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Abstract

Constructions of invariant hyperfunction solutions of invariant linear differential equations with
polynomial coefficients on some vector spaces $V$ with actions of Lie groups $G$ are discussed in this
talk. We shall deal with the vector space of $n\mathrm{x}n$ real symmetric matrices, and those of complex
and quaternion Hermitian matirices, on which the real, the complex and the quaternion general
linear groups of degree $n$ naturally act on these vector spaces, respectively. For asubgroup $G$ in
the general linear group, we observe in the main theorem that every invariant hyperfunction solution
is expressed as alinear combination of Laurent expansion coefficients of acomplex power of the
determinant function with respect to the power parameter. Then the problem can be reduced to the
determination of Laurent expansion coefficients which are needed to express the solution. We can
give an algorithm to determine them. By apPlying the algorithm, we can prove that every invariant
hyperfunction solutions to $\det(x)u(x)=0$ is written as asum of invarinat measures on the G-Orbits
in the set $S:=\{x\in V|\det(x)=0\}$ as one example. Some other examples are also given.

1Introduction.

Let $V$ be areal vector space on which areal algebraic subgroup $G$ in $\mathrm{G}\mathrm{L}(V)$ acts. Let $D(V)$ be the
algebra of linear differential operators on $V$ with polynomial coefficients and let $\mathfrak{B}(V)$ be the space of
hyperfunctions on $V$ . We denote by $D(V)^{G}$ and $\mathfrak{B}(V)^{G}$ the subspaces of $G$-invariant linear differential
operators and of $G$-invariant hyperfunctions on $V$ , respectively. For agiven invariant differential operator
$P(x, \partial)\in D(V)^{G}$ and an invariant hyperfunction $v(x)\in \mathfrak{B}(V)^{G}$ , we consider the linear differential
equation

$P(x, \partial)u(x)=v(x)$ (1)

where the unknown function $u(x)$ is in $\mathfrak{B}(V)^{G}$ . I $\mathrm{n}$ particular, our problem of this paper is the following:
let $P(x, \partial)\in D(V)^{G}$ be agiven $G$-invariant and homogeneous (see Definition 2.1) differential operator.
Construct abasis of $G$-invariant hyperfunction solutions $u(x)\in \mathfrak{B}(V)^{G}$ to the differential equation

$P(x, \partial)u(x)=0$ .

In this talk, we consider the problem in the following three cases. We prove Theorem 4.1 and determine
the $G$-invariant kernel of $P(x, \partial)$ in some typical cases. Similar problems were considered by P.-D. Meth\’ee

[5], [6] and [7] for Lorentz group invariant differential equations.

1. real symmetric matrix space: Let $V:=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ be the space of $n\mathrm{x}n$ symmetric matrices over
the real field $\mathbb{R}$ and let $\mathrm{G}\mathrm{L}_{n}(\mathbb{R})$ be the general linear group over $\mathbb{R}$ of degree $n$ . Then the group
$\mathrm{G}\mathrm{L}_{n}(\mathbb{R})$ acts on the vector space $V$ by the representation

$\rho(g)$ : $X\mapsto g\cdot x\cdot {}^{t}g$ , (2)

with $x\in V$ and $g\in \mathrm{G}\mathrm{L}_{n}(\mathbb{R})$ . Then the subgroup

$G:=\{g\in \mathrm{G}\mathrm{L}_{n}(\mathbb{R})|\det(g\cdot {}^{t}g)=1\}$ (3)

acts on $V$ naturally. Here ${}^{t}g$ means the transposed matrix of $g$ .
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2. complex Hermitian matrix space: Let $V:=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C})$ be the space of $n\cross n$ Hermitian matrices
over the complex field $\mathbb{C}$ and let $\mathrm{G}\mathrm{L}_{n}(\mathbb{C})$ be the special linear group over $\mathbb{R}$ of degree $n$ . Then the
group $\mathrm{G}\mathrm{L}_{n}(\mathbb{C})$ acts on the vector space $V$ by the representation

$\rho(g)$ : $X\mapsto g\cdot x\cdot{}^{t}\overline{g}$, (4)

with $x\in V$ and $g\in \mathrm{G}\mathrm{L}_{n}(\mathbb{C})$ . Then the subgroup

$G:=\{g\in \mathrm{G}\mathrm{L}_{n}(\mathbb{C})|\det(g\cdot{}^{t}\overline{g})=1\}$ (5)

acts on $V$ naturally. Here ${}^{t}\overline{g}$ means the transposed matrix of the complex conjugate of $g$ . The
determinant function $P(x):=\det(x)$ on $x\in \mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C})$ is areal-valued irreducible polynomial.

3. quaternion Hermitian matrix space: Let $V:=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H})$ be the space of $n\cross n$ Hermitian matrices
over the quaternion field $\mathbb{H}$ and let $\mathrm{G}\mathrm{L}_{n}(\mathbb{H})$ be the general linear group over $\mathbb{H}$ of degree $n$ . Then
the group $\mathrm{G}\mathrm{L}_{n}(\mathbb{H})$ acts on the vector space $V$ by the representation

$\rho(g)$ : $X\mapsto g\cdot x\cdot{}^{t}\overline{g}$, (6)

with $x\in V$ and $g\in \mathrm{G}\mathrm{L}_{n}(\mathbb{H})$ . Then the subgroup

$G:=\{g\in \mathrm{G}\mathrm{L}_{n}(\mathbb{H})|\det(g\cdot{}^{t}\overline{g})=1\}$ (7)

acts on $V$ naturally. Here ${}^{t}\overline{g}$ means the transposed matrix of the quaternion conjugate of $g$ . The
determinant function $P(x):=\det(x)$ on $x\in \mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H})$ is defined as aPffafian of a $2n\cross 2n$ complex
alternating matrix and it is areal-valued irreducible polynomial.

2Algebra of Invariant Differential Operators.

First we consider the case of $V:=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ . Let $x\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ . By using the upper half entries of $x$ , we
denote by

$x=(x_{ij})_{n\geq j\geq i\geq 1}$ , $\partial=(\partial_{ij})_{n\geq j\geq 1\geq 1}.=(\frac{\partial}{\partial x_{jj}})_{n\geq j\geq:\geq 1}$

the coordinte and the prartial differentials on $\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ , and by

$x^{\alpha}= \prod_{n\geq j\geq i\geq 1}x_{ij}^{\alpha_{j}}.$
,

$\partial^{\beta}=\prod_{n\geq j[succeq] i\geq 1}\partial_{ij}^{\beta_{\mathrm{j}}}$

.
their integer powers where

$\alpha=(\alpha_{ij})\in \mathbb{Z}^{m_{0}}\geq$
’

$|\alpha|=$ $\sum$ $\alpha_{ij}$

$\beta=(\beta_{1j}.)\in \mathbb{Z}^{m_{0}}\geq$
’

$| \beta|=\sum_{n\geq j\geq i\geq 1}^{n\geq j\geq i\geq 1}\beta_{jj}$

and $m=n(n+1)/2$ . The symbols $x$ and aalso express

x=(xり)n $\geq j,i\geq 1\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{C}[V])\subset \mathrm{S}\mathrm{y}\mathrm{m}_{n}(D(V))$ ,

� $=(\partial_{ij})_{n\geq j^{j}\geq 1},\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}(D(V))$ ,

respectively, by consdering $x_{ij}=xjj$ . On the other hand, we also define $\partial^{*}\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}(D(V))$ by

$\partial^{*}=(\partial_{ij}^{*})_{n\geq,j\geq 1}j$ where $\partial_{ij}^{*}:=\{$

$\partial_{\dot{*}j}$ $i=j$,
$\frac{1}{2}\partial_{ij}$ $i\neq j$ .

(8)
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Next we consider the cases of $V:=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C})$ and $V:=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H})$ . Let $x=(x_{\dot{*}j})_{1\leq:,j\leq n}\in \mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C})$

where

$x\text{り}=x_{ij}^{(0)}+\sqrt{-1}x_{jj}^{(1)}\in \mathbb{C}$ and $\overline{x\dot{\iota}j}=xji$ (9)

with $x_{ij}^{(0)},$ $x_{ij}^{(1)}\in \mathbb{R}$ for $1\leq i\leq j\leq n$ in the complex case and let $x=(x_{ij})_{1\leq j\leq n}j_{1}\in \mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H})$ where

$x\text{り}=x_{ij}^{(0)}+x_{ij}^{(1)}:+x_{j}^{\underline{(}2)}j+x_{ij}^{(3)}k\in \mathbb{H}$ and $\overline{Xjj}=x\mathrm{j}i$ (10)

with $x_{ij}^{(0)},$ $x_{ij}^{(1)},$ $x_{ij}^{(2)},$ $x_{ij}^{(3)}\in \mathbb{R}$ for $1\leq i\leq j\leq n$ in the quaternion case. Here $\sqrt{-1}$ is the imaginary unit
in $\mathbb{C}$ and $i,$ $j,$ $k$ are the imaginary units in IHI, i.e., $i^{2}=j^{2}=k^{2}=ijk=-1$ . $\overline{Xjj}$ means the complex and
quaternion conjugate of $Xjj$ , respectively.

In the complex case, by using the upper half triangular entries of $x$ , we denote by

$x=((x_{jj}^{(0)})_{n\geq j\geq i\geq 1}, (x_{jj}^{(1)})_{n\geq j>:\geq 1})$ ,

$\partial=((\partial_{jj}^{(0)})_{n\geq j\geq\dot{*}\geq 1}, (\partial_{ij}^{(1)})_{n\geq j>i\geq 1})$

with $\partial_{ij}^{(k)}=(\frac{\partial}{\partial x_{ij}^{(k)}})$ , the coordinte and the partial differentials on $\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C})$ , and by

$x^{\alpha}= \prod_{n\geq j\geq i\geq 1}(_{X_{\dot{l}j})^{\alpha}}^{0!_{\mathrm{j}}^{\mathrm{o}\rangle}}\cross\prod_{n\geq j>\geq 1}(x_{ij}^{1})^{\alpha}!_{j}^{1)}$
,

$\partial^{\beta}=\prod_{jn\geq j\geq\geq 1}(\partial_{ij}^{(0)!_{j}^{0)}})^{\beta}\cross\prod_{n\geq j>\dot{l}\geq 1}(\partial_{ij}^{(1)})^{\beta}!_{j}^{1)}$

.

their integer powers where
$\alpha=(\alpha_{\dot{l}j}^{(0)}, \alpha_{\dot{\iota}j}^{(1)})\in \mathbb{Z}_{\geq 0}^{m}$, $|\alpha|=$ $\sum$ $\alpha_{jj}^{(0)}+$ $\sum$ $\alpha_{ij}^{(1)}$

$\beta=(\beta_{ij}^{(0)},\beta_{jj}^{(1)})\in \mathbb{Z}^{m}\geq 0$ , $| \beta|=\sum_{jn\geq j\geq\geq 1}^{n\geq j\geq 1\geq 1}.\beta_{ij}^{(0)}+\sum_{n\geq j>i\geq 1}^{n\geq j>\dot{\iota}\geq 1}\beta_{ij}^{(1)}$

with $m=(n(n+1)/2)+(n(n-1)/2)=n^{2}$ . The symbols $x$ and aalso express the Hermitian matrices
on $D(V)$

$x=(x!_{j}^{0)})_{n\geq j,:\geq 1}+\sqrt{-1}(x_{jj}^{(1)})_{n\geq j,i\geq 1}\in \mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C}[V])\subset \mathrm{H}\mathrm{e}\mathrm{r}_{n}(D(V))$ ,

$\partial=(\partial_{ij}^{(0)})_{n\geq j,i\geq 1}+\sqrt{-1}(\partial_{jj}^{(1)})_{n\geq j,i\geq 1}\in \mathrm{H}\mathrm{e}\mathrm{r}_{n}(D(V))$ ,

respectively, by considering $x_{\dot{\iota}j}^{(0)}=x_{jj}^{(0)}$ and $x_{jj}^{(1)}=-x_{ji}^{(1)}$ . On the other hand, we also define $\partial^{*}\in$

$\mathrm{H}\mathrm{e}\mathrm{r}_{n}(D(V))$ by

$\partial^{*}=(\partial_{ij}^{(0)*})_{n\geq i,j\geq 1}+\sqrt{-1}(\partial_{\dot{l}j}^{(1)*})_{n\geq i,j\geq 1}$ where $\partial_{\dot{l}j}^{(k)*}:=\{$

$\partial_{\dot{\iota}j}^{(0)}$ $i=j,$ $k=0$ ,
0 $i=j,$ $k=1$ ,
$\frac{1}{2}\partial_{ij}^{(k)}$ $i\neq j,$ $k=0,1$ .

(11)

In the quaternion case, by using the upper half triangular entries of $x$ , we denote by

$x=((x_{\dot{l}j}^{(0)})_{n\geq j\geq i\geq 1}, (x_{ij}^{(1)})_{n\geq j>i\geq 1},$ $(x_{ij}^{(2)})_{n\geq j>i\geq 1},$ $(x_{\dot{\iota}j}^{(3)})_{n\geq j>:\geq 1},$ $)$ ,

$\partial=((\partial_{\dot{l}j}^{(0)})_{n\geq j\geq i\geq 1}, (\partial_{jj}^{(1)})_{n\geq j>j}\geq 1,$ $(\partial_{ij}^{(2)})_{n\geq j>j}\geq 1,$ $(\partial_{\dot{\iota}j}^{(3)})_{n\geq j>\dot{*}\geq 1},$ $)$

with $\partial_{ij}^{(k)}=(\frac{\partial}{\partial x_{ij}^{(k)}})$ , the coordinte and the partial differentials on $\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H})$ , and by

$x^{\alpha}= \prod_{n\geq j\geq\geq 1}(x_{jj}^{0})^{\alpha_{\mathrm{j}}^{(\mathrm{O})}}\cdot\cross\prod_{k=1,2,3}(_{X_{jj})^{\alpha}}^{k!_{\mathrm{j}}^{k)}}n\geq j>\dot{*}\geq 1$

’

�\beta =n $\prod_{\geq j\geq j\geq 1}(\partial_{\dot{l}\mathrm{j}}^{(0)})^{\beta_{*j}^{(0)}}\cross\prod_{k=1,2,3}(\partial_{j}^{\underline{(}k)})^{\beta!^{k)}}n\geq j>\dot{\iota}\geq 1j$
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their integer powers where

$\alpha=(\alpha_{j}^{(0)}.,$ $\alpha_{ij}^{(1)},$ $\alpha_{jj}^{(2)},$$\alpha_{\dot{\iota}j}^{(3)})|\in \mathbb{Z}_{\geq 0}^{m}$ , $|\alpha|=$ $\sum$ $\alpha_{1j}^{(0)}.+$ $\sum$ $\alpha_{ij}^{(k)}$

$n\geq j\geq i\geq 1$ $n\geq j>i>1$
$k=1,2^{-_{3}}$,

$\beta=(\beta_{jj}^{(0)},$ $\beta_{1j}^{(1)}.,$ $\beta_{jj}^{(2)},$ $\beta_{ij}^{(3)})\in \mathbb{Z}^{m_{0}}\geq$

’
$|\beta|=$ $\sum$ $\beta_{ij}^{(0)}+$ $\sum$ $\beta_{jj}^{(k)}$

$n\geq j\geq i\geq 1$ $n\geq j>:>1$

$k=1,2,3$

with $m=(n(n.+1)/2)+3(n(n-1)/2)=2n^{2}-n$ . The symbols $x$ and Ct also express the Hermitian
matrices on $D(V)\otimes \mathbb{H}$

$x=(x_{ij}^{(0)})_{n\geq j,i\geq 1}+:(x_{ij}^{(1)})_{n\geq j^{j}\geq 1},+j(x_{ij}^{(2)})_{n\geq j,i\geq 1}+k(x_{ij}^{(3)})_{n\geq j,i\geq 1}$

$\in \mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H}[V])\subset \mathrm{H}\mathrm{e}\mathrm{r}_{n}(D(V)\otimes \mathbb{H})$,
$\partial=(\partial_{ij}^{(0)}.)_{n\geq j,i\geq 1}+:(\partial_{ij}^{(1)})_{n\geq j,i\geq 1}+j(\partial_{ij}^{(2)})_{n\geq j,i\geq 1}+k(\partial_{ij}^{(3)})_{n\geq j,i\geq 1}$

$\in \mathrm{H}\mathrm{e}\mathrm{r}_{n}(D(V)\otimes \mathbb{H})$ ,

respectively, by consdering $x_{ij}^{(0)}=x_{ji}^{(0)}$ and $x_{ij}^{(k)}=-x_{j^{j}}^{(k)}$ for $k=1,2,3$ . On the other hand, we also define
$\partial^{*}\in \mathrm{H}\mathrm{e}\mathrm{r}_{n}(D(V)\otimes \mathbb{H})$ by

�*=(\partial |.(j0)*)n $\geq i\dot{o}\geq 1+:(\partial_{ij}^{(1)\mathrm{r}})_{n\geq i,j\geq 1}+j(\partial_{-j}^{(2)\mathrm{r}})_{n\geq ij\geq 1}|+k(\partial_{ij}^{(3)}\backslash \geq i,j\geq 1$(12)

where

� l(.jk)*: $=\{$

$\partial_{1j}^{(0)}$. $i=j,k=0$,
0 $i=j,k=1,2,3$ ,

i $\partial_{\dot{|}j}^{(k}$
ゝ

$i\neq j,$ $k=0,1,2,3$ .

Definition 2.1 (order and homogeneous degree). For vector spaces $V=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R}),$ $\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C})$ and Her
any differential operator $P(x, \partial)\in D(V)$ is expressed as

$P(x, \partial):=\sum_{k\epsilon \mathrm{z}_{\geq 0}}$ \mbox{\boldmath $\alpha$},l\beta \beta \Sigma \epsilon l=zkm\geq 。 $a_{\alpha}\rho x^{\alpha}\partial^{\beta}$ . (13)

We call the order of $P(x, \partial)$ the highest number $k$ in the sum (13). On the other hand, for

$P(x, \partial):=\sum$ $\sum$ $a_{\alpha}\rho x^{\alpha}\partial^{\beta}$ (14)
$k\epsilon \mathrm{Z}\alpha,\beta\in \mathrm{z}_{>0}^{m}$

$|\alpha|-|\beta|-=k$

The differential operator $\sum_{\alpha},\rho\epsilon \mathrm{z}_{>0}^{m}a_{\alpha\beta}x^{\alpha}\partial^{\beta}$ in (14) is called the homogeneous part of $P(x, \partial)$ of degree
$|\alpha|-|\beta|\equiv k$

$k$ . Adifferential operator with only one homogeneous part of degree $k$ is called a homogeneous differential
operator and we say that $k$ is the homogeneous degree.

Example 2.1 (generators of invariant differential operators). Let $V=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ (resp. $V=$

$\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C}),$ $V=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H}))$ . Then we can construct Ginvariant differential operators $\{P_{k}(x, \partial)\}_{k=1},$ . $,n$

on $V$ , which form acomplete set of generaotrs of $\mathrm{G}\mathrm{L}_{n}(\mathbb{R})$-invariant(resp. $\mathrm{G}\mathrm{L}_{n}(\mathbb{C})$ -invariant, $\mathrm{G}\mathrm{L}_{n}(\mathbb{H})-$

invariant) differential operators.

1. Let $h$ and $n$ be positive integers with $1\leq h\leq n$ . Asequence of increasing integers $p=(p_{1}, \ldots, p_{h})\in$

$\mathbb{Z}^{h}$ is called an increasing sequence in $[1, n]$ of length $h$ if it satisfies $1\leq p_{1}<\cdots<p_{h}\leq n$ . We
denote by IncSeq(h, $n$ ) the set of increasing sequences in $[1, n]$ of length $h$ .
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2. For two sequences $p\ovalbox{\tt\small REJECT}(1\mathrm{x}, \ldots \yen p_{h})$ and $q\ovalbox{\tt\small REJECT}(qg_{\rangle}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\rangle q_{h})E$ IncSeq(h, $\ovalbox{\tt\small REJECT}$) and for an $n\ovalbox{\tt\small REJECT} x\ovalbox{\tt\small REJECT} n$ symmetric
matrix $\mathrm{x}\ovalbox{\tt\small REJECT}(\mathrm{z}\ovalbox{\tt\small REJECT}_{\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT})\mathrm{E}\mathrm{S}\mathrm{y}\mathrm{m}.(\mathrm{R})$, (resp. complex Hermitian matrix $\cdot\ovalbox{\tt\small REJECT}(\cdot.(\mathrm{q}\circ).\mathrm{m}_{\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT} \mathrm{s}3^{)})\cdot \mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathrm{C})$,

$1\mathrm{j}$

$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$

$\ovalbox{\tt\small REJECT} 1\mathrm{j}$

quaternion Hermitian matrix $\mathrm{z}\ovalbox{\tt\small REJECT}(x\mathrm{S}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT})+i_{X}!.,$ $+jx!\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT})+k_{\mathrm{J}}\mathrm{S}\cdot\ovalbox{\tt\small REJECT}^{)})\mathrm{E}\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathrm{I}\mathrm{H}\mathrm{I}))$, we define an $hxh$
$7 $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \mathit{9}(l$

$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ $7 $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$

$1\mathrm{j}$

$\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{r}\ovalbox{\tt\small REJECT} \mathrm{x}x(p,q)$ by

$x_{(p,q)}:=(x_{p:\prime qj})_{1\leq i\leq j\leq h}$

(resp. $x(p,q):=(x_{p\dot{.},q\mathrm{j}}^{(0)}+\sqrt{-1}x_{p.,qj}^{(1)})_{1\leq:\leq j\leq h}$ ,
$x_{(p,q)}:=(x_{p.,q\mathrm{j}}^{(0)}.+ix_{p.,qj}^{(1)}.+jx_{P_{1}q\mathrm{j}}^{(2)}.\cdot+kx_{p.,qj}^{(3)})_{1\leq i\leq j\leq h})$.

In the same way, for an $n\cross n$ real symmetric (resp. complex Hermitian, quaternion Hermitian)
matrix $\partial=(\partial_{j})$ (resp. $\partial^{*}=(\partial_{jj}^{(0)*}+\sqrt{-1}\partial_{ij}^{(1)*}),$ $\partial^{*}=(\partial_{jj}^{(0)*}+:\partial_{ij}^{(1)*}+j\partial_{\dot{\iota}j}^{(2)*}+k\partial_{\dot{\iota}j}^{(3)*})$ ) of
differential operators, we define an $h\cross h$ matrix $\partial_{(p,q)}^{*}$ of differential operators by

$\partial_{(p,q)}^{*}:=(\partial_{p:\prime q\mathrm{j}}^{*})_{1\leq i\leq j\leq h}$

(resp. $\partial_{(p,q)}^{*}:=(\partial_{p,qj}^{(0)*}.\cdot+\sqrt{-1}\partial_{p_{i},qj}^{(1)*})_{1\leq\dot{*}\leq j\leq h}$ ,
$\partial_{(p,q)}^{*}:=(\delta_{p,q\mathrm{j}}^{(0)*}.\cdot+i\partial_{p}^{(}\{_{q\mathrm{j}}^{)*},+j\partial_{p,q\acute{p},q_{\mathrm{i}}}^{(2)*(3)*}.\cdot+k.)_{1\leq i\leq j\leq h}\mathrm{j}\cdot)$ .

3. For an integer $h$ with $1\leq h\leq n$ , we define

$P_{h}(x, \partial):=\sum_{p,q\in IncS\mathrm{e}q(h,n)}\det(x_{(p,q)})\det(\partial_{(p,q)}^{*})$
. (15)

4. In particular, $P_{n}(x, \partial)=\det(x)\det(\partial^{*})$ and Euler’s differential operator is given by

$P_{1}(x, \partial)=\sum_{n\geq j\geq\dot{\cdot}\geq 1}$ xり–\partial x\partial .
$\cdot$j

$=\mathrm{t}\mathrm{r}(x\cdot\partial^{*})$ . (16)

These are all homogeneous differential operators of degree 0and invariant under the action of
$\mathrm{G}\mathrm{L}(V)$ , and hence it is also invariant under the action of $G\subset \mathrm{G}\mathrm{L}(V)$ .

5. $\det(x)$ and $\det(\partial^{*})$ are homogeneous differential operators of degree $n$ and-n, respectively. They
are invariant under the action of $G$ , and relatively invariant differential operators under the action
of $\mathrm{G}\mathrm{L}_{n}(\mathbb{R})$ (resp. $\mathrm{G}\mathrm{L}_{n}(\mathbb{C}),$ $\mathrm{G}\mathrm{L}_{n}(\mathbb{H})$ ), with characters $\chi(g):=\det(g\cdot{}^{t}\overline{g})$ and $\chi^{-1}(g):=\det(g\cdot{}^{t}\overline{g})^{-1}$ ,

respectively.

Proposition 21. Let $V=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ (oesp. $V=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C}),$ $V=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H})$ ).

1. Every $\mathrm{G}\mathrm{L}_{n}(\mathbb{R})$ -invariant(resp. $\mathrm{G}\mathrm{L}_{n}(\mathbb{C})$ -invariant, $\mathrm{G}\mathrm{L}_{n}(\mathbb{H})$ -invariant)differential operator on $V$

can be expressed as a polynomial in $P_{i}(x, \partial)(i=1, \ldots, n)$ defined in (15).

2. Every $G$-invariant differential operator on $V$ can be expressed as a polynomial in $P_{}(x, \partial)(i=$

$1,$
$\ldots,$ $n-1),$ $\det(x)$ and $\det(\partial^{*})$ .

Proof. We can give the proof almost in the same way as the proof of H. Maass [4] in the case of symmetric
matrices. See also Nomura [13] and [14]. $\square$

3Complex Powers of the Determinant Functions.

We consider the case of $V:=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ (resp. $V:=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C}),$ $V:=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H})$ ). We denote $P(x):=\det(x)$

and we set $S:=\{x\in V|\det(x)=0\}$ . The subset $V-S$ decomposes into $n1$ $1$ connected components,

$V_{:}:=\{x\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})|\mathrm{s}\mathrm{g}\mathrm{n}(x)=(i, n-i)\}$

(resp. $V_{i}:=$ { $x\in \mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C})|\mathrm{s}\mathrm{g}\mathrm{n}(x)=(2i,$ $2$ (ra-i))} (17)

$V_{i}:=\{x\in \mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H})|\mathrm{s}\mathrm{g}\mathrm{n}(x)=(4i,4(\mathrm{r}\mathrm{a}-\mathrm{i}))\})$
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with $i=0,1,$ $\ldots,$
$n$ . Here, $\mathrm{s}\mathrm{g}\mathrm{n}(x)$ for $x\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ (resp. $\mathrm{s}\mathrm{g}\mathrm{n}(x)$ for $x\in \mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C}),$ $\mathrm{s}\mathrm{g}\mathrm{n}(x)$ for $x\in \mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H})$)

is the signature of the quadratic form $q_{x}(\vec{v}):={}^{t}\vec{v}\cdot x\cdot\overline{\tilde{v}}$ on $\vec{v}\in \mathbb{R}^{n}$ (resp. $\vec{v}\in \mathbb{C}^{n},\vec{v}\in \mathbb{H}^{n}$ ). We define the
complex power function of $P(x)$ by

$|P(x)|_{i}^{s}:=\{$
$|P(x)|^{s}$ if $x\in V_{i}$ ,
0if $x\not\in V_{j}$ . (18)

for acomplex number $s\in \mathbb{C}$ . We consider alinear combination of the hyperfunctions $|P(x)|_{j}^{s}$

$P^{[\tilde{a},s]}(x):=. \sum_{1=0}^{n}aj$ . $|P(x)|_{i}^{s}$ (19)

with $s\in \mathbb{C}$ and $\vec{a}:=(a0, a_{1}, \ldots, a_{n})\in \mathbb{C}^{n+1}$ . Then $P^{[d,s]}(x)$ is ahyperfunction with ameromorphic
parameter $s\in \mathbb{C}$ , and depends on $\tilde{a}\in \mathbb{C}^{n+1}$ linearly.

Definition 3.1 (Laurent expansion coefficients). Let $\tilde{a}\in \mathbb{C}^{n+1}$ and suppose that $P^{[\tilde{a},s]}(x)$ has a
pole of order $p$ at $s=\lambda$ . Then we have the Laurent expansion of $P^{[\delta,s]}(x)$ at $s=\lambda$ ,

$P^{[\delta,s]}(x)= \sum_{w=-p}^{\infty}P_{w}^{[\delta,\lambda]}(x)(s-\lambda)^{w}$ . (20)

We often denote by

$Laurent_{s=\lambda}^{(w)}(P^{[\delta,s]}(x)):=P_{w}^{[\mathrm{a},\lambda]}(x)$ (21)

the $w$-th Laurent expansion coefficient of $P^{[\delta,s]}(x)$ at $s=\lambda$ in (20).

Proposition 3.1. Let $V:=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ (resp. $V:=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C}),$ $V:=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H})$). Then $P^{[\delta,s]}(x)$ is holO-
morphic with respect to $s\in \mathbb{C}$ except for the poles at $s=-(k+1)/2$ (resp. $s=-k,$ $s=-k$) with
$k=1,2,$ $\ldots$ .The possible highest order of the pole of $P^{[\delta,]}’(x)$ at $s=-(k+1)/2$ (resp. $s=-k,$ $s=-k$)
is

$\{$

$\lfloor_{2}^{\underline{k}\pm\underline{1}}\rfloor$ $(k=1,2\ldots., n-1)$ ,
$\lfloor\frac{n}{2}\rfloor$ ( $k=n,$ $n+1\ldots.$ , and $k+n$ is odd),
$\lfloor_{2}^{\underline{n}\pm\underline{1}}\rfloor$ ( $k=n,$ $n+1\ldots.$ , and k-l- $n$ is even). (22)

$(resp$. $\{$

$k$ $(k=1,2\ldots., n-1),$
, $\{$

$n$ $(k=n, n+1\ldots.)$ .
$n\lfloor_{2}^{\underline{k}}4\underline{1}\rfloor$

$(k=2n,2n+1\ldots.)(k=1, 2\ldots., 2n-1).’)$

Proposition 3.2. Let $V:=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ (resp. $V:=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C}),$ $V:=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H})$ ). Let $P(x, \partial)\in D(V)^{G}$ be
a homogeneous differential operator.

1. The homogeneous degree of $P(x, \partial)$ is in $(n\cdot \mathbb{Z})$ . Namely the homogeneous degree is divisible by $n$ .

2. If the homogeneous degree of $P(x, \partial)$ is $nk$ with $k\in \mathbb{Z}$ , then we have

$P(x, \partial)(\det x)^{s}=b_{P}(s)(\det x)^{s+k}$ (23)

where $b_{P}(s)$ is a polynomial in $s\in \mathbb{C}$ and $x\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ is positive definite. We have also

$P(x, \partial)P^{[\delta,s]}(x)=b_{P}(s)\det(x)^{k}P^{[\delta,s]}(x)$

(24)
$=b_{P}(s)\mathrm{s}\mathrm{g}\mathrm{n}(\det(x))^{k}P^{[\delta,s+k]}(x)$

for all $x\in V-S$ .

3. If $k<0$ , then $b^{\underline{-k}}(s-1)|b_{P}(s)$ where $b^{\underline{-k}}(s-1):=b(s-1)b(s-2)\cdots b(s-(-k))$ with $b(s):=$

$\prod_{j}^{n}=1(s+\pm_{2}j1)$ (resp. $b(s):= \prod_{j}^{n}=1(s+i),$ $b(s):= \prod_{j}^{n}=1(s+2i-1)$).
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Definition 3.2 ( $b_{P}$-function). Let $P(x, \ )$ $\mathrm{E}D(\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}^{\ovalbox{\tt\small REJECT}})^{G}$ be ahomogeneous differential operator. We call
$b_{p}(s)$ in (23) the $bp$ -function of $P(x, \mathrm{a})$ . Namely let $P(\ovalbox{\tt\small REJECT} c_{\ovalbox{\tt\small REJECT}}\mathit{8})$ be a $G$-invariant homogeneous differential
operator of homogeneous degree $nk(k\mathrm{E}\mathrm{Z})$ . (Homogeneous degree of $G$-invariant differential operator
is divisible by $\mathrm{r}\mathrm{z}.$ ) Then we have

$P(x, \partial)(\det(x))^{s}=\exists b_{P}(s)(\det(x))^{s+k}$

with $s\in \mathbb{C}$ and $x>0,\mathrm{i}.\mathrm{e}.$ , positive definite. Here $b_{P}(s)$ is apolynomial in C. We call $b_{P}(s)$ the
$b_{P}$ -function of $P(x, \partial)$ .

The $b_{P}$-functions are closely related to the $b$-functions treated in Kashiwara [3] but they have different
properties. Kashiwara proved that the roots of $b$-functions are negative rational numbers. But the roots
of $b_{P}$-functions may take any complex numbers.

Example 31. Let $V:=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ (resp. $V:=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C}),$ $V:=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H})$).

1. For the invariant differential operator of homogeneous degree $kn=0$

$P(x, \partial):=\sum_{p,q\in IncS\mathrm{e}q(h,n)}\det(x_{(p,q)})\det(\partial_{(p,q)}^{*})$

defined by (15), we have

$b_{P}(s)=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}.(s)$ $(s+ \frac{1}{2})\cdots(s+\frac{h-1}{2})$

(resp. $b_{P}(s)=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}.(s)(s+1)\cdots(s\mathrm{f} h-1)$,
$b_{P}(s)=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}.(s)(s+2)\cdots(s+2(h-1)))$

2. For $P(x, \partial)=\det(\partial^{*})$ (homogeneous degree $kn=-n$),

$b_{P}(s)= \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}.(s)(s+\frac{1}{2})\cdots(s+\frac{n-1}{2})$

(resp. $b_{P}(s)=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}.(s)(s+1)\cdots(s+n-1)$ ,
$b_{P}(s)=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}.(s)(s+2)\cdots(s+2(n-1)))$ .

3. For $P(x, \partial)=\det(x)$ (homogeneous degree $kn=n$),

$b_{P}(s)=1$ .

4Main Theorem.

The key theorem of this talk is the following.

Theorem 4.1. Let $V:=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R}),$ $V:=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C})$ or $V:=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H})$ and let $P(x, \partial)\in D(V)^{G}$ be $a$

non-zero homogeneous differential operator with homogeneous degree $kn$ . We suppose that

the degree of $b_{P}(s)=$ the order of $P(x, \partial)$ . (25)

The space of $G$-invariant hyperfunction solutions of the differential equation $P(x, \partial)u(x)=0$ is finite
dimensional. The solutions $u(x)$ are given as finite linear combinations of Laurent expansion coefficients
of $P^{[\vec{a},s]}(x)$ at some finite number of points in $s\in \mathbb{C}$ .

In the following sections, we shall determine the $G$-invariant hyperfunction kernel of $P(x, \partial)\in D(V)^{G}$

in some typical examples.
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5Oerder of poles of complex powers.

From now on, we shall consider only the case of $V=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ . The same arguments are possible for
other cases, $V=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{C})$ and $V=\mathrm{H}\mathrm{e}\mathrm{r}_{n}(\mathbb{H})$ .

The exact order of pole of the hyperfunction

$P^{[\mathrm{a},s]}(x)=. \sum_{1=0}^{n}a_{i}|P(x)|_{j}^{s}$

palys an important role. In order to determine the exact pole of $P^{[\delta,s]}(x)$ at $s=s_{0}$ , the author [11]

introduced the coefficient vectors

$d^{(k)}[s_{0}]:=(d_{0}^{(k)}[s_{0}], d_{1}^{(k)}[s_{0}], \ldots,d_{n-k}^{(k)}[s_{0}])\in((\mathbb{C}^{n+1})^{*})^{n-k+1}$ (26)

with $k=0,1,$ $\ldots,$
$n$ in [11]. The precise statement is given in Definition 5.1. Here, $(\mathbb{C}^{n+1})^{*}$ means the

dual vector space of $\mathbb{C}^{n+1}$ . Each element of $d^{(k)}$ [so] is alinear form on $\tilde{a}\in \mathbb{C}^{n+1}$ depending on $s_{0}\in \mathbb{C}$

$,\mathrm{i}.\mathrm{e}.,\mathrm{a}$ linear map from $\mathbb{C}^{n+1}$ to $\mathbb{C}$ ,

$d_{1}^{(k)}.[s_{0}]$ : $\mathbb{C}^{n+1}\ni\vec{a}\mapsto\langle d_{i}^{(k)}[s_{0}],\vec{a}\rangle\in \mathbb{C}$ . (27)

We denote

( $d^{(k)}[s_{0}],\tilde{a}\rangle=(\langle d_{0}^{(k)}[s_{0}],\vec{a}\rangle, \langle d_{1}^{(k)}[s_{0}],a\gamma, \ldots, \langle d_{n-k}^{(k)}[s_{0}],\tilde{a}\rangle)\in \mathbb{C}^{n-k+1}$ . (28)

Definition 5.1 (Coefficient vectors $d^{(k)}[s_{0}]$ ). Let so be ahalf-integer, i.e., arational number given
by $q/2$ with an integer $q$ . We define the coefficient vectors $d^{(k)}$ [so] $(k=0,1, \ldots, n)$ by induction in the
following way.

1. First, we set

$d^{(0)}[s_{0}]:=(d_{0}^{(0)}[s_{0}], d_{1}^{(0)}[s_{0}], \ldots, d_{n}^{(0)}[s_{0}])$ (29)

such that $\langle d_{i}^{(0)}[s_{0}],\overline{a}\rangle:=a_{i}$ for $i=0,1,$ $\ldots,$
$n$ .

2. Next, we define $d^{(1)}$ [so] and $d^{(2)}$ [so] by

$d^{(1)}[s_{0}]:=(d_{0}^{(1)}[s_{0}], d_{1}^{(1)}[s_{0}], \ldots, d_{n-1}^{(1)}[s_{0}])\in((\mathbb{C}^{n+1})^{*})^{\hslash}$ , (30)

with $d_{j}^{(1)}$ [so] $:=d_{j}^{(0)}[s_{0}]+\epsilon[s\mathrm{o}]d_{j+1}^{(0)}$ [so], and

$d^{(2)}[s_{0}]:=(d_{0}^{(2)}[s_{0}], d_{1}^{(2)}[s_{0}], \ldots, d_{n-2}^{(2)}[s_{0}])\in((\mathbb{C}^{n+1})^{*})^{n-1}$ , (31)

with $d_{j}^{(2)}$ [so] $:=d_{j}^{(0)}[s_{0}]+d_{j+2}^{(0)}[s_{0}]$ . Here,

$\epsilon[s_{0}]:=\{$
1,(if $s_{0}$ is astrict half-integer),
$(-1)^{s_{0}+1}$ , (if $s_{0}$ is an integer).

(32)

Astrict half-integer means arational number given by $q/2$ with an odd integer $q$ .

3. Lastly, by induction on $k$ , we define the coefficient vectors $d^{(k)}[s_{0}]$ for $k=0,1,$ $\ldots,$
$n$ by

$d^{(2l+1)}[s_{0}]:=(d_{0}^{(2l+1)}[s_{0}],d_{1}^{(2l+1)}[s_{0}], \ldots, d_{n-2l-1}^{(2l+1)}[s_{0}])\in((\mathbb{C}^{n+1})^{*})^{n-2l}$ , (33)

with $d_{j}^{(2l+1)}$ [so] $:=d_{j}^{(2l-1)}[s\mathrm{o}]-d_{j+2}^{(2l-1)}[s_{0}],$ and

$d^{(2l)}[s_{0}]:=(d_{0}^{(2l)}[s_{0}], d_{1}^{(2l)}[s_{0}], \ldots,d_{n-2l}^{(2l)}[s_{0}])\in((\mathbb{C}^{n+1})^{*})^{n-2l+1}$ , (34)

with $d_{j}^{(2l)}$ [so] $:=d_{j}^{(2l-2)}[s\mathrm{o}]+d_{j+2}^{(2l-2)}$ [so].

150



By using $d”[s_{0}]\ovalbox{\tt\small REJECT} \mathrm{n}$ Definition 51, the author obtained an algorithm to compute the exact order of
poles of $P^{[\ovalbox{\tt\small REJECT} \mathrm{j}s]}(x)$ in [11]. In this section, we shall characterize the space

$A(\lambda, q):=$ { $\tilde{a}\in \mathbb{C}^{n+1}|P^{[\tilde{a},s]}(x)$ has apole of order $\leq q$ at $s=\lambda$}. (35)

in terms of the coefficient vectors $d^{(k)}[\lambda]$ .

Definition 5.2. We define the vector subspaces $D_{half}^{(l)},$
$D_{\mathrm{e}v\mathrm{e}n}^{(l)}$ and $D_{odd}^{(l)}$ in $\mathbb{C}^{n+1}$ .

1.

$D_{half}^{(l)}:=$ { $\vec{a}\in \mathbb{C}^{n+1}|\langle d^{(2l+2)}[\lambda],\vec{a}\rangle=\mathrm{O}$ for any strict half-integer $\lambda$ }.

Note that $d^{(2l+2)}[\lambda]$ does not depend on the choice of $\lambda$ if it is ahalf-integer.

2.

$D_{odd}^{(l)}:=$ { $\vec{a}\in \mathbb{C}^{n+1}|\langle d^{(2l+1)}[\lambda],\vec{a}\rangle=\mathrm{O}$ for any odd integer $\lambda$ }.

$D_{\mathrm{e}v\mathrm{e}n}^{(l)}:=$ { $\vec{a}\in \mathbb{C}^{n+1}|\langle d^{(2l+1)}[\lambda],\vec{a}\rangle=\mathrm{O}$ for any even integer $\lambda$ }.

Note that $d^{(2l+1)}[\lambda]$ does not depend on the choice of $\lambda$ if it is an odd integer or an even integer,
respectively.

Proposition 51. $D_{half}^{(l)},$
$D_{ev\mathrm{e}n}^{(l)}$ and $D_{odd}^{(l)}$ i $n$

$\mathbb{C}^{n+1}$ have the following properties.

1. We define $\check{a}\#:=((-1)^{n}a0, (-1)^{n-1}a_{1},$
$\ldots,$

$a_{n})\in \mathbb{C}^{n+1}$ for $\vec{a}=(a_{0}, a_{1}, \ldots, a_{n})\in \mathbb{C}^{n+1}$ . Then we
have

$\vec{a}\in D_{odd}^{(l)}\Leftrightarrow\vec{a}^{\#}\in D_{\mathrm{e}v\mathrm{e}n}^{(l)}$

and

$\vec{a}\in D_{hal\int}^{(l)}\Leftrightarrow\vec{a}^{\#}\in D_{half}^{(l)}$ .

2. Let $l$ be an integer $0\leq l<PHO(\lambda)$ . The vector subspace $A(\lambda, l)$ defined by (35) is characterized as

$\vec{a}\in A(\lambda, l)\Leftrightarrow\{$

$\vec{a}\in D_{half}^{(l)}$ if Ais a strict half-integer,
$\vec{a}\in D_{odd}^{(l)}$ if Ais an odd integer,
$\vec{a}\in D_{even}^{(l)}$ if Ais an even integer.

(36)

In addition, we have $A(\lambda, PHO(\lambda))=\mathbb{C}^{n+1}$ . Here, we denote by $PHO(\lambda)$ the possible highest
oyder of $P^{[\tilde{a},s]}(x)$ at $s=\lambda$ . Namely,

$PHO(\lambda)=$

’

$\lfloor_{2}^{\underline{k}1}\pm\rfloor$ $\lambda=$ 一 $\underline{k}\pm\underline{1}2$ $(k=1,2\ldots., n-1)$ ,
$\mathrm{L}\frac{n}{2}\rfloor$

$\lambda=-_{2}^{\underline{k}\pm\underline{1}}$ ( $k=n,$ $n+1\ldots.$ , and $k+n$ is odd),
(37)

$\lfloor^{\underline{n}_{2}\pm}1\rfloor$ $\lambda=-_{2}^{\underline{k}\pm\underline{1}}$ ( $k=n,$ $n+1\ldots.$ , and $k+n$ is even),
$\backslash 0$ otherwise.

Proof. 1. is adirect consequence of the definition. 2. can be proved by the main theorem of the author’s
paper [11]. $\square$

6Examples.

We give three examples in the case of $V=\mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})$ . Some homogeneous differential equations generated
by $\det(x)$ and $\det(\partial^{*})$ are daelt with here.
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6.1 The equations $\det(\partial^{*})\det(x)u(x)=0$ and $\det(x)\det(\partial^{*})u(x)=0$

First we consider two examples of differential equation of homogeneous degree 0. Let us consider the case
of $P(x, \partial)=\det(\partial^{*})\det(x)$ . and $P(x, \partial)=\det(x)\det(\partial^{*})$ . Then the homogeneous degree of $P(x, \partial)$ is 0
and $b_{P}(s)=(s+1)(s+ \frac{3}{2})\cdots(s+\underline{n}_{2}\pm 1)$ and $b_{P}(s)=(s)(s+ \frac{1}{2})\cdots(s+\frac{n-1}{2})$ , respectively.

Proposition 6.1. Consider the differential equation $\det(\partial^{*})\det(x)u(x)=0$ .

1. The $\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ -invariant hyperfunction solution space to the differential equation $\det(\partial^{*})\det(x)u(x)=$

$0$ is generated by

$k=1\cup\{Laurent_{s=_{2}-^{\underline{k}}\pm}^{(j)}1n(P^{[\delta,s]}(x))|j=0,1,$
$\ldots,$

$\lfloor_{2}^{\underline{k}\pm\underline{1}}\rfloor$ and $\vec{a}\in A(-_{2}^{\underline{k}\pm\underline{1}},j)\}$ (38)

Here, $A(-_{2}^{\underline{k}\pm\underline{1}},j)$ is a vector subspace of $\mathbb{C}^{n+1}$ defined by (35). Similarly, the $\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ -invariant
hyperfunction solution space to the differential equation $\det(x)\det(\partial^{*})u(x)=0$ is generated by

$k=1\cup\{Laurent_{s=-\frac{k-1}{2}}^{(j)}(P^{[\delta,s]}(x))n|j=0,1,$
$\ldots,$

$\lfloor\frac{k-1}{2}\rfloor$ and $\vec{a}\in A(-\frac{k-1}{2},j)\}$ (39)

2. In particular, for $k=1,2,$ $\ldots,$
$n$ , n-l 1, $n12$ ,

$\{Laurent_{s=-\frac{k-1}{2}}^{(j)}(P^{[d,s]}(x))|j=0,1,$
$\ldots,$

$\lfloor_{2}^{\underline{k}}\mathrm{A}^{1}\rfloor$ and $\vec{a}\in A(-\frac{k-1}{2},j)\}$ (40)

forrrns an $n+1$-dimensional vector space generated by all the relatively invariant tempered distribu-
tions under the action of $g\in \mathrm{G}\mathrm{L}_{n}(\mathbb{R})$ corresponding to the character $\det(g)^{-k+1}$ .

62The equations $\det(x)u(x)=0$

Let us consider the case of $P(x, \partial)=\det(x)$ . Then the total homogeneous degree of $P(x, \partial)$ is $n$ and
$b_{P}(s)=1$ . We can prove by our algorithm that the $G$-invariant solution space of the differential equation
$\det(x)u(x)=0$ is generated by the $G$-invariant measures on all the singular orbits (i.e., $G$-orbits contained
in $\det(x)=0)$ , and hence, it is $\cup nn_{2}+1$-dimensional ( $=\mathrm{t}\mathrm{h}\mathrm{e}$ number of singular orbits). Here the G-
invariant measure on each singular orbit is arelatively invariant hyperfunction. Namely we have the
following proposition.

Proposition 62. Consider the differential equation $\det(x)u(x)=0$ .

1. The $\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ -invariant hyperfunction soluhon space to the diffeoential equahon $\det(x)u(x)=0$ is
generated by

$k=1\cup n\{Laurent_{s=_{\mathrm{a}^{1}}-[perp]}^{\mathrm{t}\mathrm{L}^{k1}}+_{\underline{k}}\rfloor)(P^{[\delta,s]}(x))|\vec{a}\in \mathbb{C}^{n+1}\}$ (41)

2. In particular, for $k=1,2,$ $\ldots,$
$n$ ,

$\{Laurent_{s=-_{2}^{\underline{k}\pm\underline{1}}}^{\mathrm{t}\lfloor_{2}^{k1}}(P^{[\delta,s]}(x))\mathrm{r}_{\rfloor)}|\vec{a}\in \mathbb{C}^{n+1}\}$ (42)

forms an $(n+1-k)$-dimensional vector space generated by the tempered distributions

$f(x) \mapsto\int f(x)d\nu_{k}^{\dot{|}}$ $(f(x)\in S(V))$

$(j=0,1, \ldots, n+1-k)$ where $d_{1}^{j_{k}}$ is the $\mathrm{S}\mathrm{L}_{n}$ (R)-invariant measuoe on

$s_{k}^{j}:=$ { $x\in \mathrm{S}\mathrm{y}\mathrm{m}_{n}(\mathbb{R})|\mathrm{s}\mathrm{g}\mathrm{n}(x)=(j$ , n-k-j)}
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6.3 The equations $\det(\partial^{*})u(x)=0$

Similar argument is possible for the case of $P(x, \partial)=\det(\partial)$ . operators. In this case, the total hO-
mogeneous degree of $P(x,\partial)$ is $(-n)$ and we see that $b_{P}(s)= \prod_{i=1}^{n}(s+\frac{i-1}{2})$ . The solution space of
$\det(\partial)u(x)=0$ is just the Fourier transform of that of $\det(x)u(x)=0$ , and hence it is $\underline{n}\lrcorner\frac{n+1}{2}$ -dimensional
and generated by relatively invariant hyperfunctions. We can construct them from the complex power of
$\det(x)$

Proposition 6.3. Consider the differential equation $\det(\partial^{*})u(x)=0$ .

1. The $\mathrm{S}\mathrm{L}_{n}(\mathbb{R})$ -invariant hyperfunction solution space to the differential equation $\det(\partial^{*})u(x)=0$ is
generated by

$k=1\cup n\{Laurent_{s=-\frac{n-k}{2}}^{(j)}(P^{[\tilde{a}_{j\prime}s]}((x)))|j=0,1,$
$\ldots,$

$\lfloor\frac{n-k}{2}\rfloor$ and $\tilde{a}_{j}\in D_{*}^{(j)}\}$ (43)

Here, $D_{*}^{(j)}$ i $s$ a vector subspace of $\mathbb{C}^{n+1}$ defined by Definition 5.2. $The*inD_{*}^{(j)}$ i$s$ substituted $half$ ,
even or odd according as Ais a strictly half integer, an even integer or an odd integer, respectively.

2. In particular, for $k=1,2,$ $\ldots,$
$n$ ,

$\{Laurent_{s=-\frac{n-k}{-2}}^{(j)}(P^{[\tilde{a}_{j},s]}((x)))|j=0,1,$
$\ldots,$

$\lfloor\frac{n-k}{2}\rfloor$ and $\tilde{a}_{j}\in D_{*}^{(j)}\}$ (44)

forms an $(n+1-k)$ -dimensional vector space generated by the Fourier transforms of the tempered
distributions in (42).
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