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This is a short survey about obstruction theory to and deformation theory of La-
grangian intersection Floer cohomology, developed in our joint paper [FOOO]. The
obstruction to define Lagrangian intersection Floer cohomology is systematically
investigated and a system of the obstruction classes are constructed. Also, afiltered
$A_{\infty}$ algebra associated to Lagrangian submanifold is constructed and by using it,
deformation of the Lagrangian submanifold and Floer cohomology is described in
terms of the notion of filtered $A_{\infty}$ algebra. Moreover, some applications of our
theory to concrete problems in symplectic geometry are discussed.
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\S 0. Introduction
In symplectic geometry, there are two kinds of Floer cohomologies. One is

the absolute version and the other is the relative version. The absolute version
is related to the periodic Hamiltonian systems and the Arnold conjecture for
the fixed point sets of the Hamiltonian diffeomorphisms of symplectic mani-
fold. The relative version is related to Lagrangian intersection theory. Our
Floer cohomology we will discuss here is the relative one. Roughly speaking,
from the point of view of Morse theory, the generators of the Morse cochain
complex in the absolute case are the set of fixed points of aHamiltonian dif-
feomorphism. The spaces of the gradient trajectories, which are needed to
define the coboundary operators, are moduli spaces of $J$-holomorphic maps
from infinite cylinder such that two end points converge to corresponding two
fixed points. By the removable singularity theorem for $J$-holomorphic maps,
the space can be regarded as moduli space of $J$-holomorphic2-spheres. The
fundamental theory of moduli space of $J$-holomorphic curves without boundary
is now established and we can define the Floer cohomology in absolute case for
general symplectic manifolds. See [FO], [LT], [B] etc. However, in the relative
case, we have new problems and difficulties which do not appear in the abs0-
lute case. The generators of the cochain complex correspond to intersection
points of two Lagrangian submanifolds. To define coboundary operators, we
have to study moduli spaces of $J$-holomorphic maps ffom infinite strip or disc
with Lagrangian boundary condition. In particular, we have to study mod-
uli space of $J$-holomorphic curves with boundar$ry$. If we define, as in ausual
way, the “coboundary operator” $\delta$ in Lagrangian intersection Floer theory by
counting the number of certain components of moduli spaces of J-holomorphic
discs, $\delta$ does not satisfy $\delta\circ\delta=0$ in general. This is essentially because the
phenomena that holomorphic disc bubbles off at apoint of the boundary of
holomorphic disc happens. This is real codimension one phenomena. (See
\S 1). This is the main trouble to overcome. We will study the obstruction to
$\delta 0\delta=0$ systematically. Moreover, in the case of our obstructions vanish, we
will develop adeformation theory of Lagrangian intersection Floer cohomol0-
gies. The obstruction and the deformation are described in terms of certain
homological algebra, so called $A_{\infty}$-algebra. Strictly speaking, we introduce
and use anotion of filtered $A_{\infty}$ algebra,

\S 1. Preliminaries and problems to overcome.
Let $(M,\omega)$ be asmooth symplectic manifold with real dimension $2n$ and

$L_{0}$ , $L_{1}$ closed Lagrangian submanifolds of $M$ . We assume that our Lagrangian
submanifold is always orientable. Although it is enough that we assume that
$L_{0}$ and $L_{1}$ intersect cleanly in Bott’s sense, we assume here that $L_{0}$ and $L_{1}$
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intersect transversally for simplicity.
First of all, we briefly explain our setting. Consider the path space

$\Omega(L_{0}, L_{1})=\{\ell : [0, 1]arrow \mathrm{A}\#|\ell(0)\in L_{0},\ell(1)\in L_{1}\}$ .

We choose and fix abase point $\ell_{0}\in 0(\mathrm{L}\mathrm{o}, L_{1})$ on each connected component
of $\Omega(L_{0}, L_{1})$ . We now describe acovering space of the component $\Omega\ell_{\mathrm{o}}(L_{0}, L_{1})$

of $\Omega(L_{0}, L_{1})$ that contains $\ell_{0}$ . Consider the set of all pairs $(\ell, w)$ satisfying:

(1.1.1) $w(0, \cdot)=\ell_{0}$ ,
(1.1.2) $w(\tau, 0)\in L_{0}$ , $w(\tau, 1)\in L_{1}$ for all $0\leq\tau\leq 1$ ,
(1.1.3) $w(1, \cdot)=\ell$ ,

where $w:[0,1]\cross[0,1]arrow M$ . We define an equivalence relation on this set as
follows: First, we consider any closed loop

$c:S^{1}arrow\Omega_{\ell_{(\}}}(L_{0}, L_{1})$

which will also define apair of closed loops in $L_{0}$ and $L_{1}$ for $t=0,1$ respec-
tively. Noting that every symplectic vector bundle over $S^{1}$ is trivial, the bundle
$c^{*}TM$ over $S^{1}\cross[0,1]$ is symplectically trivial. Therefore any such trivialization
defines two closed loops of Lagrangian subspaces

$\alpha_{0}$ , $\alpha_{1}$ : $S^{1}arrow\Lambda(\mathrm{C}^{n})$

by
$\alpha_{0}(\tau)=T_{c(\tau,0)}L_{0}$ , $\alpha_{1}(\tau)=T_{c(\tau,1)}L_{1}$ ,

in the trivialization. Here $\Lambda(\mathrm{C}^{n})$ denotes the space of all Lagrangian subspaces
in $\mathrm{C}^{n}$ . We fix any such trivialization

$\Psi$ : $c^{*}TMarrow S^{1}\cross[0,1]\cross \mathrm{C}^{n}$

and denote by $\mu_{\Psi}(\alpha_{i})$ the Maslov index of the loop $\alpha_{i}$ in the trivialization V.
One can find that the difference

$\mu_{\Psi}(\alpha_{1})-\mu_{\Psi}(\alpha_{0})$

is independent of the choice of trivialization $\Psi$ but depends only on the loop
$c$ . We denote this common number by $\mu(c)$ and call it the Maslov index of the
loop $c$ in $\Omega(L_{0}$ , Lx}. It defines an integer valued homomorphism

(1.2) $\mu:\pi_{1}(\Omega_{\ell_{()}}(L_{0}, L_{1}),$ $\ell_{0})arrow \mathrm{Z}$ .

51



Using (1.2) and the symplectic form J, we define an equivalence relation \yen on
the set of all pairs (f,$\mathrm{t}\mathrm{t}>)$ satisfying (1.1). We denote by $\mathrm{e}\mathrm{v}/\mathrm{j}\mathrm{w}’$ the concatenation
of tP and $\mathrm{t}\mathrm{p}’$ along e, which will define aloop in ’$e_{o}(L_{0}L_{\mathrm{S}})\rangle$ based at $\mathrm{Z}_{0}$ .

Definition 1.3. We say that $(\ell, w)$ is equivalent to $(\ell, w’)$ and write $(\ell, w)\sim$

$(\ell,w’)$ if the following conditions are satisfied

(1.3.1) $\int_{w}\omega$ $= \int_{w’}\omega$ i.e. $\int_{\overline{w}\# w’}\omega$ $=0$

(1.3.2) $\mu(\overline{w}\# w’)=0$

where $\overline{w}$ is the disc w with the opposite orientation.

We define acovering space of $\Omega\ell_{\mathrm{I}},(L_{0}, L_{1})$ by

$\tilde{\Omega}_{\ell_{\mathrm{I}}},(L_{0}, L_{1})=$ { $(\ell,w)$ | satisfying (1. 1)} $/\sim$ .

We denote by $[\ell,$w] the equivalence class of (?, w). Now we define afunctional
$A:\tilde{\Omega}_{\ell_{()}}(L_{0}, L_{1})arrow \mathrm{R}$ by

(1.4) $A([ \ell,w])=\int w^{*}\omega$ .

Asimple standard calculation shows that the set of critical points of $A$ on
$\overline{\Omega}_{\ell_{(}},(L_{0}, L_{1})$ are those $[\ell_{p}, w]$ where $\ell_{p}$ : $[0, 1]arrow M$ is the constant path corre-
sponding to an intersection point $p\in L_{0}\cap L_{1}$ . We denote by $Cr\ell_{0}(L_{0}, L_{1})$ the
set of all critical points of

$A:\tilde{\Omega}_{\ell_{\mathrm{t})}}(L_{0},L_{1})arrow \mathrm{R}$ ,

and put $Cr(L_{0}, L_{1})=\cup\ell_{\mathrm{I}\mathrm{I}}Cr\ell_{\mathrm{t})}(L_{0}, L_{1})$ . We next study the gradient lines of $A$ .
As usual, we fix acompatible almost complex structure $J$ on $M$ and consider
the induced Riemannian metric $g_{J}:=\omega(\cdot, J\cdot)$ . This will in turn induce an $L^{2}-$

metric on $\tilde{\Omega}_{\ell_{\{)}}(L_{0}, L_{1})$ . We now define the moduli space $\overline{\mathcal{M}}_{J}([\ell_{p}, w], [\ell_{q}, w’])$ as
follows: $\mathcal{M}_{J}([\ell_{p}, w], [\ell_{q}, w’])$ is the set of maps

$u:\mathrm{R}\cross[0,1]arrow M$

with
(1.5.1) $u(\mathrm{R}\cross\{0\})\subset L_{0}$ , $u(\mathrm{R}\cross\{1\})\subset L_{1}$ ,
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(1.5.2) $u$ satisfies

$\{$

$\frac{\partial u}{\partial\tau}+J\frac{\partial u}{\partial t}=0$

$\lim_{\tauarrow-\infty}u(\tau, t)=p$ , $\lim_{\tauarrow+\infty}u(\tau, t)=q$

(1.5.3) $w\# u\sim w’$ .
Here $w\# u$ is the obvious concatenation of $w$ and $u$ along the constant path

$\ell_{p}$ .

From now on, we will suppress $J$ from various notations whenever possible.
Then we have the following:

Proposition 1.6. There exists a map $\mu$ : $Cr(L_{0}, L_{1})arrow \mathrm{Z}$ such that the
space $\overline{\mathcal{M}}([\ell_{p}, w], [\ell_{q}, w’])$ has a Kuranish $st$ ucture of dimension $\mu([\ell_{q}, w’])-$

$\mu([\ell_{p}, w])$ . We also assume that the pair $(L_{0}, L_{1})$ is relatively spin. Then the
space will carry an orientation in the sense of Kuranish structure.

Remark 1.7. (1) The space $\overline{\mathcal{M}}([\ell_{p}, w], [\ell_{q}, w’])$ is not asmooth manifold,
in general. This trouble comes from the transversality problem. In order to
overcome this problem, we have now an established machinery, so called Ku-
ranish structure introduced in [FO]. We do not explain the notion of Kuranishi
structure here. See [FO] and [FOOO]. When we use Kuranishi structure, the
“(virtual) fundamental class” is defined only over $\mathrm{Q}$ , not Z. So we can not
work over $\mathrm{Z}/2\mathrm{Z}$ coefficient in general. In this sense, we can not avoid the
orientation problem. In this note, we do not mention about the transversality
problem no more.

(2) The definition of relatively spin will be given in \S 2. We should note
that this space is not always orientable, in general. In the absolute version of
Floer cohomology for Hamiltonian diffeomorphism, the corresponding spaces
of gradient trajectories (or connecting orbits) which are used to define the
coboundary operator are always orientable and have acanonical orientation
induced by an almost complex structure. The reason why we can not expect the
space of connecting orbits for the Lagrangian intersection Floer cohomology is
basically that the almost complex structure does not preserve the Lagrangian
boundary condition.

We have an $\mathrm{R}$ notion on $\overline{\mathcal{M}}([\ell_{p}, w], [\ell_{q}, w’])$ defined by the translation along
the $\tau$-direction, and put

$\mathcal{M}([\ell_{p}, w], [\ell_{q}, w’])=\overline{\mathcal{M}}([\ell_{p}, w’], [\ell_{p}, w])/\mathrm{R}$.

The standard Floer’s cochain “complex” $(CF(L_{0}, L_{1})$ , $\delta_{0})$ (actually this is not
acomplex, in general) is defined as
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Definition 1.8. We assume that the pair $(L_{0}, L_{1})$ is relatively spin.

(1.8.1)
$CF^{k}(L_{0}, L_{1})=\iota\ell_{\rho},w\mathrm{J}\in\subset j\mu([\ell_{\rho},v\}’])=k\overline{\oplus_{r(_{d()_{1}}\iota_{1})}},\mathrm{Q}[\ell_{p}, w]$

(1.8.2)
$\delta_{0}[\ell_{p}, w]=\sum_{\mu[\ell_{q},w]=\mu[\ell_{\mathrm{p}},w]+1}\#(\mathcal{M}([\ell_{p},$

w],$[\ell_{q}, w’]))[\ell_{q}, w’]$ .

Here $\oplus\wedge$ means an appropriate completion. Since we use the Kuranishi structure
of $\mathcal{M}([\ell_{p}, w], [\ell_{q}, w’])$ , the number in the right hand side of (1.8.2) is arational
number.

For the absolute case of Floer cohomology, similar constructions have been
used. However, there is acrucial difference for the case of Lagrangian inter-
sections from the absolute case: The boundary $\partial \mathcal{M}([\ell_{p}, w], [\ell_{q}, w’]))$ consists
of more than

$\mu([\ell.,w^{ll}])=\mu([\ell_{\rho\prime}w])+1\cup \mathcal{M}([\ell_{p}, w], [\ell_{r}, w’’])\cross \mathcal{M}([\ell_{r}, w’], [\ell_{q}, w’])$
.

More precisely, the compactification of $\mathcal{M}([\ell_{p}, w], [\ell_{q},w’])$ has extra codimen-
sion one components other than those of “split connecting orbits”. The extra
components come from bubbling-0ff discs. From the index formula, we know
that bubbling-0ff spheres are phenomena of real codimension at least two (com-
plex codimension at least one), while bubbling-0ff discs is of real codimension
one in general. Therefore $\delta_{0}\circ\delta_{0}\neq 0$, in general. Thus we have an obstruction
to define Floer cohomology in the relative case.

Thus we can summarize our problems (modulo transversality problems)
to overcome as follows.
$\bullet$ Obstruction problem: We have to study the obstruction to $\delta_{0}\circ\delta_{0}=0$

systematically.
$\bullet$ Orientation problem: Find acondition for the moduli space of $J$ hol0-
morphic curves with boundary (Lagrangian boundary condition) to be ori-
entable. Moreover we have to discuss the problems about the orientations on
various moduli spaces carefully.

\S 2. Orientation and obstruction classes.
To state our results, let us introduce some notations. We have two impor-

tant group homomorphisms from $\pi_{2}(M,$L):

(2.0) $A:\pi_{2}(M, L)arrow \mathrm{R}$, and $\mu_{L}$ : $\pi_{2}(M, L)arrow \mathrm{Z}$ .
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Here $A$ is defined by $\mathrm{A}(/3)=\omega(\beta)$ for $\beta\in\pi_{2}(M, L)$ , which is called symplectic
area (or energy) and $\mu_{L}$ is called the Maslov index. We can define $\mu_{L}$ in away
similar to $\mu$ in \S 1. We omit the precise definition of $\mu_{L}$ . See [Oh], for example.
We note that $\mu_{L}$ is always even when $L$ is orientable.
Definition 2.1. For $\beta\in\pi_{2}(M, L)$ , we denote by $\mathcal{M}_{k+1}(L, \beta)$ the set of all
isomorphism classes of genus zero stable $J$ holomorphic maps $w$ : $D^{2}arrow M$

with $k+1$ marked points on the boundary $\partial D^{2}$ such that $w(\partial D^{2})\subset L$ and
$[w]=\beta$ . We denote by $\mathcal{M}_{k+1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(L, \beta)$ the component which corresponds to that
the ordering of the marked points are cyclic. We call it amain component.

Remark 2.2. As usual, the stability means that the automorphism group
of $((D;z_{0}, \ldots, z_{k+1}), w)$ is finite. Here the automorphism $\varphi$ : $Darrow D$ is the
biholomorphic map such that $w\circ\varphi=w$ and $\varphi(z_{i})=z_{i}$ . Strictly speaking,
we need impose extra interior marked points, (for example to handle sphere
bubbles), but we omit these points here.

Then we have

Proposition 2.3. $\mathcal{M}_{k+1}(L, \beta)$ has a Kuranishi $st$ ucture of real dimension
$n+\mu_{L}(\beta)-3+k+1$ . Here $n=\dim L$ and 3is dimension of $\mathrm{A}\mathrm{u}\mathrm{t}(D^{2})\cong$

$PSL_{2}(\mathrm{R})$ .

As for the orientability of this space, we have to introduce anotion of
relative spin Lagrangian submanifold.

Definition 2.4. (1) An orientable Lagrangian submanifold $L$ in $(M, \omega)$ is
called relative spin if there exists aclass $st\in H^{2}(M;\mathrm{Z}/2\mathrm{Z})$ such that $w_{2}(TL)\equiv$

$st|_{L}$ in $H^{2}(L;\mathrm{Z}/2\mathrm{Z})$ . In particular, when $L$ is spin, it is relative spin.
(2) Apair of Lagrangian submanifolds $(L_{0}, L_{1})$ is relative spin if there exits

aclass $st\in H^{2}(M;\mathrm{Z}/2\mathrm{Z})$ such that $w_{2}(TL_{0})\equiv st|_{L_{()}}$ and $w_{2}(TL_{1})\equiv st|_{L_{1}}$

simultaneously.

Now let us state our results. Firstly, we have the following theorem about
the orientation problem.

Theorem 2.5. We denote by $\overline{\mathcal{M}}$ the space of all $J$ holomorphic mapsjv :
$D^{2}arrow M$ with $w(\partial D)\subset L$ . Assume that $L$ is relative spin. Then $\mathcal{M}$ is
or ientable. The or ientation is given by the choice of an orientation of $L$ ,
$st\in H^{2}(M;\mathrm{Z}/2\mathrm{Z})$ and a spin structure on $TL\oplus V|_{L^{(2)}}$ , there $V$ is the vector
bundle on 3-skeleton of $M$ deter mined by $st$ and $L^{(2)}$ stands for 2-skeleton of
L. Moreover, if a pair of Lagrangian submanifold $(L_{0}, L_{1})$ is relative spin,
then $\overline{\mathcal{M}}([\ell_{p}, w], [\ell_{q}, w’])$ is or ientable. The orientation is given by the choice of
orientations of $L_{0}$ and $L_{1}$ , $st\in H^{2}(M;\mathrm{Z}/2\mathrm{Z})$ and spin structures on $TL_{0}\oplus$

$V|_{L_{\mathrm{t}}^{(2)}}$,and $TL_{1}\oplus V|_{L_{1}^{(2)}}$
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This theorem can be proved by some gluing argument on the indices of
families of linearized Dolbeault operators and an elementary topological argu-
ment.

As for the obstruction problem, we can show the following theorem.
Theorem 2.6. Let $L$ be an oriented Lagrangian submanifold of (A#, $\omega$ ). As-
sume that $L$ is relative spin. Then we have the series of homology classes
$\{o_{k}(L)\}_{k=1,2},\ldots$ of $L$ which satisfy the following significances:

(1) $o_{k}(L)\in H_{n+\mu h(\beta_{k})-2}(L;\mathrm{Q})$ . More precisely, $o_{k}(L)$ is in

$\mathrm{K}\mathrm{e}\mathrm{r}(H_{n+\mu_{l},(\beta_{k})-2}(L;\mathrm{Q})arrow H_{n+\mu L(\beta_{k})-2}(M;\mathrm{Q}))$ .

(2) $o_{k}(L)$ is defined if $o_{j}(L)=0$ in $H_{*}(L;\mathrm{Q})$ for every $j<k$ .
(3) If all $o_{k}(L)$ vanish, then we can define the Floer cohomology $HF(L, L)$

by deforming the coboundary operators.
(4) Assume that a pair of Lagrangian submanifolds $(L_{0}, L_{1})$ is relative

spin. (Then we can define the series $\{\mathrm{o}\mathrm{k}(\mathrm{L}\mathrm{o})\}$ and $\{\mathrm{o}\mathrm{k}(\mathrm{L}\mathrm{i})\}.$ ) If all $\mathrm{o}\mathrm{k}(\mathrm{L})$

and $o_{k}(L_{1})$ vanish, then we can define the Floer cohomology $\mathrm{H}\mathrm{F}(\mathrm{L},\mathrm{L})L_{1})$ by
deforming coboundary operators.

We call $o_{k}(L)$ an obstruction class.

Remark 2.7. (1) Let us explain what the $\beta_{k}’ \mathrm{s}$ are. These are elements of
$\pi_{2}(M, L)$ such that $\beta_{k}$ is represented by a $J$-holomorphic disc. Then Gromov’s
compactness theorem implies that for each $C\geq 0$ the number of the set

{ $!\in\pi_{2}$ (M, L) | $\beta$ is represented by a J holomorphic disc and $\mathrm{A}(/3)\leq C$}

is finite. Therefore we have apartial order on the set of all $\mathit{7}\mathit{3}\in 7\mathrm{T}2(\mathrm{M}, L)$ which
are represented by $J$ holomorphic discs by the energy $A$ . Namely, we have

$0=A(\beta_{0})<A(\beta_{1})\leq A(\beta_{2})\leq\cdots\leq A(\beta_{k-1})\leq A(\beta_{k})\leq\cdots$ .

Here $\beta_{0}=0$ corresponds to constant maps.
(2) Taking (1) in Theorem 2.6 into account, we find that if $\mu_{L}(\beta_{k})\geq 3$ for

all $k$ , then the obstruction classes automatically vanish. This condition was
essentially used in the earlier work by Y-G Oh [Oh]. Here he defined Floer
cohomology over $\mathrm{Z}/2\mathrm{Z}$ under some additional assumption which guarantees the
trouble about the transversality problem does not happen, so the Kuranishi
structure is not necessary into account in his case.

(3) We do not specify the coefficient ring of Floer cohomology here. See
\S 4.

\S 3. Construction of the obstruction classes
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$3.\mathrm{A})$ On orientations.
Before we explain the idea of construction of the obstruction classes, we

like to mention alittle bit about the orientations on various moduli spaces
which will be used. From now on, we always assume that $L$ is relative spin.
We have an evaluation map at the marked point $z_{j}$

$ev_{j}$ : $\mathcal{M}_{k+1}(L, \beta)arrow L$

for each $j=0,1$ , $\ldots$ , $k$ , defined by $ev_{j}$ (($w;z_{0}$ , $\ldots$ , Zk)) $=w(z_{j})$ . Let $P_{j}$ be an
oriented chain in $L$ . We put $\deg P_{j}=n-\dim$ Pj. We take afibre product (in
the sense of Kuranishi structure)

$\mathcal{M}_{k+1}(L, \beta)_{(ev_{1},\ldots,ev_{k})}\cross(P_{1}\cross\cdots\cross P_{k})$ .

Then, by using the orientations on $\mathcal{M}_{k+1}(L, \beta)$ (defined by Theorem 2.5), $P_{j}’ \mathrm{s}$

and $L$ , we can define the fibre product orientation on it. But we use adifferent
orientation from the fibre product orientation.

Definition 3.1. We put

$\mathcal{M}_{1}(\beta;P_{1}, \ldots, P_{k})=(-1)^{\epsilon}\mathcal{M}_{k+1}(L, \beta)_{(ev_{1},\ldots,ev_{k})}\cross(P_{1}\cross\cdots\cross P_{k})$

Here $\epsilon$ is given by

$\epsilon=(n+1)\sum_{j=1}^{k-1}\sum_{i=1}^{j}\deg P_{i}$ .

If we take the fibre product iteratively, we can rewrite the right hand side as

$\mathcal{M}_{1}(\beta;P_{1}, \ldots, P_{\ell})=(-1)^{\sum_{k=1}^{\prime-1}\sum_{j=1}^{k}\deg P_{j}}$

$(\cdots((\mathcal{M}_{\ell+1(}\beta)_{ev_{1}}\cross_{f_{1}}P_{1})_{ev_{2}}\mathrm{x}_{f_{2}}P_{2})\cross\cdots)ev_{\ell}\cross_{f\ell}P_{\ell}$ .

The “feeling” of the sign is an effect from the marked points. Roughly
speaking, there might be two conventions when we consider the effect of the
marked points. One is that we put all the parameters which describe the
marked points on a“one side” in the fibre product. But we use another conven-
tion. We put the one dimensional parameters which describe the each marked
point “one by one” in the fibre product. We call our convention BARAMAKI
way. (We call the first one HAKIYOSE way.) If we change the ordering of
the marked points, then we have another connected component (which are
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homeomorphic to each other). But the orientation might be changed. Under
our orientation in Definition 3.1, we can find that the change is given by the
following.

Proposition 3.2. Let $\sigma$ be the transposition element $(i, i+1)$ in the k-th
symmetric group $S_{k}$ . $(i=1, \ldots, k-1)$ . Then the action of $\sigma$ on

$\mathcal{M}_{1}(\beta;P_{1}, \ldots, P_{i}, P_{i+1}, \ldots, P_{k})$

by changing the order of marked points is described by following.

$\sigma(\mathcal{M}_{1}(\beta;P_{1}, \ldots, P_{i}, P_{i+1}, \ldots, P_{k}))$

$=(-1)^{(\deg P_{j}+1)(\deg P_{i+1}+1)}\mathcal{M}_{1}(\beta;P_{1}, \ldots, P_{i+1}, P_{\dot{l}}, \ldots, P_{k})$.

Now we explain the idea of the construction of our obstruction classes. We
construct $o_{k}(L)$ inductively.

3.B) The first obstruction class.
We consider the space $\mathcal{M}_{1}(\beta_{1})$ with the evaluation map $ev_{0}$ ,

$ev_{0}$ : $\mathcal{M}_{1}(\beta_{1})arrow L$ .
Note that $A(\beta_{1})$ is the minimal (non zero) area. Hence for an element in
$\mathcal{M}_{1}(\beta_{1})$ , the bubbling off phenomena does not happen. Therefore $\partial \mathcal{M}_{1}(\beta_{1})=$

$\emptyset$ . Thus $ev_{0}(\mathcal{M}_{1}(\beta_{1}))$ is acycle in L, so defines ahomology class. We define
the first obstruction class $o_{1}(L)$ by the homology class:

$o_{1}(L)=[ev_{0}(\mathcal{M}_{1}(\beta_{1}))]$ .
The degree is given by $n+\mu L(\beta_{1})-2$ because of Proposition 2.3.
3.C) The higher obstruction classes.

We suppose that $o_{j}(L)=0$ for all $1\leq j\leq k-1$ . Under this situation, we
are going to construct the $k$-th obstruction class $o_{k}(L)$ . By the assumption we
have bounding chains $B_{j}=B_{j}(L)\subset L$ such that

$\partial B_{j}(L)=(-1)^{n+1}o_{j}(L)$ .
Here the orientation on $o_{j}(L)$ is given by the orientation on $\mathcal{M}_{1}(\beta_{*};$ $B_{*}$ , $\ldots$ , QJ
defined in Definition 3.1 and the orientation on $B_{j}(L)$ is given by changing the
boundary orientation by $(-\mathrm{l})^{}$ . This sign plays an important role in the
later argument. We put

$\mathcal{M}_{1}(\beta_{k}; B_{i_{1}}, \ldots, B_{i_{n}}.)$

$=(-1)^{\epsilon_{1}}\mathcal{M}_{m+1}(L;\beta_{k}-\beta_{i_{1}}-\cdots-\beta_{i_{\mathrm{m}}})_{(evj_{1}},\ldots$ , $ev:_{m})$
$\cross(\prod_{\ell=1}^{m}B_{i_{\ell}})$
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for $\ovalbox{\tt\small REJECT} r_{\ovalbox{\tt\small REJECT}}\ldots$

t.
$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}_{m}<k$ . Here 51 is given by the rule in Definition 3.1 that $\ovalbox{\tt\small REJECT} \mathrm{s}$

$\epsilon_{1}=(n+1)\frac{m(m-1)}{2}$ ,

because $\deg B_{i},$ $\equiv\mu_{L}(\beta_{i_{\ell}})+1\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 2)$ . (Note that since $L$ is orientable,
$\mu_{L}$ is always even.) It is easy to see that the dimension of $\mathcal{M}_{1}(\beta_{k}; B_{i_{1}}, \ldots, B_{i_{m}})$

is given by $n+\mu_{L}(\beta_{k})-2$ . (Recall $\mu_{L}$ is agroup homomorphism.) Then we
define

Definition 3.3.

$o_{k}(L)= \rho_{k}-\sum_{j=1’}^{m}’\beta_{i_{j}}\in C_{\grave{X}}(J_{I})i1\cdot jm<km=(),1,2\sum_{+},\frac{1}{m!}(ev_{0}(\mathcal{M}_{1}(\beta_{k;}B_{i_{1}}, \ldots, B_{i_{m}}))$

,

where $G_{+}(L)$ stands for the subset of $\pi_{2}(M, L)$ whose elements are represented
by $J$ holomorphic discs. Note that the right hand side is afinite sum.

Then we have achain in $L$ defined by Ok(L). What we have to show is
that $o_{k}(L)$ defines acycle . We can show the following.

Proposition 3.4. $\partial o_{k}(L)=\emptyset$ .

If we ignore the sign problems, the proof is, in asense, easy. That is, we
have two kinds of boundaries of $\mathcal{M}_{1}$ $(\beta_{k}; B_{i_{1}}, \ldots, Bim)$ like as

$\partial \mathcal{M}_{1}(\beta_{k;}B_{i_{1}}, \ldots, B_{i_{\tau n}})$

$m$

$=(-1)^{\epsilon_{1}}( \partial \mathcal{M}_{m+1}(L;\beta_{k}-\beta_{i_{1}}-\cdots-\beta_{i_{m}})_{(ev_{i_{1}},\ldots,ev_{i_{m}})}\cross(\prod B_{i_{\ell}})$

$\ell=1$

$\prod\prod_{\ell=1}^{m}(-1)^{n+m+nm}\mathcal{M}_{m+1}(L;\beta_{k}-\beta_{i_{1}}-\cdots-\beta_{i_{m}})_{(ev_{i_{1}},\ldots,ev_{j_{m}})}\cross$

$(B_{i_{1}}\cross\cdots\cross\partial B_{i_{\ell}}\cross\cdots\cross B_{i_{n\iota}}))$ .

The first type boundaries correspond to the bubbling off $J$ holomorphic dies
$\partial \mathrm{A}4_{m+1}(L;\beta k-\beta_{i_{1}}-\cdots-\beta_{i_{m}})$ and the second type boundaries correspond
to the case when the bounding chain $B_{i_{\ell}}$ goes to $\partial B_{i_{\ell}}=(-1)^{n+1}o_{i_{\ell}}(L)$ . We
take the summation in Definition 3.3 over all “lower” strata of moduli spaces.
Therefore these two kinds of boundaries cancel each other. The non trivial
issue is that they cancel each other with sign. That is, we have to show that
the orientations on these two kinds of boundaries are opposite. But in this
note, we omit the proof
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Now let $(L_{0}, L_{1})$ be apair of relative spin Lagrangian submanifolds. If all
obstructions $o_{k}(L_{0})$ and $o_{k}(L_{1})$ vanish, then, as we state in Theorem 2.6.(4),
we can define Floer cohomology $HF(L_{0}, L_{1})$ by deforming the coboundary
operators as follows. By assumption, we have bounding chains $B_{0,*}=B_{*}(L_{0})\subset$

$L_{0}$ and $B_{1,*}=B_{*}(L_{1})\subset L_{1}$ . By imposing marked points on the boundaries of
the strip $[0, 1]\cross \mathrm{R}$ in (1.5) ( $\ell$ marked points on $\{\mathrm{O}\}\cross \mathrm{R}$ and $m$ marked points
on $\{1\}\cross \mathrm{R})$ , we can define the fibre product like as

$\mathcal{M}([\ell_{p}, w], [\ell_{q}, w’];B_{0,i_{1}}, \ldots, B_{0,i_{\ell};}B_{1,j_{1}}, \ldots, B_{1.j_{\pi}}.)$

$=(-1)^{\epsilon_{2}} \mathcal{M}_{\ell,m}([\ell_{p},w], [\ell_{q},w’])_{(ev_{1}^{()},\ldots ev_{\ell}^{(}ev_{1}^{1},\ldots ev_{m}^{1})}",’\cross(\prod_{k=1}^{\ell}B_{0,i_{k}}\cross\prod_{k=1}^{m}B_{1,j\iota})$ ,

where $\epsilon_{1}$ is given by

$\epsilon_{1}=(n+1)(\sum_{k=1}^{\ell+m-1}\sum_{j=1}^{k}1)=\frac{(n+1)(\ell+m-1)(\ell+m)}{2}$ ,

which is consistent with the rule in Definition 3.1. Now we define an operator
$\delta_{\beta_{(’:_{1}}\prime\ldots,\beta_{\mathrm{I}};\beta_{1.\mathrm{j}_{1}},\ldots,\beta_{1,jm}}$.by

$\langle\delta_{\beta_{1\mathrm{I},i_{1}},\ldots,\beta_{(\}:_{\ell};}\beta_{1,j_{1}},\ldots,\beta_{1,j}},,,.[\ell_{p}, w], [\ell_{q}, w’]\rangle$

$:=\#\mathcal{M}([\ell_{p}, w], [\ell_{q}, w’];B_{0,i_{1}}, \ldots, B_{0,\dot{\iota}\ell} ; B_{1,j_{1}}, \ldots, B_{1,j_{m}})$ .

Then we can show

Proposition 3.5. We define our modified coboundary operator $\delta$ by

$\delta:=\sum_{\ell,m}$

$\beta_{()}..1’\ldots,\beta_{1:}$”

$\sum_{\ell^{j\beta_{1,j_{1}\prime\prime}\beta_{1,\mathrm{j}n}}}\ldots$ .
$\frac{1}{\ell!m!}\delta_{\beta_{0,:_{1}},\ldots,\beta \mathrm{u},:_{\ell}j\beta_{1,j_{1}}},\ldots$ , $\beta_{1,j_{m}}$ .

Then it satisfies $\delta\circ\delta=0$ .

\S 4. $A_{\infty}$-deformation of Lagrangian submanifold.
We should note that the constructions in the previous section depend, $a$

priori, on various choices of the bounding chains, the almost complex struc-
tures, and the Kuranishi structures. In this note, we only discuss dependence
on the bounding chains. (As for our conclusions about “independenc\"e, see
Theorem 5.19 and Theorem 5.20.) To do this we use language of certain h0-
mological algebras. The key point is that we have to work at chain level, not
homological level. Firstly, we construct afiltered $A_{\infty}$ algebra associated to a

60



relative spin Lagrangian submanifold $L$ . Here we note that we do not assume
the obstruction classes of $L$ vanish.
4.A) Afiltered $A_{\infty}$ algebra.

First of all, we introduce the notion of filtered $A_{\infty}$ algebra [FOOO]. Let us
introduce the universal Novikov ring.

Definition 4.1. ([FOOO]). Let $T$ and $e$ be two formal variables. The universal
Novikov ring $\Lambda_{nov}$ is the totality of all formal sums $\sum a_{i}T^{\lambda_{i}}e^{n_{i}}$ such that
(4.1.1) $a_{i}\in \mathrm{Q}$ , $\lambda_{i}\in \mathrm{R}$ and $n_{i}\in \mathrm{Z}$ .
(4.1.2) $\lim_{iarrow\infty}\lambda_{i}=\infty$ .

We define its subset $\Lambda_{0,nov}$ by

$\Lambda_{0,nov}=\{\sum a_{i}T^{\lambda_{j}}e^{n_{j}}|\lambda_{i}\geq 0$ , and $n_{i}=0$ if $\lambda_{i}=0\}$ .

We define the product of elements of $\Lambda_{nov}$ in an obvious way. Then $\Lambda_{nov}$

is acommutative ring with the unit 1, and $\Lambda_{0,nov}$ is its subring. We define the
grading by

$\deg T^{\lambda}e^{n}=2n$ .
Roughly speaking, $\lambda_{i}$ stands for afiltration and $n_{i}$ for agrading. Geometrically,
$\lambda_{i}$ corresponds to an energy $A$ in \S 1 or \S 2, and $n_{i}$ corresponds to the Maslov
index. When we consider apair of Lagrangian submanifolds, we use $\Lambda_{nov}$ as
well. (It might be helpful to keep the geometric back ground in your mind.)
We remark the $\Lambda_{0,nov}$ is alocal ring with the maximal ideal

$\Lambda_{0,nov}^{+}=\{\sum a_{i}T^{\lambda_{j}}e^{n_{i}}\in\Lambda_{nov}|\lambda_{i}>0\}$

such that $\Lambda_{0,nov}/\Lambda_{0,nov}^{+}\cong \mathrm{Q}$ . So when we reduce the coefficient ring to
$\Lambda_{0,nov}/\Lambda_{0,nov}^{+}\cong \mathrm{Q}$, then we do not have filtrations. See (4.0) below.

Let $\oplus_{m\in}\mathrm{z}C^{m}$ be afree graded $\Lambda_{0,nov}$ module. There is afiltration $F^{\lambda}C^{m}$

on $C^{m}$ (A $\in \mathrm{R}_{\geq 0}$), such that

(4.2.1) $F^{\lambda}C^{m}\subset F^{\lambda’}C^{m}$ if $\lambda>\lambda’$ .
(4.2.2) $T^{\lambda_{()}}\cdot F^{\lambda}C^{m}\subset F^{\lambda+\lambda}’ {}^{\mathrm{t}}C^{m}$ .
(4.2.3) $e^{k}C^{m}\subset C^{m+2k}$ .
(4.2.4) $C^{m}$ is complete with respect to the filtration.
(4.2.5) $C^{m}$ has abasis $\mathrm{e}_{i}$ such that $\mathrm{e}_{i}\in F^{0}C^{m}$ and $\mathrm{e}_{i}\not\in F^{\lambda}C^{m}$ for $\lambda>0$ .

We denote by $C$ the completion of $\oplus_{m\in}\mathrm{z}C^{m}$ with respect to the filtration.
(4.2.3) means that the degree of $e$ is 2. We put $(C[1])^{m}=C^{m+1}$ and

$B_{k}(C[1])=\oplus(C[1])^{m_{1}}m_{1},\cdots,m_{k}\otimes\cdots\otimes(C[1])^{m\iota}$ .
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Suppose that we have a sequence of maps m $=\{\mathrm{m}_{k}\}_{k\geq 0}$ of $\mathrm{d}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{e}\mathrm{e}+1$

mk : $B_{k}(C[1])arrow C[1]$ , for k $=0,$ 1, \cdots .

We note that $\mathrm{m}_{0}$ : $\Lambda_{0,nov}arrow C[1]$ . We assume that

(4.2.6) mk $(F^{\lambda_{1}}C^{m_{1}}\otimes\cdots\otimes F^{\lambda_{k}}C^{m_{k}})\subseteq F^{\lambda_{1}+\cdots+\lambda_{k}}C^{m_{1}+\cdots+m_{k}-k+2}$

and

(4.2.7) $\mathrm{m}\mathrm{o}(1)\in F^{\lambda’}C[1]$ for some $\lambda’>0$ .
When we put

(4.0) $\overline{\mathrm{m}}_{k}(x_{1}, \ldots,x_{k})\equiv \mathrm{m}_{k}(x_{1},$
\ldots ,

$x_{k})$ mod$\Lambda_{0,nov}^{+}$

for $k=0,1,2$ , $\ldots$ , then $\{\overline{\mathrm{m}}_{k}\}$ defines an $A_{\infty}$ algebra structure on $\overline{C}=C/\Lambda_{0}^{+},{}_{nov}\mathrm{C}$

over $\mathrm{Q}$ introduced by Stasheff [St]. (Strictly speaking, he did not treat the map
$\mathrm{m}_{0}$ . But this map is important when we discuss the obstruction theory. See
Remark 4.9. Note that the filtration is defined by Awhich is the power of $T$ .
Thus on the $\overline{C}$ , we do not have filtrations. In this way $(\overline{C},\overline{\mathrm{m}}=\{\overline{\mathrm{m}}_{k}\}_{k\geq 0})$

becomes an $A_{\infty}$ algebra over $\Lambda_{0,nov}/\Lambda_{0,nov}^{+}\cong \mathrm{Q}.$ ) We also assume that there
exists aconstant $\lambda’>0$ such that

(4.2.8) $\mathrm{m}_{k}(\mathrm{e}:_{1},$

\ldots ,
$\mathrm{e}:_{k})-\overline{\mathrm{m}}_{k}(\mathrm{e}_{i_{1}},$

\ldots ,
$\mathrm{e}:_{k})\in F^{\lambda’}C[1]$ .

Here $\lambda’$ is independent of $k$ and $\mathrm{e}_{\dot{l}_{1}}$ , $\ldots$ , ejfc. The condition (4.2.8) is used when
we construct aspectral sequence. See [FOOO] for details. We call (4.2.8) the
gap condition.

Now the direct sum $B(C[1]):=$ {&kBk(C[l} $)$ has astructure of graded
coalgebra. We regard $B(C[1])$ as acoalgebra and will construct acoderivation
on it. The coproduct $\Delta$ is defined by :

(4.3) $\Delta(x_{1}\otimes\cdots\otimes x_{n})=\sum_{k=0}^{n}(x_{1}\otimes\cdots\otimes x_{k})\otimes(x_{k+1}\otimes\cdots\otimes x_{n})$ .

We can extend $\mathrm{m}k$ uniquely to acoderivation

$d_{k}$

$:\oplus_{n}B_{n}(C[1])arrow\oplus_{n}B_{n-k+1}(C[1])$ ,

by

(4.4) $d_{k}(x_{1} \otimes\cdots\otimes x_{n})=\sum_{\ell=1}^{n-k+1}(-1)^{\deg x_{1}+\cdots+\deg x_{\ell-1}+\ell-1}x_{1}\otimes\cdots\otimes$

$\mathrm{m}_{k}(x_{\ell}, \cdots,x_{\ell+k-1})\otimes\cdots\otimes x_{n}$
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for k $\ovalbox{\tt\small REJECT}$ n and d. $\ovalbox{\tt\small REJECT}$ 0 for k $>n$ . Here and hereafter $\deg$ x means the degree of
r before we shift it. When k $\ovalbox{\tt\small REJECT}$ 0, we put $\mathrm{m}_{0}(1)$ in the right hand side. Namely
we define $d_{0}$ by

$d_{0}(x_{1} \otimes\cdots\otimes x_{n})=\sum_{\ell=1}^{n+1}(-1)^{\deg x_{1}+\cdots+\deg x_{\ell-1}+\ell-1}x_{1}\otimes\cdots\otimes x_{\ell-1}\otimes$

$\mathrm{m}_{0}(1)\otimes x\ell\otimes\cdots\otimes x_{n}$ .

We want to consider the infinite sum $\hat{d}=\sum d_{k}$ . Therefore we need to
consider acompletion $\hat{B}(C[1])$ of $B(C[1])$ . We define afiltration $F^{\lambda}B_{k}(C[1])$

on $B_{k}(C[1])$ by

$F^{\lambda}B_{k}(C[1])=\cup\backslash (F^{\lambda_{1}}C^{m_{1}}\otimes\cdots\otimes F^{\lambda_{k}}C^{m_{k}})\lambda_{1}+\cdots+\lambda_{k}\geq\lambda$

Let $\hat{B}_{k}(C[1])$ be the completion with respect to the filtration.

Definition 4.5. $\hat{B}(C[1])$ is the set of all formal sum $\sum_{k}\mathrm{x}_{k}$ where $\mathrm{x}_{k}\in$

$\hat{B}_{k}(C[1])$ such that
$\mathrm{x}_{k}\in F^{\lambda_{k}}\hat{B}_{k}(C[1])$

with $\lim_{karrow\infty}\lambda_{k}arrow\infty$ .

Lemma 4.6. If (4.2) is satisfied, then $\hat{d}$ is well-defined as a map from $\hat{B}(C[1])$

to $\hat{B}(C[1])$ .

The proof is easy.
Now we introduce the following condition for an element $\mathrm{e}$ of $C$ .

Condition 4.7.
(4.7.1) $\mathrm{m}_{k+1}(x_{1}, \cdots, \mathrm{e}, \cdots, x_{k})=0$ , $k\geq 2$ , $k=0$ .
(4.7.2) $\mathrm{m}_{2}(\mathrm{e}, x)=(-1)^{\deg x}\mathrm{m}_{2}(x, \mathrm{e})=x$.

Definition 4.8. ([FOOO]) (1) $\mathrm{m}=\{\mathrm{m}_{k}\}_{k\geq 0}$ defines astructure of filtered
$A_{\infty}$ algebra on $C$ if (4.2) are satisfied and if $\hat{d}\circ\hat{d}=0$ . We call $\hat{B}(C[1])$ the
(completed) bar complex associated to the $A_{\infty}$ algebra $(C, \mathrm{m})$ . If afiltered $A_{\infty}$

algebra has an element $\mathrm{e}$ which satisfies Condition 4.7, the we call it an $A_{\infty}$

algebra $with$ unit and $\mathrm{e}$ aunit
(2) For afiltered $A_{\infty}$ algebra $(C, \mathrm{m})$ , we say that afiltered $A_{\infty}$ alge-

bra $(C’, \mathrm{m}’)$ is an $A_{\infty}$ -deformation of $(C, \mathrm{m})$ , if $(\overline{C}’,\overline{\mathrm{m}}’)=(\overline{C},\overline{\mathrm{m}})$ . Here
$(\overline{C}’,\overline{\mathrm{m}}’)$ and $(\overline{C},\overline{\mathrm{m}})$ are defined by reducing the coefficient ring $\Lambda_{0,nov}$ to
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$\Lambda_{0,nov}/\Lambda_{0.nov}^{+}\cong \mathrm{Q}$ We also say that afiltered $A_{\infty}$ algebra $(C, \mathrm{m})$ is an
$A_{\infty}$ -deformation of an $A_{\infty}$ algebra $(\overline{C}’,\overline{\mathrm{m}}’)$ if $(\overline{C},\overline{\mathrm{m}})=(\overline{C}’,\overline{\mathrm{m}}’)$ .
Remark 4.9. (1) The equation $\hat{d}\circ\hat{d}=0$ produces infinitely many relations
among $\mathrm{m}_{k}’ \mathrm{s}$ . For example, we have

$\mathrm{m}_{1}(\mathrm{m}_{0}(1))=0$ ,
$\mathrm{m}_{2}(\mathrm{m}_{0}(1), x)+(-1)^{\deg x+1}\mathrm{m}_{2}(x, \mathrm{m}\mathrm{o}(1),$ $+\mathrm{m}\mathrm{i}(\mathrm{m}\mathrm{o}(1))=0$ ,

$\mathrm{m}_{3}(\mathrm{m}_{0}(1),x, y)+(-1)^{\deg x+1}\mathrm{m}_{3}(x, \mathrm{m}\mathrm{o}(1),$$y)$

$+(-1)^{\deg x+\deg y+2}\mathrm{m}_{3}(x, y, \mathrm{m}_{0}(1))$

$+\mathrm{m}_{2}(\mathrm{m}_{1}(x), y)+(-1)^{\deg x+1}\mathrm{m}_{2}(x, \mathrm{m}_{1}(y))+\mathrm{m}_{1}(\mathrm{m}_{2}(x, y))=0$ ,

In general, it is easy to show that $\hat{d}\circ\hat{d}=0$ is equivalent to that for each $k$

$k_{1}+k+1\mathrm{I}$ $\sum_{i}(-1)^{\deg x_{1}+\cdots+\deg x+:-1}:-1$

$\mathrm{m}_{k_{1}}(x_{1},$\cdots ,$\mathrm{m}_{k_{2}}(x_{i}, \cdots,x_{i+k_{2}-1}),$\cdots ,$x_{k})=0$ .

If $\mathrm{m}\circ=0$ , then $\mathrm{m}_{1}\mathrm{m}_{1}=0$ . So in this case $\mathrm{m}_{1}$ plays arole of a $(\mathrm{c}\mathrm{o})\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{r}\mathrm{y}$

operator. In this sense, $\mathrm{m}_{0}$ describes an obstruction to that $\mathrm{m}_{1}\mathrm{m}_{1}=0$ .
(2) In addition to $\mathrm{m}_{0}=0$ , suppose that $\mathrm{m}_{k}=0$ for $k\geq 3$ . We put

$\mathrm{m}_{1}(x)=(-1)^{\deg x}dx$ , and $\mathrm{m}_{2}(x, y)=(-1)^{\deg x(\deg y+1)}x\wedge y$ ,

where $\deg x$ denotes the degree of $x$ as cochain. Then this is nothing but a
DGA (differential graded algebra) and $\hat{d}\circ\hat{d}=0$ implies that the usual Leibnitz
rule and the associativity of the product structure. We note that the signs here
are slightly different from those in [G-J]. (See also Remark 4.13 (2) below.)

4.B) Afiltered $A_{\infty}$ algebra associated to Lagrangian submanifold L.
Let $\overline{S}^{k}(L;\mathrm{Q})$ be afree $\mathrm{Q}$ module generated by all integral $k$-currents on $L$

which are represented by singular chains. We denote by $C^{k}(L;\mathrm{Q})$ acountably
generated submodule of $\overline{S}^{k}(L;\mathrm{Q})$ . (We will use amethod of “smooth corre-
spondence”. To do this we need and use the transversality argument and the
Baire category theorem. This is why we introduce $C^{k}(L;\mathrm{Q})$ . But the details
are omitted here, see [FOOO].) Since an element in $C^{k}(L;\mathrm{Q})$ is represented
by asingular chain, we sometimes write it as asingular chain representative
$(P, f)$ . (But when we consider the orientation problems, we have to notice
the difference of signs of boundary orientation and product (intersection) as
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chain or cochain, see Remark 4.13 (2) below.) We define $\ovalbox{\tt\small REJECT}(L;\mathrm{A}_{0,n\mathrm{o}v})$ by the
completion of $\ovalbox{\tt\small REJECT}(L\ovalbox{\tt\small REJECT}$ Q) $\ovalbox{\tt\small REJECT}\ ’ \mathit{0},nov^{\ovalbox{\tt\small REJECT}}$ For the convenience of notation, we put

$C^{\cdot}=C^{\cdot}(L;\Lambda_{0,nov}):=\mathrm{C}\mathrm{m}(L;\mathrm{Q})\otimes\Lambda_{0,nov})\wedge$

The degree in $C^{\cdot}(L;\Lambda_{0,nov})$ is the sum of the degree in $C^{\cdot}(L;\mathrm{Q})$ and the degree
of the coefficients in $\Lambda_{0,nov}$ . Using the filtration on $\Lambda_{0,nov}$ , we can uniquely
define the filtration o$\mathrm{n}$ $C^{k}(L;\Lambda_{0,nov})$ which satisfies the following conditions;

$C^{k}(L;\mathrm{Q})\subset F^{0}C^{k}(L;\Lambda_{0,nov})$

and
$C^{k}(L;\mathrm{Q})\not\subset F^{\lambda}C^{k}(L;\Lambda_{0,nov})$ for $\lambda>0$ .

We now define the maps

$\mathrm{m}_{k}$ : $B_{k}(C[1](L;\Lambda_{0,nov}))arrow C[1](L;\Lambda_{0,nov})$ .

of degree +1 for $k\geq 0$ . To do this, we recall that $\mathcal{M}_{k+1}(\beta)$ is the set of pairs
$((\Sigma,\vec{z})$ , $w)$ where $w$ : $(\Sigma, \partial\Sigma)arrow(M, L)$ is apseudoholomorphic map which
represents the class $\beta$ . Let $\mathcal{M}_{k+1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta)$ be the subset of $\mathcal{M}_{k+1}(\beta)$ consisting
of elements $((\Sigma,\vec{z})$ , $w)$ where the order of the marked points is cyclic. (See
Definition 2.1). For given

$(P_{i}, f_{i})\in Cm(L;\mathrm{Q})$ , $i=1$ , $\cdots$ , $k$ ,

we consider

$\mathcal{M}_{k+1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta)_{(ev_{1},\cdots,ev_{k})}\mathrm{x}_{f_{1}\cross\cdots\cross f\iota}(P_{1}\cross\cdots\cross P_{k})$.

Proposition 4.10. Suppose $L$ is relatively spin. Then

$\mathcal{M}_{k+1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta)_{(ev_{1},\cdots,ev_{k})}\cross_{f_{1}\mathrm{x}\cdots \mathrm{x}f_{k}}(P_{1}\cross \cdots\cross P_{k})$

has an oriented Kuranishi structure. Its dimension is $n- \sum(g_{i}-1)+\mu(\beta)-2$ ,
where $n=\dim L$ .

As in Definition 3.1, we define $\mathcal{M}_{1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta;3.1, \cdots, P_{k})$ by the following.

Definition 4.11.

$\mathcal{M}_{1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta;P_{1}, \cdots, P_{k}):=(-1)^{\epsilon}\mathcal{M}_{k+1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta)_{(ev_{1},\cdots,ev_{k})}\cross_{f_{1}\cross\cdots \mathrm{x}f_{k}}(P_{1}\cross\cdots\cross P_{k})$,
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k-l $i$

c $\ovalbox{\tt\small REJECT}$ $(n+1)\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\deg P_{\ovalbox{\tt\small REJECT} 1}$.
$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}^{\mathrm{i}_{\ovalbox{\tt\small REJECT}}}1\mathrm{j}\ovalbox{\tt\small REJECT})$

Now we define the maps $\mathrm{m}_{k}$ . We recall that we have the element $\beta_{0}=0\in$

$G_{++}(L)$ which satisfies $\mu(\beta_{0})=0$ and $A(\beta_{0})=0$ .
Definition 4.12. (1) For (P,$f)\in C^{k}(L,$Q), we define

$\mathrm{m}_{0,\beta}(1)=\{$

$(\mathcal{M}_{1}(\beta), ev_{0})$ for $\beta\neq\beta_{0}$

0for $\beta=\beta_{0}$ ,

$\mathrm{m}_{1,\beta}(P, f)=\{$

$(\mathcal{M}_{1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta;P), ev_{0})$ for $\beta\neq\beta_{0}$

$(-1)^{n}\partial P$ for $\beta=\beta_{0}$ ,

and
$\mathrm{e}=[L]$ (the fundamental cycle).

The notation ain the definition of $\mathrm{m}_{1,\beta_{()}}$ is the usual (classical) boundary
operator.
(2) For each $k\geq 2$ and $(P_{\dot{l}}, f_{\dot{l}})\in C\mathrm{k}$ $(L, \mathrm{Q})$ , we define $\mathrm{m}_{k,\beta}$ by

$\mathrm{m}_{k,\beta}((P_{1}, f_{1})$ , $\ldots$ , $(P_{k}, f_{k}))=\mathrm{m}_{k,\beta}((P_{1}, f_{1})\otimes\cdots\otimes(P_{k}, f_{k}))$

$=(\mathcal{M}_{1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta;P_{1}, \cdots, P_{k}), ev_{0})$ .

(3) Then we define $\mathrm{m}_{k}(k\geq 0)$ by

$\mathrm{m}_{k}=\sum_{\beta\in\pi_{2}(M,L)}\mathrm{m}_{k,\beta}\otimes[\beta]=\sum_{\beta\in\pi_{2}(M,L)}\mathrm{m}_{k,\beta}\otimes T^{(v(\beta)}e^{\Delta\Leftrightarrow\beta}$
.

Remark 4.13. (1) By definition, mo $=0$ . (This is the case corresponding to
$\beta=\beta 0\cdot)$ But $\mathrm{m}_{0}\neq 0$ .

(2) In the definition of $\mathrm{m}_{1,\beta_{\{}}$, above, we see $P$ as achain. If we see $P$ as a
cochain (or adifferential form), then we have

(4.13.2) $\mathrm{m}_{1,\beta_{()}}(P)=(-1)^{n+\deg P+1}dP$,

where $\deg P$ is the degree of $P$ as acochain. This is because we can see
the following general formula (under certain our conventions [FOOO] about
orientations of boundary and of normal bundle). For an s-dim chain $S$ in $L$ ,
we have

$P.D.(\partial S)=(-1)^{\deg S+1}d(P.D.(S))$ .
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Here $\deg$ S $\ovalbox{\tt\small REJECT}$ n –s and P.D. denotes the Poincare duality. Of course, this
sign depends on aconvention about the Poincare duality. Actually, we use the
following convention. For achain S in L, the Poincare dual $P.D.(S)$ satisfies

$\int_{S}\alpha|_{S}=\int_{L}P.D.(S)\wedge\alpha$

for any $\alpha\in\Omega^{\dim S}(L)$ . We also note that the universal constant $n+1$ in the
power of the sign in (4.13.2) does not affect in the $A_{\infty}$ relations in the case
$\mathrm{m}_{0}=0$ . In this sense, this is consistent with Remark 4.9 (2).

By using the $\{\mathrm{m}_{k}\}_{k\geq 0}$ , we define

$d_{k}$

$:\oplus_{n}B_{n}(C[1](L;\Lambda_{0,nov}))arrow\oplus_{n}B_{n-k+1}(C[1](L;\Lambda_{0,nov}))$

as in (4.4). Then the following is our main theorem in this section.

Theorem 4.14. ([FOOO]) Suppose $L$ is a relatively spin Lagrangian subman-
ifold. Then $(C(L;\Lambda_{0,nov}), \mathrm{m})$ is a filtered $A_{\infty}$ algebra (with unit e). Fuhher-
more, $(C(L;\Lambda_{0,nov}), \mathrm{m})$ satisfies the gap condition (4.2.8).

(Strictly speaking, $\mathrm{e}$ is not aunit, but ahomotopy unit. (We can deform
(unitarize) $\mathrm{e}$ to be unit.) But we omit the details, see [FOOO].) Moreover,
by using moduli space of metr $.c$ ribbon trees, we can construct an $A_{\infty}$ algebra
$(\mathrm{Q}\mathcal{X},\overline{\mathrm{m}})$ over $\mathrm{Q}$ with mo $=0$ , such that it describes the rational homotopy
type of $L$ and the cohomology of $\overline{\mathrm{m}}_{1}$ is isomorphic to the cohomology of $L$

[FOOO]. Then we can show the following.

Theorem 4.15. ([FOOO]) $(C(L;\Lambda_{0,nov}), \mathrm{m})$ is an $A_{\infty}$ deformation of the
$A_{\infty}$ algebra $(\mathrm{Q}\mathcal{X},\overline{\mathrm{m}})$ .

Sketch of the Proof of Theorem 4.14: To prove $\hat{d}\circ\hat{d}=0$ , we analyze the
boundary of $\mathcal{M}_{1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta;P_{1}, \cdots, P_{k})$. We find that its boundary is the sum of

$\sum_{i}\mathcal{M}_{1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta;P_{1}, \cdots, \partial P_{i}, \cdots, P_{k})$

and the terms described by the bubbling off holomorphic discs. On the other
hand, in order to prove $\hat{d}\circ\hat{d}--0$ , we note that it is enough to show that

(4.16.1)
$\sum_{\beta_{1}+\beta_{2}=\beta}\sum_{k_{1}+k_{2}=k+1}$ $\sum_{i}(-1)^{\deg P_{1}+\cdots+\deg P_{j-1}+i-1}$

$\mathrm{m}_{k_{1},\beta_{1}}(P_{1}, \cdots, \mathrm{m}_{k_{2},\beta_{2}}(P_{i}, \cdots, P_{i+k_{2}-1}), \cdots, P_{k})=0$.
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(See Remark 4.9.) We divide the left hand side into 3terms, according as
$13_{\mathrm{h}}\ovalbox{\tt\small REJECT}$ $0(\ovalbox{\tt\small REJECT}\# 0)$ and $k_{i}\ovalbox{\tt\small REJECT}$ 1, $\mathrm{j}3_{2}\ovalbox{\tt\small REJECT}$ $0(\ovalbox{\tt\small REJECT}\# 0)$ and $k_{2}\ovalbox{\tt\small REJECT}$ 1, and the other cases. Then
we can rewrite the left hand side in (4.16.1) as follows:

$\mathrm{m}_{1,0}\mathrm{m}_{k,\beta}(P_{1}, \cdots, P_{k})$

(4.16.2) $+ \sum_{i}(-1)^{\deg P_{1}+\cdots+\deg P_{-1}+i-1}\dot{.}\mathrm{m}_{k,\beta}(P_{1}, \cdots, \mathrm{m}_{1,0}(P_{i}), \cdots, P_{k})$

$+ \sum_{\rho_{1}+\rho_{2}=\beta,\iota_{1}+k_{2}=k+1}$

,

$\sum_{\dot{l}}(-1)^{\deg P_{1}+\cdots+\deg P_{-1}+:-1}$
.

$/_{1}’\neq 1\mathrm{I}$ or $k_{1}\neq 1$ ,
$\theta_{2}\neq(|$ or $k_{2}\neq 1$

$\mathrm{m}_{k_{1\prime}\beta_{1}}(P_{1}, \cdots, \mathrm{m}_{k_{2},\beta_{2}}(P_{\dot{l}}, \cdots, P_{\dot{l}+k_{2}-1}), \cdots, P_{k})$ .

By Definition 4.12, we have $\mathrm{m}_{1,0}=(-1)\mathrm{n}9$, where Ct is the classical boundary
map. Hence the first term in (4.16.2) is nothing but

(4.16.2.1) $(-1)^{n}\partial(\mathcal{M}_{1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta:P_{1},$

\cdots ,$P_{k}), ev_{0})$ ,

and the second term in (4.16.2) is the sum of

(4.16.2.2) $(-1)^{\sum_{j=1}^{i-1}(\deg P_{\mathrm{j}}+1)}(-1)^{n}(\mathcal{M}_{1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta:P_{1},$

\cdots ,
$\partial P_{\dot{l}},$

\cdots ,$P_{k}), ev_{0})$ .

The third term in (4.16.2) geometrically corresponds to moduli spaces de-
scribed by bubbling off holomorphic discs. This is the sum of

(4. 16.2.3) $(-1)^{\sum_{\mathrm{j}=1}^{-1}(\deg P_{j}+1)}’(\mathcal{M}_{1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta_{1}$ ; $P_{1}$ , $\cdots$

.. ., $P_{\dot{l}-1},\mathcal{M}_{1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta_{2};P_{\dot{l}}, \cdots, P_{\dot{|}+k_{2}-1})$ , $\cdots$ , $P_{k})$ , $ev_{0})$ .

Moreover, as for the orientations of these spaces, we can show the following:

(4.16.3.1) $(-1)^{\sum_{\mathrm{j}=1}^{i-1}(\deg P_{j}+1)}(-1)^{n}\mathcal{M}_{1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta:P_{1}, \cdots, \partial P_{i}, \cdots, P_{k})$

$\subseteq(-1)^{n+1}\partial \mathcal{M}_{1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta;P_{1}, \cdots, P_{k})$

and

(4.16.3.2)

$(-1)^{\sum_{j=1}^{\alpha-1}(\deg P_{j}+1)}\mathcal{M}_{1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta_{1;}P_{1}, \cdots, \mathcal{M}_{1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta_{2;}P_{\dot{l}}, \cdots, P_{i+k_{2}-1}), \cdots, P_{k})$

$\subseteq(-1)^{n+1}\partial \mathcal{M}_{1}^{\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}}(\beta;P_{1}, \cdots, P_{k})$ .

Therefore we find that (4.16.2.1) and the sum of (4.16.2.2) and (4.16.2.3) cancel
each other. Namely (4.16.2) is zero. This implies $\hat{d}\circ\hat{d}=0$ . We recall that we
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have an element $\mathrm{Q}_{1}$ c $\mathrm{n}_{2}(M,$L) such that it is represented by J holomorphic
disc with the minimal (non zero) area. We take A” $>0$ such that

$\lambda’<\omega[\beta_{1}]$ .

Then we can find that $\{\mathrm{m}_{k}\}$ satisfies the gap condition (4.2.8).

\S 5. Bounding cochains and deformation.
Prom now on, we are working on cohains (or cohomologies), not on chains

(or homologies) via the Poincare duality, because they are fitted with the
framework of obstruction theory.

5.A) Bounding cochains and the master equation.
For acochain b $\in C[1]^{0}(L, \Lambda_{0,nov})$ with the shifted degree 0, we put

(5.1) $e^{b}=1+b+b\otimes b+b\otimes b\otimes b+\cdots\in\hat{B}(C[1](L, \Lambda_{0,nov})$ .

(We do not put the factorials here unlike definition of the exponential, because
we use only the main component among $(k+1)!$ components of $\mathcal{M}_{k+1}$ to define
the map $\mathrm{m}_{k}.$ )

Definition 5.2. We say that $b$ is abounding cochain if $\hat{d}e^{b}=0$ . Afiltered $A_{\infty}$

algebra is said to be unobstr ucted if there exists abounding cochain and ob-
structed otherwise. Similarly, we call aLagrangian submanifold $L$ unobstructed
if the associated filtered $A_{\infty}$ algebra $(C(L;\Lambda_{0\underline{no},v}), \mathrm{m})$ constructed in Section
4.B) is unobstructed. We denote by $\overline{\mathcal{M}}(L)=\mathrm{M}(\mathrm{L};J, --)-$ the set of all bound-
ing cochains $b$ . Here $J$ stands for acompatible almost complex structure and
$\cup--\mathrm{f}\mathrm{o}\mathrm{r}$ aparameter of the Kuranishi structure.

From the construction in \S 3, we put

(5.3) $b= \sum B(\beta_{i})\otimes[\beta_{i}]=\sum \mathrm{B}(/3\mathrm{i})\otimes T^{\omega(\beta_{j})}e^{\frac{\prime\iota(\beta_{i})}{2}}\in C[1]^{0}(L;\Lambda_{0,nov})$.

Then we can show that

Lemma 5.4. The chains $B(\beta_{i})$ bound $o_{i}(L)$ inductively if and only if $b$ in
(5.3) is a bounding cochain, $i.e.,\hat{d}e^{b}=0$ .

Remark 5.5. The equation $\hat{d}e^{b}=0$ is equivalent to

$\mathrm{m}_{0}(1)+\mathrm{m}_{1}(b)+\mathrm{m}_{2}(b, b)+\mathrm{m}_{3}(b, b, b)+\cdots=0$ .

If $\mathrm{m}_{0}=0$ and $\mathrm{m}_{k}=0$ for $k\geq 3$ , by putting $\mathrm{m}_{1}=d$ and $\mathrm{m}_{2}=\wedge$ , the equation
is equivalent to

$db+b\Lambda b=0$ ,
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which is nothing but the classical Maurer-Cartan equation for DGA. Our equa-
tion $\hat{d}e^{b}=0$ is an inhomogeneous $A_{\infty}$ -version of Maurer-Cartan or Batalin-
Vilkovisky master equation [BV]. The relation of Batalin-Vilkovisky master
equation to the defo rmation theory is discussed in [Sch], [ASKZ], [BK], [K].

The deformation of the Floer coboundary operators in \S 3 can be inter-
preted as follows. Here for simplicity, we discuss the case for one Lagrangian
submanifold L. (The case for two Lagrangian submanifolds $L_{0}$ and $L_{1}$ is
similar, but needs more notations and argument, e.g., we have to use $\Lambda_{nov}.$ )
Suppose that the filtered $A_{\infty}$ algebra $(C(L;\Lambda_{0,nov}), \mathrm{m})$ we constructed in \S 4 is
unobstructed in the sense of Definition 5.2. Then we have bounding cochains
$b_{1}$ , $b_{2}\in C[1]^{0}(L, \Lambda_{0,nov})$ . (They may coincide.) By using these cochains $b_{1}$ , $b_{2}$ ,
we define

$\delta_{b_{1},b_{2}}$ : $C(L;\Lambda_{0,nov})arrow C(L;\Lambda_{0,nov})$

by

(5.6) $\delta_{b_{1},b_{2}}(x)=$

Then we can find that

$\hat{d}(e^{b_{1}}xe^{b_{2}})=e^{b_{1}}\delta_{b_{1},b_{2}}(x)e^{b_{2}}+\hat{d}(e^{b_{1}})xe^{b_{2}}+(-1)^{\deg x+1}e^{b_{1}}x\hat{d}(e^{b_{2}})$.

The second and the third term vanishes if $\hat{d}(e^{b_{1}})=\hat{d}(e^{b_{2}})=0$ . Thus we have

Proposition 5.7. If $\hat{d}(e^{b_{1}})=\hat{d}(e^{b_{2}})=0$ , then $\delta_{b_{1},b_{2}}\circ\delta_{b_{1},b_{2}}=0$ .
5.B) Deformation of $A_{\infty}$ algebra.

Now let b $\in C[1]^{0}(L, \Lambda_{0,nov})$ be acochain, which is not necessary abound-
ing cochain. For the cochain 6, we next deform our filtered $A_{\infty}$ algebra as
follows.

Definition 5.8. Using this cochain 6, we put

$\mathrm{m}_{k}^{b}(x_{1}, \cdots, x_{k})=..\sum_{\ell_{\mathrm{I}},,,\ell_{k}}.\mathrm{m}_{k+\sum\ell_{i}}(b, \cdot\cdot, b,x_{1},b, \cdot\cdot, b, \cdots,b,\cdots b, x_{k},b, \cdot\cdot, b)\check{\ell_{1\mathrm{J}}}\cdot\tilde{\ell_{1}}\cdot\tilde{\ell_{k-1}},\tilde{\ell_{k}}$

.

$=\mathrm{m}(e^{b}x_{1}e^{b}x_{2}\cdots x_{k-1}e^{b}x_{k}e^{b})$

for $k=0,1,2\cdots$ .

We note that $\mathrm{m}_{0}^{b}(1)=\mathrm{m}(e^{b})$ . Since we can find that

$\hat{d}e^{b}=e^{b}\mathrm{m}_{0}^{b}(1)e^{b}$ ,

70



we have the following.

Proposition 5.9. $(C, \mathrm{m}^{b})$ is also a filtered $A_{\infty}$ algebra. In addition, $\hat{d}(e^{b})=0$

is equivalent to $\mathrm{m}_{0}^{b}=0$ .

This implies that an unobstructed filtered $A_{\infty}$ algebra can be deformed to
afiltered $A_{\infty}$ algebra with $\mathrm{m}0=0$ .

5.C) Homotopy equivalence, dependence and independence.

Let $(\mathrm{C}, \mathrm{m}^{i})$ , $i=1,2$ , be filtered $A_{\infty}$ algebras over the ring $\Lambda_{0,nov}$ . For
$k=0,1,2$ , $\cdots$ , let us consider the family of maps

$\mathrm{f}_{k}$ : $B_{k}(C_{1}[1])arrow C_{2}[1]$

of degree 0such that

(5.10.1) $\mathrm{f}_{k}(F^{\lambda}B_{k}(C_{1}[1]))\subseteq F^{\lambda}C_{2}[1]$

and

(5.10.2) $\mathrm{f}_{0}(1)\in F^{\lambda’}C_{2}[1]$ for some $\lambda’>0$ .

Note that $\mathrm{f}_{0}$ : $\Lambda_{0,nov}arrow C_{2}[1]$ . These maps induce

$\varphi_{k}$ : $B_{k}(C_{1}[1])arrow\hat{B}(C_{2}[1])$ ,

by

$\varphi_{k}(x_{1}\otimes\cdots\otimes x_{k})=\sum_{\iota}0\leq k_{1}\leq\cdots\leq k,\leq k$ $\mathrm{f}_{k_{1}}(x_{1}, \cdots, x_{k_{1}})\otimes\cdots$

(5.11) . . . $\otimes \mathrm{f}_{k_{j+1}-k_{i}}(x_{k_{j}+1}, \cdots, x_{k_{j+1}})\otimes\cdots$

. $..\otimes \mathrm{f}_{k-k_{n}}(x_{k,,+1}, \cdots, x_{k})$ ,

and (5.10) implies that $\sum\varphi k=\hat{\varphi}$ converges. We note that when $\mathrm{f}_{0}$ appears
in the right hand side of (5.11), we put $\mathrm{f}_{0}(1)$ there. Thus, in particular, $\varphi_{0}$ is

given by
to (1) $=1+\mathrm{f}_{0}(1)+\mathrm{f}_{0}(1)\otimes \mathrm{f}_{0}(1)+\cdots=e^{\mathrm{f}_{()}(1)}$

in our notation. (See (5.1)). Then it is easy to see that $\hat{\varphi}:\hat{B}(C_{1}[1])arrow\hat{B}(C_{2}[1])$

is acoalgebra homomorphism.

Definition 5.12. We call f $=\{\mathrm{f}_{k}\}_{k\geq 0}$ afiltered $A_{\infty}$ homomorphism from $C_{1}$

to $C_{2}$ if $\hat{\varphi}\circ\hat{d}^{1}=\acute{d}^{2}0\hat{\varphi}$ .
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Let $\mathrm{e}_{i_{\ovalbox{\tt\small REJECT}}}$ be abasis of c. as in (4.2.5). We say that f satisfies the gap
condition if

(5.12.1) $\mathrm{f}_{k}(\mathrm{e}_{i_{1}},$

\ldots ,
$\mathrm{e}\mathrm{i}\mathrm{f}\mathrm{c})-\overline{\mathrm{f}}_{k}(\mathrm{e}_{i_{1}}$ , . . . ’

$\mathrm{e}_{i_{k}})\in F^{\lambda’}C_{2}[1]$

where $\lambda’’>0$ is independent of $i_{j}$ and k. (Here $\overline{\mathrm{f}}$ denotes the induced map on
the (not filtered) $A_{\infty}$ algebra over $\Lambda_{0,nov}/\Lambda_{0,nov}^{+}\cong \mathrm{Q}$ , (see \S 4.) $)$

Let $\mathrm{f}_{k}^{i}$ : $B_{k}(C_{i}[1])arrow c_{:+1}[1](i=1,2)$ define afiltered $A_{\infty}$ homomorphism.
Then the composition $\mathrm{f}^{2}\circ \mathrm{f}^{1}=\{(\mathrm{f}^{2}\circ \mathrm{f}^{1})_{k}\}$ of $\mathrm{f}^{1}$ and $\mathrm{f}^{2}$ is

$(\mathrm{f}^{2}\circ \mathrm{f}^{1})_{k}(x_{1}, \cdots, x_{k})$

$= \sum_{m}\sum_{k_{1}+\cdots+k_{m}=k}\mathrm{f}_{m}^{2}(\mathrm{f}_{k_{1}}^{1}(x_{1}, \cdots, x_{k_{1}}), \cdots, \mathrm{f}_{k_{m}}^{1}(x_{k-k_{n\iota}+1}, \cdots, x_{k}))$.

which defines afiltered $A_{\infty}$ homomorphism from $C_{1}$ to $C_{3}$ .
Let $(C_{i}, \mathrm{m}^{i})$ $(i=1,2)$ be filtered $A_{\infty}$ algebras over $\Lambda_{0,nov}$ and $\mathrm{f}$ :

$(C_{1}, \mathrm{m}^{1})arrow(C_{2}, \mathrm{m}^{2})$ afiltered $A_{\infty}$ homomorphism. Then $\mathrm{f}$ naturally induces
an $A_{\infty}$ homomorphism $\overline{\mathrm{f}}$ : $(\overline{C}_{1},\overline{\mathrm{m}}^{1})arrow(\overline{C}_{2},\overline{\mathrm{m}}^{2})$, where $(\overline{C}_{i},\overline{\mathrm{m}})$ are the $A_{\infty}$

algebras over $\mathrm{Q}\cong\Lambda_{0,nov}/\Lambda_{0,nov}^{+}$ . If $\overline{\mathrm{m}}_{0}=0$ , then we note that $\overline{\mathrm{m}}_{1}\overline{\mathrm{m}}_{1}=0$ ,
(see Remark 4.9).

Definition 5.13. Let $(C_{i}, \mathrm{m}^{i})(i=1,2)$ be filtered $A_{\infty}$ algebras over $\Lambda_{0,nov}$

such that $\overline{\mathrm{m}}_{0}^{i}=0$ . For these filtered $A_{\infty}$ algebras, we say that afiltered $A_{\infty}$

homomorphism $\mathrm{f}:(C_{1}, \mathrm{m}^{1})arrow(C_{2}, \mathrm{m}^{2})$ is aweak homotopy equivalence, if the
induced $A_{\infty}$ homomorphism $\overline{\mathrm{f}}:(\overline{C}_{1},\overline{\mathrm{m}}^{1})arrow(\overline{C}_{2},\overline{\mathrm{m}}^{2})$ induces an isomorphism

$\overline{\mathrm{f}}_{1}$ : $H^{*}(\overline{C}_{1},\overline{\mathrm{m}}_{1}^{1})arrow H^{*}(\overline{C}_{2},\overline{\mathrm{m}}_{1}^{2})$ .
We recall that the condition $\overline{\mathrm{m}}_{0}=0$ is satisfied in our filtered $A_{\infty}$ algebra

$(C(L, \Lambda_{0,nov})$ , m), see Definition 4.12.
Hereafter we assume that the filtered $A_{\infty}$ algebras $(C_{i}, \mathrm{m}^{i})$ are unob-

structed and weakly finite. Here, afiltered $A_{\infty}$ algebra $(C, \mathrm{m})$ is called un-
obstructed if there exists abounding cochain $b\in C[1]^{0}$ such that $\hat{d}(e^{b})=0$ ,
and weakly finite if there exists afinite $\Lambda_{0,nov}$ module cochain complex $(\mathrm{C}, \delta’)$

such that there is afiltered $A_{\infty}$ homomorphism $\mathrm{f}’$ : $(C’, \delta’)arrow(C, \mathrm{m})$ with
satisfying the gap condition (5.12.1) which induces an isomorphism between
$H^{*}(C’, \delta’)$ and $H^{*}(C[1], \mathrm{m}_{1}^{b})$ , (see Definition 5.8 and Proposition 5.9 for $\mathrm{m}^{b}$ .
We also note that our unobstructed filtered $A_{\infty}$ algebra $(C(L, \Lambda_{0,nov})$ , m) as-
sociated to Lagrangian submanifold $L$ is weakly finite, see [FOOO] Theorem
A4.28 in \S A4). Under these assumptions, we can obtain the following lemma.
(Kontsevich shows asimilar lemma in the case of $L_{\infty}$ algebra [K]).
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Lemma 5.14. Let $(C_{i}, \mathrm{m}^{i})$ be unobstr ucted and weakly finite filtered $A_{\infty}$

algebras $(i=1, 2)$ . If a filtered $A_{\infty}$ homomorphism $\mathrm{f}^{1}$ is a weak homotopy
equivalence and if it satisfies the gap condition (5.12.1), then there eists $a$

filtered $A_{\infty}$ homomorphism $\mathrm{f}^{2}$ such that both of the compositions $(\mathrm{f}^{1}\circ \mathrm{f}^{2})_{1}$ and
$(\mathrm{f}^{2}\circ \mathrm{f}^{1})_{1}$ induce the identities on the cohomologies $H^{*}(\overline{C}_{i}[1], \overline{\mathrm{m}}_{1}^{i})$ .
Definition 5.15. Let $(C_{i}, \mathrm{m}^{i})$ be filtered $A_{\infty}$ algebras over $\Lambda_{0,nov}$ with $\overline{\mathrm{m}}_{0}^{i}=$

$0(i=1,2)$ . We assume that $(C_{i}, \mathrm{m}^{i})$ are unobstructed and weakly finite.
Then $(C_{1}, \mathrm{m}^{1})$ and $(C_{2}, \mathrm{m}^{2})$ are said to be weakly homotopy equivalent if there
exist filtered $A_{\infty}$ homomorphisms $\mathrm{f}^{1}$ and $\mathrm{f}^{2}$ from $C_{1}$ to $C_{2}$ and $C_{2}$ to $C_{1}$

respectively such that the compositions $\mathrm{f}^{1}\circ \mathrm{f}^{2}$ , $\mathrm{f}^{2}\circ \mathrm{f}^{1}$ are weakly homotopy
equivalences.

Now we recall from Proposition 5.7 that two bounding cochains $b_{1}$ , $b_{2}$ on
filtered $A_{\infty}$ algebra $(C, \mathrm{m})$ induce acoboundary map

$\delta_{b_{1},b_{2}}$ : $Carrow C$

as in (5.6). We next prove that aweak homotopy equivalence induces anatural
isomorphism between the cohomology of $(C, \delta_{b_{1},b_{2}})$ . We first note the following
lemma.

Lemma 5.16. For a non-zero element $\mathrm{x}$ of $\hat{B}(C[1])$ , $\mathrm{x}=e^{b}$ for some $b\in$

$B_{1}(C[1])=C[1]$ if and only if $\Delta \mathrm{x}=\mathrm{x}\otimes \mathrm{x}$, where $\Delta$ is the coproduct as in
(4.3).

Since $\hat{\varphi}$ : $\hat{B}(C[1])arrow\hat{B}(C[1])$ is acoalgebra homomorphism, if $\mathrm{x}$ satisfies
$\Delta \mathrm{x}=\mathrm{x}\otimes \mathrm{x}$ , so does $\hat{\varphi}(\mathrm{x})$ and so we have an element $\varphi(b_{0})$ such that $\hat{\varphi}(e^{b_{11}})=$

$e^{\varphi(b_{()})}$ by Lemma 5.16. More explicitly, we have

(5.17) $\varphi(b_{0})=\mathrm{f}\mathrm{o}(1)+\mathrm{f}\mathrm{i}(60)+\mathrm{f}2(60, b_{0})+\cdots$ .

Proposition 5.18. Let $(C_{0}, \mathrm{m}^{0})$ and $(C_{1}, \mathrm{m}^{1})$ be the filtered $A_{\infty}$ algebras such
that $\overline{\mathrm{m}}_{0}^{i}=0(i=0,1)$ . We assume that $(C_{i}, \mathrm{m}^{i})$ are unobstr ucted and weakly
finite. Let $\mathrm{f}=\{\mathrm{f}_{k}\}_{k\geq 0}$ define a weak homotopy equivalence betw $een$ them. Let
$\hat{d}^{0},\hat{d}^{1}$ $be$ obtained from $\mathrm{m}^{0}$ , $\mathrm{m}^{1}$ , and $\varphi$ obtained from $\mathrm{f}_{k}$ . Let $b_{0}\in(C_{0}[1])^{0}$ .
Then $\hat{d}^{0}e^{b_{\mathrm{t})}}=0$ if and only if $\hat{d}^{1}e^{\varphi(b_{1\mathrm{J}})}=0$ .

If we moreover assume the gap condition for $(C_{0}, \mathrm{m}^{0})$ , $(C_{1}, \mathrm{m}^{1})$ and $\mathrm{f}$ ,
then the cohomology of $\delta_{b_{1},b_{2}}^{0}$ is isomor phic to that of $\delta_{\varphi(b_{1}),\varphi(b_{2})}^{1}$ , $ffie^{b_{1\mathrm{J}}}=0$ .

For the proof of the last assertion, we need aspectral sequence argument.
To construct the spectral sequence, we need the gap condition. See [FOOO]
for more details
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Next, $\underline{\mathrm{w}}\mathrm{e}$ can define an equivalence relation $\sim \mathrm{i}\mathrm{n}$ the set of bounding
cochains $\mathcal{M}(L)$ , (see Definition 5.2). This can be regarded as asort of “gauge
equivalence” relation. Asimilar notion is introduced in [K] for $L_{\infty}$ algebra. We
do not explain it here. See [FOOO]. Anyway, we can show that the following.

Theorem 5.19. Let $(L, L’)$ be a pair of relative spin Lagrangian submanifolds.
Let $b_{0}$ , $b_{1}\in\overline{\mathcal{M}}(L)$ and $b_{\grave{0}}’$ , $b_{1}’\in\overline{\mathcal{M}}(L’)$ . Assume that $b_{0}\sim b_{1}$ and $b_{0}’\sim b_{1}’$ . Then
the deformed Floer cohomology $HF((L, \mathrm{b}\mathrm{o})$ , $(L’, b_{0}’))$ is canonically isomorphic
to $HF((L, b_{1}),$ $(L’, b_{1}’))$

More generally, we can show the followings. We set Ai(L) $=\overline{\mathcal{M}}(L)/\sim$ .

Theorem 5.20. Let $(L, L’)$ be a pair of relative spin Lagrangian submanifolds
of M. Then we have the following:
(5.20.1) $\mathcal{M}(L;J, ---)$ is independent of the choice of $\dot{J},---\cdot$ Namely there exists
a canonical isomorphism $\mathcal{M}(L;J,---)\cong \mathrm{M}(\mathrm{L};J’,---’)$ . (Hereafter we omit $J,—$

and write $\mathcal{M}(L)$ in case no confusion can occur.)
(5.20.2) Floer cohomology is also independent of $J,—$ . More precisely we
have the following :Let $b_{0}\in \mathrm{M}(\mathrm{L};J_{0},---0)$ , $b_{0}’\in \mathcal{M}$ ( $L’;J_{0}$ , E5). Let $b_{1}\in$

$\mathcal{M}(L;J_{1,-1}--)$ , and $b_{1}’\in \mathcal{M}(L’;J_{1,-1}--’)$ corresponds to them by the isomorphism
in (5.20.1). Then there eists a canonical isomorphism

$HF((L, b_{0})$ , $(L’, b_{0}’);J_{0},---0,$ $—\prime 0)\cong HF((L, \mathrm{b}\mathrm{o}),$ $(L’, b_{1}’);J_{1,-1,-1}----’)$ .

Hereafter we write $HF((L, b_{0})$ , $(L’, b_{0}’))$ in place of
$HF((L, \mathrm{b}\mathrm{o}),$ $(L’, b_{0}’);J_{0},---0$ , $\mathrm{E}5)$

when no confusion can occur.
(5.20.3) Any Hamiltonian diffeomor phism $\psi$ induces a map

$\psi_{*}:$ $\mathcal{M}(L)\simeq \mathcal{M}(\psi(L))$ ,

which depends only on the homotopy class of the Hamiltonian diffeomorphism
$\psi$ : $Larrow\psi(L)$ . Namely if $\psi^{s}$ be a family of Hamiltonian diffeomorphisms such
that $\psi^{\mathit{8}}(L)$ is independent of $s$ then $\psi_{*}^{0}=\psi_{*}^{1}$ .
(5.20.4) Let $\Psi$ $=\{\psi^{\tau}\}_{0\leq\tau\leq 1}$ and $\Psi’=\{\psi^{\prime \mathcal{T}}\}_{0\leq\tau\leq 1}$ be Hamiltonian is0-
topies with $\psi^{0}=\psi^{\prime 0}=id$ . Let $b_{0}\in \mathrm{M}\{\mathrm{L}$ ), and $b_{0}’\in \mathrm{M}(\mathrm{L}\mathrm{r})$ . We put
$b_{1}=\psi_{*}^{1}(b_{0})\in \mathcal{M}(\psi^{1}(L), J_{1})$ , $\psi_{*}^{\prime 1}(b_{0}’)=b_{1}’\in \mathcal{M}(\psi^{\prime 1}(L’))$ . Then $\Psi$ , $\Psi’$ induces
an isomorphism

$(\Psi, \Psi’)_{*}$ : $HF((L, b_{0})_{:}(L’, b_{0}’))\cong HF((\psi^{1}(L), \mathrm{b}\mathrm{o}),$ $(\psi^{\prime 1}(L’), b_{1}’))$ ,
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which depends only on homotopy types ofHamiltonian isotopies $b$ erween $id$ and
$\psi^{1}$ and betw $een$ $id$ and $\psi^{\prime 1}$

Theorem 5.20 says, up to ambiguity of the choice of $B$ , the obstruction
class and Floer cohomology are independent of the Hamiltonian isotopy and
of the almost complex structure.

Moreover, we can show that $\mathcal{M}(L)$ can be described as some quotient
space of the zero set of certain formal map (Kuranishi map). So it describes
the deformation space. See [FOOO].

\S 6. Some applications.
In this last section, we give some applications of our theory to some con-

crete problems in symplectic geometry. For the proofs, see [FOOO].
The first one is the Arnold conjecture for Lagrangian intersections.

Theorem 6.1. Assume that $L$ is relatively spin closed Lagrangian subman-
ifold of $(\Lambda t,\omega)$ and that the natural map $H_{*}(L;\mathrm{Q})arrow H_{*}(M;\mathrm{Q})$ is injective.
Then for any Hamiltonian diffeomorphism $\psi$ : $Marrow M$ such that $L$ and $\psi(L)$

intersect transversally, we have

$\#(L\cap\psi L)\geq\sum_{k}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}H_{k}(L;\mathrm{Q})$
.

The assumption that the natural map $H_{*}(L;\mathrm{Q})arrow H_{*}(M;\mathrm{Q})$ is injective
implies that all our obstruction classes vanish. (See Theorem 2.6). We remark
that this theorem implies the Arnold conjecture for the fixed point sets of
Hamiltonian diffeomorphisms (over $\mathrm{Q}$-coefficients)which is proved by [FO],
[LT] etc. Namely, let us consider $L=\Delta$ (the diagonal set) in $(M\cross M, \omega\oplus-\omega)$ .
Then the intersection points are nothing but the fixed points of $\psi$ . The relative
spinness for $\Delta$ and the assumption above are automatically satisfied by the
Kunneth formula.

More generally, by using our spectral sequence, we can get the following.

Theorem 6.2. Let $L$ be relatively spin and assume that the associated $A_{\infty}$

algebra is unobstructed. Denote $A= \sum$ rank $H(L;\mathrm{Q})$ and

$B= \sum$ rank $\mathrm{k}\mathrm{e}\mathrm{r}(H(L;\mathrm{Q})arrow H(M;\mathrm{Q}))$ .

Then we have
$\#(L\cap\psi(L))\geq A-2B$

for any Hamiltonian diffeomor phism $\psi$ : $Marrow M$ such that $L$ and $\psi(L)$ inter-
$s$ et transversally.
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Next application is so called Arnold-Givental conjecture, which is avariant
of Arnold conjecture. In general, the most naive statement such as

(6.3) $\#(L\cap\phi(L))\geq\sum \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}H_{*}(L;\mathrm{Z}/2\mathrm{Z})$

is not true for general $L$ and general Hamiltonian diffeomorphism $\phi$ . In this
respect, Givental made aconjecture that (6.3) is true at least if $L$ is the fixed
point set of an anti-symplectic involution. However acareful analysis on the
orientation of the moduli space shows that this cancellation does not happen
over $\mathrm{Q}$ (or over Z) but works only over $\mathrm{Z}/2\mathrm{Z}$-coefficient in general. Now we
can prove the following :

Theorem 6.4. Let $L=\mathrm{F}\mathrm{i}\mathrm{x}$
$\tau$ be the fied point set of an anti-symplectic

involution $\tau$ : $(M,\omega)arrow(M,\omega)$ and $L$ be semi-positive. Then the inequality
(6.3) holds.

Here the $n$ dimensional Lagrangian submanifold $L$ in $(M,\omega)$ is called semi-
positive, if $\omega(\beta)\leq 0$ for any $\beta$ with

$3-n\leq\mu_{L}(\beta)<0$ .
Note that if $n\leq 3$ , the semi-positivity automatically holds. This condition
plays arole similar to the case of absolute case. The reason why we need to
assume the semi-positivity is to handle the negative multiple cover problem.
We recall that we should use $\mathrm{Z}/2\mathrm{Z}$-coefficient to have the cancellation of quan-
tum effects in general which forces us to use integral cycles rather than rational
cycles. We would like to emphasize that since we use $\mathrm{Z}/2\mathrm{Z}$-coefficients, we do
not have to assume our Lagrangian submanifold is relatively spin.

The third application is so called the Maslov class conjecture. The general
folklore conjecture says that the Maslov class $\mu_{L}\in H^{1}(L;\mathrm{Z})$ of Lagrangian
embedding $L\subset \mathrm{C}^{n}$ is non-trivial for any compact Lagrangian embedding
in $\mathrm{C}^{n}$ . (We note that if the ambient symplectic manifold $(M,\omega)$ satisfies
$c_{1}(TM)=0$ , then $\mu_{L}$ can be regarded as an element of $H^{1}(L, \mathrm{Z}).)$ We can
give anew partial answer.
Theorem 6.5. Let $L$ be a compact embedded Lagrangian submanifold of $\mathrm{C}^{n}$

that satisfies $H^{2}(L;\mathrm{Z}/2\mathrm{Z})=0$ . Then its Maslov class $\mu_{L}\in H^{1}(L;\mathrm{Z})$ is
nonzero.

Moreover we can show the following estimate.
Theorem 6.6. Let $L$ be a compact embedded Lagrangian submanifold of $\mathrm{C}^{n}$ .
Suppose that it is unobstructed in the sense of Definition 5.2. Then we have
the following inequality

$1\leq\Sigma_{L}\leq n+1$ .
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Here $\mathrm{X}_{L}$ is a non-negative integer defined by Image $(p_{L})\ovalbox{\tt\small REJECT}$ $\mathrm{X}_{L}\mathrm{Z}$ , where $I^{L}L$ is
the Maslov index homomorphism in (2.0).
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