+ YN Cy >> —— < g, ny?N > +o(1)
2M, R

. Thus we see
< V[Si,nyZN >4+ < V{Sh,nyzN >— 0.
QED.

Proposition 31 We have

Proof. Proposition 30 says that the projections P, ¥, P, of the measure
v = y?Mv admits the Lebesgue lower derivatives which vanish at any a.

Therefore we can claime that

suppvN{p >0} = {P}.
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Since v is a probability measure, we have
Vl{p>0} = C(spo.

But
C(n*¢* —n*d®) = C*(n’¢* — n*¢®)
at Py. Hence C = 1. QED. |

Summing up we get the final

Theorem 2 For any My there is a positive number ¢ such that if the initial
data satisfy

¢+ ugp(x)

Cc
OSPO(I) SM07 l§IOgc—u0(m)

| < Mo.

and if 1/c? < €p, then a subsequence of the approzimate solutions U con-
verges a.e. to a limit U which is a weak solution of the relativistic Euler

equation.
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