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1 Introduction

We are going to show that the solutions to a wide class of stochastic and quantum stochastic
equations can be obtained from a positive (relativistic or non-relativistic) Hamiltonian with
singular interaction as a strong limit of the input flow of quantum particles with asymptot-
ically infinite momentum but a constant velosity. Thus the problem of stochastic approxi-
mation is reduced to a sort of quasiclassical asymptotics of a quantum mechanical boundary
value problem in extra dimension.

There exists a broad literature on the stochastic limit in quantum physics in which quan-
tum stochastics is derived from a nonsingular interaction (see monograph [1], and references
therein). Here we follow a different approach recently outlined in [3]: instead of rescaling the
interaction potentials we treat the singular interaction §-potentials rigorously as the bound-
ary conditions, and obtain the stochastic limit as an ultra-relativistic limit of a Schrodinger
boundary value problem in a Hilbert space of infinite number of particles.
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We start with a short Section 2 fixing some general notations that are used throughout
the paper.

In Section 3, we show how the solutions to linear stochastic differential equations in
Banach spaces driven by a compound Poisson process can be obtained as the interaction
picture representation for the boundary- value problem for shifts in Euclidean simplices.
This class of equations includes the Belavkin quantum filtering equations describing the
aposterior dynamics of a quantum system under continuous non-demolition measurement of
counting type [2].

Since the stochastic equations driven by a Wiener process can be obtained as the limits
of equations driven by compound Poisson process, the results of Section 3 allow the rep-
resentation of the solutions to linear diffusion equations in Banach spaces as the limits of
certain (deterministic) boundary value problems.

After Section 4 that describes shortly the combinatorics of multiple Fock spaces, we
obtain our main results in Sections 5, where we establish a connection between boundary
value problem and general quantum stochastic equations (and, in particular, classical diffu-
sion equations) directly, without a limiting procedure. To this end, we develop a theory of
boundary value problems for shifts in "coloured simplices” as the restrictions of the shifts
in multiple and /or pseudo Fock spaces, and then use the theory developed in [4], where it is
shown that working in multiple pseudo Fock spaces allows for a representation of stochastic
and quantum stochastic evolutions that preserves the number of particles (though changes
their colour), and consequently reduces a study of general quantum stochastic flows to the
study of Poisson driven evolutions in coloured simplices. Using pseudo Fock spaces is a
characteristic feature of our method that distinguishes it from an alternative way of exploit-
ing the connection between boundary value problems and quantum stochastics initiated in
(6], (see also [7] for recent developments in this direction). Unlike [6], we systematycally
consider the evolutions in general Banach spaces (and, in particular, non-unitary boundary
conditions), which are important for applications to general stochatic equations, in particular
those decribing the models of continuous quantum measurements. -

In Section 6 we show how the boundary value problems for shifts can be obtained by a
sort of semiclassical limit A — 0 (which is however quite different from the usual semiclas-
sical limit for stochastic equations [8], [10}, and which generalises the ultra-relativistic limit
of [3]) from evolutions described by general Schrodinger problems with a bounded below
Hamiltonian. '

2 | Main notations

(i) Generalities. By H (respectively by B) we shall always denote a Hilbert (respectively a
Banach) space with the norm || || (respectively || ||). In applications, B will be the Banach
algebra of bounded linear operators L(H) in H. For a function ¢ on R we shall denote by
¢(2z_) (respectively ¢(z.)) the left (respectively the right) limit of #(t) as t — z (when it
exists, of course). For a subset M C R™ we shall denote by xa(z) the indicator function of
M that equals 1 or 0 respectively when z € M or z € R*\ M. We denote by Cp(M) (resp.
CZ™(M)) the space of continuous functions M +> B vanishing at infinity (respectively with
a compact support) equipped with the usual sup-norm ||| = sup, ||¢(2)||s-
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(i1) Simplicies. We shall denote by ¥, the infinite simplex:
Yo={2=(21,..,20) ER": 21 <23 <...< 2z},

equipped with Lebesgue measure. Clearly this simplex can be decomposed into the union of
n+ 1 cells $k:
W={2€%,: 2z >0}
YE={z€e%,: % <0<z}, k=1,.,n-1, (1)
Y"n={z€X%,: 2z,<0}.
In particular, ¥; = R, 2 =R, L} = R_.

Vectors z € ¥, are usually identified with the subsets ¢ = ((z) = {21, ..., 2.} C R of the
real line of cardinality || = n. The representation of the points of ¥, by the subsets of R
(respectively by n-dimensional vectors with ordered coordinates) is more natural for defining
stochastic processes (respectively, boundary value problems) we are dealing with.

(iii) Banach valued LP-spaces. For a number p > 1, we denote by L (n) = L} (X,) the
Banach space of functions v: £, — B (more precisely, equivalence classes of such functions)
with the norm

il = ([ v dz)”

In particular, L%(n) is the Hilbert tensor product H ® L%(X,). By L(XF) we denote the
corresponding space of functions on the cells (1). We shall also consider the locally convex
topological spaces L’g‘“(n) of measurable functions ¢ : ¥, — H with the countable set
of norms ||¢||y (N is a natural number) defined as above but with the integration over
Y, N{z : |z < N}. The notation L% (respectively L%"°) is reserved for the space L%(R)
(respectively L%P¢(R)).

(iv) Shifts and differentiation operators in Ly(n). By T,(t) = Ty, 5(t) we shall denote
the shift in L% (n) which takes a function ¢ € L (n) to the function (T,,(t)¢)(z1, ..., 2n) =
©(21+t, ..., z,+t). This is a continuous group, whose generator (that acts on smooth functions
as differentiation along the vector (1,1,...,1)) we shall denote by 0, = 0,, + ... + 0,,. In
particular, the operator i0 is self-adjoint in L% (n). We shall write shortly 7'(¢) for T (t).

(v) Dressing and jumps. Let —iE be a generator of a continuous group exp{—itE} in
B, and let A be an operator in L%(n). For a real-valued continuous function f(z) on X, we
define an operator in L% (n) by the formula

Apjyp(z) = €O AT BB (2). (2)

Clearly, if E is a self-adjoint operator in H, and if A is self-adjoint in L%(n), then Agy(,) is
also self-adjoint in L% (n).

For a function A : ¥, — L£(B) and a Borel subset s C ¥,, we define a bounded operator
A¢ in LB(n) by the formula

(4°0)(2) = xs(2) A(2)p(2) + (1 = xs(2))9(2) (3)

(more correct, but more heavy notation for A* would be of course AX¢). Clearly, the operator
A* remains the same if s is changed on a set of Lebesgue measure zero. Clearly T(¢)A° =
AT (t) and (A%)gf(;) = (AEf(z))®, which implies, in particular, that the notation Ag ) is
not ambiguous.
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3 Stochastic equations driven by a Poisson noise as
boundary value problems

Let 0 = {01,...,0,} be an arbitrary (ordered) family of operators from £(B) and let —iF
be a generator of a continuous group of linear operators in B. For a given z € £0, let us
consider the linear multiple kick equation
n
dn+iEndt =) (0; - 1)ndx(;e0p MEB, t20. (4)
Jj=1
As in the case of stochastic equations, this equation should be understood rigorously as the
corresponding integral equation, where for any function f(¢) having everywhere right and
left limits the integral with respect to dx(;,c0)(t) is defined by the formula

[smaxeem = {3,557, 5)

If z € 0 is a random variable on a probability space 2, one can rewrite equation (4) as the
stochastic equation

dn+iEndt = (on, —1)ndn,, n€ B, t2>0, (6)

driven by the counting process n;(¢) = n:(¢(2)) = |¢ N[0, ?)].

Clearly 7(t) satisfying (4) evolves according to the free equation %’} = —iEn between the
jump-times 2, and at the times ¢ = z, the wave function experiences the jump 7 — o(z)7.
This proves the following

Proposition 1 For any z € £, the operator V(t, z), which gives the solution V(t,z)n, to
the Cauchy problem for equation (4) with the initial function 1o, belongs to L(B) and has
the following explicit form: for zx <t < 2g41

V(t,z) = exp{—iE(t — ) }or exp{—iE(2x — 2k-1) }0k-1...01 exp{—iE2z; }. (7)
If B is a Hilbert space H and if all 0; are unitary, then V (¢, z) is also a unitary operator.

We are going to give a representation for this operator in terms of the boundary value
problem for shifts in L% (n), more precisely, in terms of the solutions to the equation

i0ip = (i0; + E)p = (i(0s + 0, + ... + 02,) + E)p, ¢ € Li(n), (8)
combined with the boundary conditions
D21, ooy Zk15 0y Zkt1y -ovy Zn) = OkP(21, ooy Zk—1, 04y 241, ....,zn), k=1,..,n. (9)

Let D, = D,, . ,.(p, B) denote the dense subspace of functions ¢ € Lz(n) with the
properties:

(i) for each k = 0, ..., n the restriction |5« has a continuous version such that on all lines
parallel to the vector (1,...,1) this restiction is absolutely continuous and 8,¢|sx € Liz(n).

(ii) the boundary conditions (9) are satisfied.

The differentiation operator 07 = 07! + ... + 97 acts on D), in the obvious way. The
following result is obtained by inspection.
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Proposition 2 For an arbitrary p > 1, the operators T°(t) defined by the formulas

To(t) = olmel-t0  glnel=tOby 4y — T (1)gleneloth | g laelotl) (10)

form a continuous semigroup of operators in Li(n), whose generator is the closure of the
operator 07 = 07 + ... + 07~ defined initially on D,. The space D, is invariant under the
action of the semigroup. ‘

The semigroup 77 gives the solution to the Cauchy problem of equation (8), (9) for
vanishing E. To include a non-trivial E, let us introduce the domain

DE =D,n{yp: Ep € L (n)},
which is clearly dense in L% (n) for any p. The operator
0] —iE=07'+...+0;" —iFE (11)

acts on DE in the obvious way. By usual abuse of notations, we shall denote by the same
symbol 87 — ¢F the closure of this operator. The following statement is again proved by
inspection.

Proposition 3 (i) The operator (11) generates a continuous semigroup

Ue(t) = (olneltiy g (o0 o exp{—i Bt} T (1), (12)

n"

(where we used notations (2), (3)) which solves the Cauchy problem for equations (8), (9).

Moreover, ' :
(Tu(£) UG (t) = e B (o €0 g, (o110 g, (13)

(ii) The operators (12) are invertible for all t > 0 if and only if all o, k = 1,...,n,
are invertible. Operators (11) with invertible oy are similar. More precisely, if oy has a
continuous inverse a,c_l, k=1,..,n, then

Ug(t) = (08N s (01D iy

X exp{—iEt}Tn(t) ((a§21<"})Ezl)’1 ((o,{;n<°})Ez")‘1 : (14)

(ii) If B is a Hilbert space H and all o are unitary, the operator i07 + E is self-adjoint
(iv) All statements of the Proposition remain valid in the spaces LB ().
Comparing formulas (7) and (13) yields the following result.
Theorem 1 Solution (7) to the Cauchy problem of equation (4) can be written in the form
V(t,2)m = (Ta() "' UE(R)9) (), (15)

where p(z) = no for z € L and vanishes otherwise.
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Remark. The function ¢(z) which equals to a constant vector 7o for all positive z does
not belong to L%, but only to L%, which was the main reason for introducing these spaces.

In physical language, one interpretes formula (15) by saying that the stochastic evolution
V(t, z) gives the solutions of equation (8), (9) in the interaction representation with respect to
the ”free” shift T, (). Notice that stochastic linear equations driven by a compound Poisson
noise, in particular the quantum filtering equations describing the aposterior dynamics of
quantum states under continuous observations of counting type, can be reduced to equation
of type (4) or (6) pathwise, because a Poisson process has almost surely a finite number of
jumps on each bounded time interval. Therefore, the solutions to these stochastic equations
can be obtained as the interaction representation of the solutions of problem (8), (9) with
respect to the ”"free” shift 7,,. Theorem 4 at the end of the paper shows that the model
(8), (9) in its turn can be obtained as a semiclassical limit of Schrédinger evolutions with a
bounded below Hamiltonian.

4 Combinatorics of the multiple Fock space

This is an auxiliary section describing the combinatorics of secondly quantised operators in
multiple Fock spaces in a way that is convenient for our purposes.
By a coloured simplex of n particle having m colours we understand the set

Csn,m = Uni+...+nm=n2n1 X o X Xp

where the (disjoint) union is taken over all partitions of the integer number 7 in the sum of
m non-negative numbers (the order is relevant), and where it is assumed that the product is
over all non-vanishing n;. The points of C'S,, , can be parametrised either by ordered chains

of labeled variables
2= {2} = {20 < .. < 2™}, (16)

with « being functions a: {1,...,n} — {1,...,m} (that label the variables in a standard
simplex ¥,), or by the families of m vector variables

¢(={¢= (zll,...,z,lu), e M= (21 2 )} (17)

where the entries of each ¢ are ordered: 2] < ... < 2}, (each ¢7 can be thus considered either
as a vector in T, or as a subset of R of cardinality [¢(’| = n;), and where the subsets ¢’ are
disjoint.

There is a natural projection from CS, ,, to the standard (uncoloured) simplex X, which
simply ”forgets” the colour. We shall denote by pr(z) (or pr(¢)) the image of the point (16)
(or (17)) under this projection.

Let I™ = C&™(R). Choosing a basis {e;}, j = 1,...,m, in C™ allows one to present any
function f € I™ as the sum f = ¥ f;e; with all f; € I'. As usual, the tensor product (C™)®"
is defined as a mn-dimensional vector space with the basis ea(1) ® ... ® €q(n) parametrised by
functions a: {1,...,n} — {1,...,m}. The (algebraic) symmetric tensor product I} = (I"™)5,
can be defined as the space of functions T, — (C™)®" generated by the monomials

fl(zl)...fn(zn)ea(l) ® ... ® €q(n), fj e . (18)
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It is convenient to get rid of tensors by transfering the index from the basis to the variables
and to encode the element (18) by the function Fz2M)... fa(22™) of n ordered labelled

variables. Thus the symmetric tensor product I} = (I™)&" is represented as a space of

functions of variables (16), or, in other words, as a space of functions on the coloured
simplex C'Sy, . We shall call this representation the functional representation for the tensor
product /™. Similarly, the space H ® I can be identified with a space of H-valued functions
on CSy m. Let

S={S(k)} = {(Su)k): ke{l,mn), mye{l,...m}}, (19)

be a family of m x m-matrices with entries from L£(#). Clearly, each matrix S(k) defines an
operator in H ® I™ that takes the function f(z) =Y f;j(2)e; to the function

(S(k)f)(2) = 3_ Suu(k)fu(2)en.

The tensor product S(n) ® ... ® S(1) is defined as the operator in H ® I that takes the
element (18) to

Z S n,a(n)(n)...Sm,a(l)(l)f.l(zl)...fn(zn)e#1 ®..0e,,. (20)

H1s-coslin

Clearly, each monomial in the sum (20) has the form

S;Ln,a(n) (n)...SMl,a(l)(l)fl (z{“)...fn(zﬁ"),

in the functional representation. Since the monomials (18) form the basis for the space [,
we obtain the following functional representation for the operator S(n) ® ... ® S(1):

Proposition 4

(S(n) ® ... ® S )22, .., 22™) = 3 T1 Samyse (k) F (220, .., 28m), (21)
8 k

where the sum is taken over all functions B:{1,..,n} — {1,..,m}, and [] is the ordered
product, where the indez k decreases from the left to the right.

The infinite (algebraic) direct sum @S2 7" is called the (algebraic) symmetric Fock space
over ™, the space I™ being the n-particle subspace. In particular, if S(j) = S does not
depend on j, then S®" is the restriction on the n-particle subspace of the second quantization

of the operator S.

5 General stochastic evolutions as boundary value
problems. |

In this section, we shall study the boundary value problem in coloured simplices, when jumps
may not only change the value of a function in a point, but also a colour of this point. Using
the combinatorics of multiple Fock spaces from the previous section yields the key conclusion
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that the interaction representation for the evolutions given by the boundary value problems
for shifts in coloured simplices is given by the solutions to the pure jump stochastic equations
in multiple pseudo Fock spaces. This will be the key ingredient needed for the representation
of general quantum stochastic evolutions as boundary value problems for shifts in pseudo
Fock spaces.

First we describe cetain topologies on algebraic Fock spaces from the previous section
that are parametrised by m-tuples p = {p; < ... < pn,} of positive numbers, where p; > 1
and p,, is allowed to be +00. To be concrete, we suppose that p; < ... < pp_1 < pm = 00
(see [5] for the case pn, # 00). Let us define a norm on the space H ® I™ considered in the
functional representation (see previous section), i.e. as a space of functions ¢: C'S, ,, — H:

1/p1

lells =32 (/2 ( (rggf (¢ ---,C"‘)I)pm—l ---)m/pz dC‘) : (22)

where ) is taken over all partition n = n; + ... + n,, of n. We shall denote by L% (CS, )
the completion of the space H ® I with respect to the norm (22). By L%'°°(CS,..) we
shall denote the corresponding locally convex space defined by the countable set of norms
parametrised by the positive integers N and defined by (22) with all integrations performed
not over the whole infinite simplices but over their intersections with the balls of radius N

We shall use the same notation T,(t) = T, , g (t) as before for the shift in LY, (CS,,,,) or
L%°°(C'Sp,m) that shifts all variables independently of their colours. The spaces L2, (C'Sy.m)
can be considered as n-particle subspaces in the (multiple) Fock space

Fp=H® Ly (CS1m) ® Ly (CSom) ® ..., (23)

which is a Banach version of the algebraic Fock space H ® (352, !m) considered in the
previous section. In particular, the shifts 779~ (¢) can be considered as the restrictions
(to the n-particle subspaces) of the corresponding shifts in the Fock space FF,.

Consider now the family of operators (19) under additional assumption that all S(k) are
block upper triangular (i.e. S, , is allowed not to vanish only if either (i) x < v or (ii) p > v
but p, = p,). Then these operators define a family o of linear operators o in the space
H ® I that act by the formula

(k) (22, .., 22())

m
k— k
= 3 Sau(k)p(fD, . 228D L2 D paty, (24)
)

v=a(k

These operators may not be continuous in the spaces L%(CSy,,). However, since the
matrices S(k) are triangular and since for any p; < pa, the standard LP* norm of any function
on a compact set can be estimated by its L”? norm, the following statement holds.

Proposition 5 The operdtors ok are continuous in LB°(CSym) for all p.

Generalising the boundary value problem (8), (9), we are going to consider the equation
(8) in L% (CSnm) combined with the boundary conditions

(220, ., 226N o) petrl) | zam)
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= (k) (28D, ..., 20D 030 ok l) | ey g =1,..,n. (25)

To deal with this problem in the same way as with the problem (8), (9), let us decompose
the coloured simplex CS, m into the union of n+ 1 cells CS¥ . using the decomposition (1)
of the underlying uncoloured simplex ¥,,:

CS,’:,m ={2€CSpm:pr(z) € >kl k=0,..,n,

and then define the subspaces Ds = Dgs(p, H) (respectively D¥°) of functions ¢(z) from
L2(CSpm) (respectively from L%(CSy,m)) with the properties:
(i) for each k =0, ...,n and each particion n = n; + ... + n,, the restriction of ¢ on

CS,’i,m NEp, X oo X By

has a continuous version such that it is absolutely continuous on all lines parallel to the
vector (1,1,...,1) and such that (8,¢)(z) = ((3,, + ... + 0..)¥)(2) belongs to LY (CSpm)
(respectively L2(CSp.m)), :

(iii) the boundary conditions (25) are satisfied.

Let us use the same notation 8 for the closures of the operator 9, defined on the domains
Dg or D'¢¢. We introduced the notations for coloured simplices in such a way that the main
formulas of the previous section still make sense in this new framework. It remains only
to assume that the use of the operator-valued functions of the variables z without a colour
means that the colour is preserved. For example, the action of the operator exp{—iEz,},
say, is given by the formula

(exp{—iEzj}go)({zla(l) <..o< 22y = exp{-—iEz;-’(j)}w({zf(l) << 22MY),

At last, we can define the operator 105 + E quite similarly to the case without colours.
Moreover, due to Proposition 5, we get the following

Proposition 6 Propositions 2 and 3 remain valid for spaces LB(C Sy ) for all p under
an additional assumption that all elements Spm(j) are identical operators in L(H).

Remark. The last assumption was necessary, because jumps destroy the continuity of
a function (and one can not use L* spaces, because shifts are not continuous there). The
assumption Sy (j) = 1 ensures that there will be no discontinuity in the variables ™.

Comparing formula (21) with the formula for the boundary value problem for shifts
described in Proposition 6 (see, in particular, (10) with o, defined in (24)) and by straight-
forward generalisation of Proposition 1 one obtains the following result, which connects shifts
in coloured simplices with pure jump stochastic equations and with secondly quantised op-
erators in multiple (Banach) Fock spaces. :

Theorem 2 Let us introduce a time dependent version of the operator (21) which acts only
"till the time t”, i.e. the operator

(520) (220 . 220) = (S(K()) ® ... ® S(1)) (22, .., 25, (26)
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where k(t) is the largest k such that pr(z), <t. Then

(Tn())2T70 (1)) (25, ..., 22 = (S8) (271, ..., 220). (27)

n

Moreover, the r.h.s. of (27) gives the solution to the Cauchy problem for a ”coloured” version
of the multiple-kick equation (4) with E =0, i.e. to the equation

n

d‘P + iE(P dt = Z(Gj - l)Lde(p”'(Z)]‘,OO)’ pe L}gloc(csn,m)- (28)
j=1

with vanishing E.

As in the previous section, equation (28) can be written as a stochastic equation, if the
times pr(¢) of jumps are random variables. In fact, in terms of the counting process n;, =
lpr(¢) N [0,t)| equation (28) takes the form

do +iEpdt = (0n, — Dpdn,, ¢ € LB*(CSnm). (29)

In particular, since the number of jumps of a Poisson process is almost surely finite on each
finite interval of time, one can consider the process n; in (29) to be a standard Poisson
process.

Theorem 2 expresses the solutions to pure jump stochastic equations in multiple Fock
spaces in terms of the boundary value problems for shifts. As was proven in [4], the general
stochastic and even quantum stochastic linear equations can be obtained as the epimorphic
projection of such pure jump stochastic equations. Let us recall now how this projection is
‘constructed. To this end, one uses the Fock space (23) with py = 1, p, = ... = pp1 = 2,
Pm = 00 constructed over the one-particle Banach space

L% (CS1m) = LY (R) ® L4(R) @ ... ® L*(R) ® Cx(R). (30)

To work in this space, it is convenient to index the variables ¢ as ¢=,¢% ¢* which are
connected with our general notations ¢’ by the formulas: (- = (%, ¢° = (¢%,...,¢%™ 1)
with (% = (9!, and ¢* = (™. The formula

(= PN 60D = [ 6)m() + X (10 Dm() + (67 (=)

=1

defines a pseudo scalar product in space (30), which is then naturally lifted to the whole Fock
space F%. Then one defines the linear (pseudo) isometry operator J : H® F? — H ® F'**
and its (psedo) adjoint by the formulas

(TN =8I, Q) = [w(¢ 60, (D)

where 8p({~) is the indicator function of the vacuum (i.e. it equals one if (~ is empty and
vanishes otherwise), and 1(¢*) is the constant function which equals one for all (*. The
integral over (~ means the sum of the integrals over all finite dimensional simplices 3,.
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Consider now the family of matrices (19) (which, for simplicitly, will be supposed not to
depend explicitly on k) with the structure ‘

1 S5 S%
Sky=]0 S% 9. (32)
0 0 1

It turns out (see [4]) that the operator J*SPJ solves the linear quantum stochastic equation
dn+ Sindt = SyndA*(t) + SindA™ + SindA, (33)

where A% = A¥™ with j =1,...,m—1 are the creation and annigilation quantum martingales
respectively and A is the gauge process. '
Therefore, the following result holds.

Theorem 3 The solution operator for equation (33) is given by the formula J*SPJ with J,
J* defined in (31) and S; defined by (32), (26),(27).

Thus the solution to a general quantum stochastic equation is expressed in terms of the
boundary value problem in a coloured (pseudo) Fock space. Due to a well known result from
[9], any Lévy process can be represented in a Fock space and thus any stochastic equation
driven by such a process can be written in the form of a quantum stochastic equation given
above.

6 Stochastic dynamics as semi-classical limit

The aim of this section is to show that the evolutions defined by the boundary value prob-
lems for shifts can be obtained as a sort of semiclassical limit of the evolutions defined by
a boundary value problem for rather general Schrédinger equations. This completes the
description of stochastic evolutions as certain limits of boundary value problems for the
standard (deterministic) quantum mechanical equations with physical (real and bounded
below) Hamiltonians. ’

We first recall some notations related to pseudo-differential operators (¥ DO) with operator-
valued symbols.

Recall first that if v is a measurable function on R with values in linear operators in H,
the pseudo-differential operator (¥ DO) v(—19,) in L%, acts as

+o0o .
((=i0)e)(2) = [ ek (k) dk (34
on the functions ¢ given by their Fourier transforms as

o(z) = / ;“ei'cz f(k)dk, feLb. (35)

The domain of the operator y(—i0) consists of the functions ¢ of form (35) with f from
the domain of the operator of multiplication by (k). The function v = y(p) is called the
symbol of the ¥ DO ~(—id,). Choosing a positive parameter h, we denote

¥ = 4(h) = k™ y(—ih0s).
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Let €(p) be an even function on R with values in a set of commuting non-negative self-
adjoint operators in H defined on the same dense domain D C H. Suppose also that ¢'(p)
exist as selfadjoint operators on D for all p # 0, and for arbitary £ > 0 and v € D

l[e(€ + p) — e(€) — pe' ()]l = O(Ipl) (36)

uniformly for p from an arbitrary compact interval. Next, let us fix a unitary operator o in
H. The operators € and o describe respectively the free continuous evolution and the jumps
of a quantum system.

For an arbitrary selfadjoint operator E in H, which is defined on D and commutes with
all £(p), and an arbitrary positive number &, we define the operators wf, = wf (h) in L
by the formula

1 . .
wE¢(h) = Eei’(E““f/h)z(a(—hiaz) — g(€))eFiE+E/P)z, (37)

The operators wag(h) are WDO with symbols (e(h(p F E) F&) —€(£))/h. Moreover, wi (h)
are selfadjoint and generate the unitary evolutions

(exp{-itwF(W}¢)(2) = [

—00

" o exp{—itle(h(p F E) F€) — c(©)/h}f (k) dk  (39)

for ¢ given by (35).

Theorem 4 [5] For any £ > 0, and T > 0 the evolutions (38) converge strongly to the
evolutions exp{—ite'(€)(E £ 10,)} as h — 0 uniformly for t € [0,T).

Thus the Dirac type evolution with the unbounded generator 0, is obtained as a limit
as h — 0 of a rather general Schrédinger evolution with bounded below Hamiltonians. As
an example of ¢(p) satisfying the assumptions of the theorem one can take the symbols
VP2 + m? or p?/2m of the standard relativistic or non-relativistic Schrodinger operators.
We deduced this limit only for the case of a single-kick equation. The generalisations to a
multi-dimensional case are straightforward.

Concluding remark. The paper is based on a lecture delivered on a conference in RIMS
Kyoto, November 2000. An extended version of this paper will be published elsewhere (see

[5])-
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