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7. IRRATIONALITY AND TRANSOENDENGE OF OCERTAIN
a NuMBERS..

Hermite’s arithmetical theorems on the exponential func-

tion and their extension by Lindemann are certain of the -

admiration of all generations of mathematicians. ‘I'hus the

task ot once presents itself to penetrate further along the
path here entered, as A, Hurwitz las already done in
two interesting papers,* ‘‘Ueber arithmetische - Eigen-
schaften gewisser transzendenter Funktionen.”” I should
like, therefore, to sketch a class of problems which, in my
opinion, should be attacked as here next in order. That
certain special transcendental functions, important in analy-

sis, take algebraic values for certain algebraic arguments, -
seewns to us particularly remarkable and worthy of thorough -

investigation. Indeed, we expect transcendental functions

. to assuwe, in general, transcendental values for-.even alge-

brajc arguments; and, although it is well known that there
oxist integral transcondentnl functions which even have ra-
tional values for all algebraic arguients, we shall still cou-

‘sider it highly probable that the exponential function e'ne

for example, which evideuntly has algebraic values for all ra-
tional arguments 2z, will on' the other hand always take
transcendental values for irrational algebraic values of the
arguwment z.  We can alro give this statement a geometrical
form, as follows : o

If, in an isosceles triangle, the ratio of the base angle to the

angle at the vertez be algebraio but not rational, the ratio between 7

base and side is always transcendental,

In spite of the simplicity of this sfatement and: of -its.
. sunllariby to the problems soived by Hermite aud Linde--

waun, I cousider the proof of this theorem very diflicult;
a8 also the proof that : R

The expression aP, for an algebraio base a and an irrational al-
gebraio ezponent B, e. g., the number 2Vi or 67 = i~ always rep-

resenis a transcendental or at least an irrational number.

1t is certain that the solution of these and similar problems
must. lead us to entirely new ethods and to a new insight
into the nature of special irrational and transcondental
numbers. .

10 DETERMINATION OF THE SOLVABILITY OF ‘A DIOPHAN-

TINE JEQUATION,

@iven a diophantine equation with any number of un-
known.,quuntfities. and with rational integral numerical

coeflicients : o devise a process according to which it can be flcter-
mined by a finite number of operations .whether.-the_equation is
solvable in rational integers.
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Comparison of Nj and N, for s =1.
The first set of exa.mples is taken from Gebel, Peth6é ‘and Zimmer for the
Mordell equations

y'=2+k
with |k| < 105.
Table 1

k Tk 8o By

108 1] 2.8-10% |1.8-10%

225 21 13-101 | 45-101

1025 | 3 | 5.5-10% | 3.1-10*

2089 [ 4 | 1.1.10% 7.7-10%

-28279 | 5 | 2.1-10112 | 2.0 1042

In Table 2, we take some examples from Bremner, Stroeker and Tzanakis,
where the family of elliptic curves

2 = 28 — 36z — 864k(k — 1)(2k — 1)
was considered.

Table 2 ‘
. BD 'Bq
8.9-10% | 1.3-10%
58-10% [ 1.8.10%
2.4-10% | 5.9.10%
2.1-10% | 2.9.107

~
o

W DN

k
1
3
7

20

Finally we consider some curves of high rank considered by Gebel, Pethd and
Zimmer as well as by Stroeker and Tzanakis

y2=x3+ax+b.

Table 3

a - b r "Bo By
-203472 18487440 5[ 23-1011 | 7.9.10%
-1642032 628747920 6| 1.1-101 | 2.1-10%
-147952 21183760 7127-10% | 1.1-107

-5818216808130 | 5401285759982786436 | 8 | 8.67 - 10?24 | 2.33 - 108
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