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Some inequalities between invariants of blocks

BB TRY-IT HMHESE (Tomoyuki Wada)
Tokyo University of Agriculture and Technology

Z i Jena K¥ (Germany) @ Burkhard Kiilshammer ¥ OHFERFEOMETT.

1 Introduction

p ZEEL L, B #HBREED G @ pblock TZD Cartan 1751% C = (¢;) £T5. ¥
Jz k = k(B) % B O@EFWEHIEIEDMER, | = I(B) %) Braver 1520 L 35, 1] T
J. Brandt IZRMEEDLDZ LB ER L.

I(B)
(*)  kB)<1-UB)+ Z_: Cis-

[12) TEEHIZRDBE DD L B REZR L.

i(B) I(B)-1

(%) k(B) < Z:Cii — ; Ciit1-

p(B) % C O Perron-Frobenius BEHEL T2 & &, EHX [12] T, H2HED p-ulfRHET
&, k(B) < p(B) DD ILDI L &R L. D % B D defect group & 3 &, p-TJfiREE
Tl p(B) < |D| BERDLDDT, U k(B) < p(B) WS RERD pAlBEETHRD D
251X, Brauer @ k(B)-F38 k(B) < |D| 1 p-ulf@BEDL EICEZX B2 LichkB. =L
12] Tl (x+) DS EH k(B) < p(B) ¥ T LOTERNMBADTE S X AB ok, 20K
Kiilshammer DEHFIC L D, (xx) DFEBADHIZIX A BID positive definite quadratic form
DEDLN TN, flidD weakly positive 72 integral form 75 Z D & S BFREXDE L XA
Boha ook, ZOHTIEEBWAERDH D (xx) TREZXIRDPoED, ZhE
5 & k(B) <p(B) BEXBBEDDH o=

2 Integral quadratic forms
Definition 1 integral quadratic form L IXfREDBETH % 2 7R

9=q(X1, -, X)) = Y @i XiX;

1<i<5<l
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Dz LT 2. q b weakly positive ¥ g(z) > 0 for all 2 € Z! with z > 0 DL
EFNWS. 22T < 7' LOXEFT (z1,-..,71) < (h,-.-,0) 2 zi < y; for all
1= 1,...,1 o):ttj—% it (2:1,...,.’131) S (yl,...,yl) b’? (121,...,.’31) # (’yl,...,yl)
DLE (T1,...,%1) < W1,-..,0) EBL.0£2€Z TR LT g(2) >0DLF g % positive
definite L\ . TDL EWHED 3LD.

Theorem A. Let p be a prime number, and let B be a p-block of a finite group G with

Cartan matriz C = (¢;;). Moreover, let q = Z :; X X; be a weakly positive integral
1<i<5<(B)
quadratic form. Then

kB)< Y @G
1<i<j<i(B)
In particular, if q is a positive definite integral quadratic form then the inequality above
holds for the Cartan matriz with respect to an arbitrary basic set.

Proof. r=1,...,k(B) XU d, = (dn,-...,dns)) % B D decomposition 175D = (d;)
DB riTL TS 75

k(B) k(B)
Y e =Y Y @ijdridr; = S a(dy) > k(B),
1<i<j<I(B) 1<i<j<i(B) =1 —

K D REXDRALT 5.

F7- B DIERED basic set S iICxL €, D’ % B®D S IZx¥ % Cartan 175 & decom-
position T T 3. T3 & C' = DTD' X b g B positive definite 251X D' DIERD d,
WX LT g(d) > 0 DB Y L.

3 Positive definite integral quadratic forms

EE/2 positive definite integral quadratic form (MU TFZh#% pdiqf BT 2) O
#lix Dynkin KPS % 3. A 2D Dynkin KERS,

-1

1
g=Y X&-) XiXin
=1 =1

¥W5 quadratic form ¢ 8 5h, Theorem A &b (#+) BREZZh» 58505, [
12 LT indecomposable Dynkin diagram #* 5 RDAEADH/ONS. 728 integral
form 29 %728 B,F,G IV LEFELTN3.
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-1 -2
k(B) <) ci+2ca—Y iy — 261y

i=1 =1

I 4 -1
k(B)<Y ci—Y ci— cign
=1 =2 i=a

6 4
k(B) < Zcii - Zci,i+1 — C36
i=1 i=1
7 5
k(B) <Y ci— Y ciiy1— Car
=1

=1

8 6
k(B) < Zcii — Zci,i+l — Csg
=1 i=1

k(B) < c11+ o + 2c33 + 2¢44 — €12 — 2093 — 2¢34
k(B) S 1 + 3022 - 3612.

ZZTI1=1UDB) i BIZEZEN BB Brauer character DE%%Z 3% 9. I(B) = 2 ® block
B IZDOWT 3DDOREADPB/OND Y, ThEHBELTHS.

(A2) Ek(B)<ciitep—cp
(B2) Kk(B) <11+ 202 — 219
(Gz) k(B) S Ci1 + 3022 it 3612.

(Az) ‘j: Ci2 < Cp2 @t%%ﬁ?, (Gz) ‘i Ci2 > Cx2 @t%ﬁ:ﬁgﬁfb% L’J’L‘Blip: 2 —C'j‘j‘
FRBE Sy & SsD & SERICET 3.

Example 1.

S42

Ss:

4 2
k(B)=5=4+3—
6'(23),(),5 +3-2

C

|

8 4
k(B) = 5= .3-3.4.
(43), (B)=5=8+3-3-3-4
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4 Sharpness

Definition 2. pdiqf ¢ MU k(B)= Y e PEDILDLE, pblock B %

1<i<G<UB)
gsharp & X BEZ LT 5.

Example 1 iZDWTIZRD L S 2BRBTES. G,B,C = (¢;) ZHREE, p-block, Z
® Cartan 75 U, G, B,C = (&;) ZBIDHEREE, ZD pblock, ZD Cartan {757 5.
%L 7T V € Mat(l,Z) % unimodular Rf7HL L, C = VICV %ALTETS. (Thid
$ziE B & B M Rickard equivalent 3 %W\ id—H&IC, perfectly isometric 72 5B D 3D
(see [2). ¥ g= Y @ XiX; % pdigf LU, Q ZMET2HMIMTILT S

1< .
(e. g(z) = 2QzT forz € Z'). TDLEQ:=VIQV )T LBE G % Q ITHIET 3
(positive definite) i.qf. §= Y §iXiX; £ T3 (ie §(2) = 2QzT for z€ Z'). T3&

1<i<j<i

QC=v-1QCcv &b

Y Gey = w(@C) = w(QC) = Y

1<i<j<I(B) 1<i<j<i(B)

THd. O LhroRE2/5.

Proposition B. Suppose B and B are Rickard equivalent. Then B is g-sharp if and only
if B is g-sharp.

Remark 1. Example 1 TIZFEK

B 1 -1/2 - 1 -3/2 ] B 1 0
Q—(—1/2 1 ) Q‘(—3/2 3 ) T*’D’V‘(—z —1)’

rFhiE. C=VTCV, Q =V IQW YT LRoTW5h. ZO V! OEEILD, A,
Y Gy B pdiqf. & Z-equivalent IZR>TW5.

Example 2. Let B be a p-block with cyclic defect group P, then B is g-sharp for some
p.diq.f. q.

Proof. Rickard, Linkelmann 1= & D cyclic block B &, Z DIES{LEE Ne(P) O Brauer
J5F B ¥ Rickard equivalent T# % Z L DSREN T3, B D Brauer tree i exeptional
vertex BHLICH 2 BRICR>TH D, FD Cartan 175id m % tree O multiplicity &3
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m+1 m m
~ m Te. el : ~ ~
C= ] and k(B)=1I(B)+m
. '.. '..’ m .
m ceem m+1

L2%. ZOLE (A) BHOFER () X5 &5 EERITR>TWT, B I& Arsharp T
%. Proposition B XV B id# % q IZDW\WT ¢gsharp &2 5.

Remark 2. £® p-block B $\\Db# % q B> T gsharp L WS bIFTidiw. #ilz
i G=81xC;, H=GL(2,3), p=2, B=By(G), B=By(H) &33.22TGC
I& cyclic group of order 2, By(G), By(H) iE%h2h G,H O principal p-block & ¥
5. T5L1(B)=1(B)=2 THU Cartan 175

C=C= ( i é ), (see Example 2.7 in [9]) Z2HD. CDL X k(B) =10, k(B) =8 L &
2%DT, BidX® pdigf. ¢ K LTS gsharp i 57220, B ik Aysharp T 5.

5 Graphical form F(2,2)

[10] D p.12 X BFED weakly positive graphical form DI NTNT, ZOHIC
F(2,2) " 5.

4 4
F(2,2) : (SRR -, BARRE +) : q= X2+ X2 - XuXi+ X1 X
i=1

=1

Ihd»5  U(B)=5®D pblock B 2 L TARELR

5

(P@,2) KB)<Y au—3 e+ om

i=2
255, [10] KHBLDERIE F(2,2) i Ds & Zequivalent THh, L7=D>T F(2,2)
IX positive definite T3 %.

Example 3. (1) G'= Dg- Eq (i.e. the semidirect product of a dihedral group of order 8
with an elementary abelian group of order 9, for p = 3, B = By(G):

IG| =72, C= , k(B)=9=54+3+3+3+3-2-2-2-240

NN N DN Ot
O W N
— e WO N
O W o = N
W O = =N
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&Y B & F(2,2)-sharp, LD U Ds-sharp TidZV). ik As-sharp BEZRVWEES
Egto

(2) G = AT'L(1,8) ~ Fry; - Eg of order 168, for p = 2 (the affine semilinear group),
B = By(G):

41113

12001
C=]10201],kB)=8=4+2+2+24+44-1—-1-1-3+40

10021

31114

& D F(2,2)-sharp £725. Thid Ds-sharp I2d72%. ®iX D As-sharp BEZRWGS
Eor.

Definition 3. z€Z! D q(z) =1 ZARETLE q D 1-root & L5,

Corollary B. In the situation of Theorem A, we have

k(B)= z: i Ci5

1<i<5<I(B)
if and only if all rows of the decomposition matriz D of B are 1-roots of q.

Example 4. B % simple Ree group R(q) £ U p=2,B=Bo(G) £ 5. P~Fy T

84443

44222
C=|42422]|, % KB)=8

42242

32222

E7R% (see [8]). TDL &E B X Ds-sharp L2 5.

Example 5. G % Janko group J; £ U, B = By(G),p=2 £ T %. P~ Eg T Cartan
rr =

, 7= k(B)=8 £723 (seel4]).

Q

I
b B B 00
=N N B
W N AN
W BN NS
- W W =
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ZD L EREX (Ds) IEERITRS RV

k(B)=8<8+4+4+4+4—-4—-4—-4-3=9

TR decomposition 75D &H B1TiX Ds D l-root 272572\, FEIKEIC B IXF(2,2)-
sharp ICHR6RWN. U ULH S pdiqf q H>T B i ¢gsharp L7223, RERS
G = Ng(P) ~ AT'L(1,8) C Example 3 (2) i2& D B O Brauer #i&F B i& F(2,2)-sharp
7257z. Broué ([3]) I& b B & B i perfectly isometric 72D T Proposition B Ik b
B &5 pdiqf qDH>T gsharp &7 5%.

Remark 3. Example 5 T Okuyama i& B ¥ B # Rickard equivalent TH3Z &%
LBALTW 5. RIEDER T, Koshitani-Miyachi [6] I2L D G = GL(4,9),p = 3,9 =
2,5(mod 9), B = By(G) D& E Ng(P) ~ Dg-Eg &b gsharp &£72%. Kunugi [7] IZX b
G =PSL(3,9),p =3,9=4,7(mod 9), B = By(G) D& E H[aARIC g-sharp &725%. BHED
Fir sharp Z R DI 2188, (4), (D1), (F(2,2)) BORERD S sharp 12725 Z L BB,
ZNLIA T [10] ICH B (F(3)) BOFERD S sharp IZ72 551 LT, Hall-Janko D
i G = J,p=5,B= By(G) B’H%. TDL E Ng(P) =~ D1y - E35 T B D Brauer HJitx
F& B L322 1(B)=1(B)=6T B X F(3)-sharp ¥72%. B £ B i Rougier ([11))
2K D perfect isometric TdhH5Z EBRINTHED, B IX ¢gsharp L3, 73115 Holloway
\Z& D derived equivalent IZ72% Z L DRINTNWB LS THS.

Remark 4. RHHISN TS (see[10]). g % weakly positive integral unit form (i.e. g = 1
forall 1 =1,2,---,1) Z'ﬂ‘%

(1) (Drozd) q iZEBEMED positive 1-roots % D.

(2) (Ovsienko) g DAERRD positive 1-root (z1,---,2) &, <6 foralli=1,.--,1 %
MAI=9. K, B B33 % weakly positive integral unit form ¢ IZ¥t U ¢-sharp 22 51F, {55
DAFBIZDONT di; <6 TH5.

Remark 5. Theorem A & group algebra D#A72 59 C = DTD % #7= 7 algebra THIL
T5. Z2DX5HIEL UT cellular algebra 75 (see [5]).
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