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ABSTRACT. Acompact minimal (or more generally $H$-minimal)Lagrangian
submanifold immersed in aK\"ahler manifold is called Hamiltonian stable if
the second variation of volume is nonnegative under every Hamiltonian
deformation. In this paper we will study the Hamiltonian stability of t0-
tally real Lagrangian submanifolds embedded in complex projective spaces
with parallel second fundamental form. Such submanifolds are H-minimal
submanifolds. Moreover we will mention the globally volume minimizing
property of the real projective spaces in complex projective spaces under
Hamiltonian deformations. We will give acomplete list of all Hamiltonian
stable symmetric $R$-spaces of non-Hermitian tyPe canonically embedded in
compact Hermitian symmetric spaces.

JNTRODUCTION

Let $(M, \omega)$ be an $2n$-dimensional symplectic manifold with asymplectic form
$\omega$ . An immersion $\varphi:Larrow M$ is called aLagrangian immersion if the 2-f0rm
$\varphi^{*}\omega$ on $L$ induced by the immersion $\varphi$ : $Larrow M$ vanishes. Then $L$ is called
aLagrangian submanifold immersed in asymplectic manifold $M$ .

Let $(M, \omega)$ be an $2n$-dimensional symplectic manifold. We denote by $\mathcal{L}(M)$

the set of all compact Lagrangian submanifolds of $M$. We also denote by
$SD(M)$ the group of all symplectic diffeomorphisms of $M$ i.e., $f^{*}\omega=0$ for
$f\in \mathrm{S}D(M)$ . We have agroup action of $SD(M)$ on $\mathcal{L}(M)$ . Let $\mathrm{S}D_{0}(M)$ be the
identity component of $SD(M)$ . This component is the group of all Hamiltonian
deformations of $M$, if $H_{1}(M, \mathrm{R})=\{0\}$ .
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Set $\mathcal{M}$ $=\mathcal{L}(M)/SD(M)$ , the moduli space of Lagrangian submanifolds of
$M$. It is ageneral and difficult problem to determine the structure of the space
$\mathcal{M}$ . We will study only the case when $M$ is aK\"ahler manifold.

We say that acompact Lagrangian submanifold immersed in aK\"ahler man-
ifold $M$ is aHamiltonian minimal or simply $H$-minimal Lagrangian subman-
ifold, if it has extremal volume under all Hamilitonian variations of the La-
grangian immersion. Every compact minimal submanifold $L$ immersed in a
K\"ahler manifold $M$ is always $\mathrm{H}$-minimal. Acompact $\mathrm{H}$-minimal Lagrangian
submanifold in aK\"ahler manifold $M$ is called Hamiltonian stable or simply H-
stable, if the second variation for the volume is nonnegative for all Hamiltonian
deformations of the Lagrangian immersion. Any compact stable minimal sub-
manifold $L$ immersed in aK\"ahler manifold $M$ is always H-stable.

The fundamental theory for Hamiltonian stability of $\mathrm{H}$-minimal Lagrangian
submanifolds of K\"ahler manifolds is established in the series of papers [22],
[23], [24], [25] by Y. G. Oh It is known that every compact minimal La-
grangian submanifold $L$ in an Einstein-K\"ahler manifold $M$ with nonpositive
Ricci curvature is stable (See $[5],[22]$ ). Therefore there also arises the problem
of classifying all closed minimal Lagrangian submanifolds $L$ in an Einstein-
K\"ahler manifold $M$ with positive Ricci curvature which are Hamiltonian sta-
ble. Compact stable minimal submanifolds in compact rank one symmetric
spaces have already been classified in [13], [31].

The following is anatural and interesting problem (cf.[4]).

Problem 1. Determine all closed minimal Lagrangian submanifolds in $\mathrm{C}P^{n}$

which are Hamiltonian stable.

In Section 1, we give an introduction to the Hamiltonian stability of La-
grangian submanifolds in Kahler manifolds. The purpose of this paper is to
exhibit anice class of Hamiltonian stable minimal Lagrangian submanifolds
including real projective subspaces $\mathrm{R}P^{n}$ and the Clifford tori $T^{n}$ . This goal
achieved in Section 2. In Section 3, we treat aglobal Hamiltonian stability
problem concerning the Arnold conjecture and Crofton formula in integral ge-
ometry. In the final part, Section 4we give acomplete list of all Hamiltonian
stable symmetric $R$-spaces of non-Hermitian type.

The authors would like to thank Professor Hiroyuki Tasaki for valuable
discussions on integral geometry in homogeneous spaces
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1. HAMILTOMIAN STABILITY OF MINIMAL LAGRANGIAN SUBMANIFOLDS IN
$\mathrm{K}\ovalbox{\tt\small REJECT} \mathrm{H}\mathrm{L}\mathrm{E}\mathrm{R}$ MANIFOLDS

Let $M$ be an $2n$-dimensional symplectic manifold with asymplectic form
$\omega$ and $\varphi$ : $Larrow M$ be an immersion of asmooth manifold $L$ into $M$. An
immersion $\varphi$ is called aLagrangian submanifold if $\dim L=n$ and $\varphi^{*}\omega=0$ . We
call an immersion $\varphi$ aLagrangian immersion.

Let $\varphi$ : $Larrow M$ be aLagrangian immersion. We set $NL:=\varphi^{-1}(TM)/\varphi_{*}TL$ ,
the quotient vector bundle of $\varphi^{-1}(TM)$ by the subbundle $\varphi_{*}TL$ . Let $x\in L$ be
apoint of $L$ and for each vector $V\in(\varphi^{-1}TM)_{x}$ along $L$ we define al-form
$\alpha_{V}\in\Omega^{1}(L)$ by $\alpha_{V}(X):=\omega_{\varphi(x)}(V, X)$ for each $X\in T_{x}L$ .

Assume that $M$ is acomplex $n$-dimensional Kahler manifold with complex
structure tensor field $J$ and K\"ahler metric $g$ . The Kahler form $\omega$ of $M$ is
defined by $\omega(X, \mathrm{Y}):=g(JX, \mathrm{Y})$ . It is in particular asymplectic structure of
$M$ . An immersion $\varphi$ : $Larrow M$ is aLagrangian immersion if and only if it
satisfies $J_{x}(\varphi_{*}T_{x}L)\subset T_{x}^{[perp]}L$ for each $x\in L$ , and in this case it is also called a
totally real submanifold of $M([6])$ . Here we have an orthogonal decomposition
$T_{\varphi(x)}M=\varphi_{*}T_{x}L\oplus T_{x}^{[perp]}L$ for each $x\in L$ along the immersion $\varphi$ : $Larrow M$

with respect to the metric $g$ . We can identify the normal bundle $NL$ with
the bundle $T^{[perp]}L$ . Then the complex structure tensor field $J$ induces abundle
isomorphism $NLarrow\varphi_{*}TL$ preserving metrics and connections. Since we
have $\alpha_{V}(X)=\omega_{\varphi(x)}(V, \varphi_{*}X)=g_{\varphi(x)}(JV, \varphi_{*}X)$ for each $X\in T\mathrm{X}L$ , the l-form
$\alpha_{V}$ corresponds to the vector field $JV$ on $L$ through the linear isomorphism
$T_{x}^{*}L\cong T_{x}L\cong\varphi_{*}T_{x}L$ with respect to the metric $g$ . Thus we have alinear
isomorphism

(1.1) $\varpi$ : $C^{\infty}(T^{[perp]}M)\ni V-\alpha_{V}\in\Omega^{1}(L)$ .

Let $\varphi$ : $Larrow M$ be aLagrangian immersion. Avector field $V$ along $L$ is
called aLagrangian (respectively Hamiltonian) variation if $\alpha_{V}\in\Omega^{1}(L)$ is a
closed (respectively exact) 1-form. Obviously all Hamiltonian variations are
Lagrangian variations.

Asmooth family $\{\varphi_{t}\}_{0\leq t\leq 1}$ of immersions of $L$ into $M$ is called aLagrangian

(respectively Hamiltonian) deformation of $L$ if its derivative $V= \frac{d\varphi_{t}(L)}{dt}|_{t=0}$

is aLagrangian (respectively Hamiltonian) variation. We often use the nota-
tion $\varphi_{t}(L)=L_{t}$ .

Let $(M, g)$ be aRiemannian manifold and $\varphi$ : $Larrow M$ an immersion of a
submanifold $L$ . Let $\{\varphi_{t}\}$ be adeformation of $L$ with $\varphi_{0}=\varphi$ and $A(t)$ the
volume of $L_{t}$ with respect to the metric induced from the metric $g$ of $M$ by $\varphi_{t}$ .
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Definition 1.1. ALagrangian submanifold $L$ immersed in aKahler manifold
$M$ is called aHamiltonian minimal or $H$ minimal if

$\frac{dA(t)}{dt}|_{t=0}=0$

for all Hamiltonian deformations of $L$ .

Let $H$ denote the mean curvature vector field of aLagrangian immersion
$\varphi$ : $Larrow M$ . When $M$ is aK\"ahler manifold then we have $d\alpha_{H}=\varphi^{*}\rho$, where
$\rho$ is the Ricci form of $M$. Hence it satisfies the identity $d\alpha_{H}=0$ , that is, $\alpha_{H}$

is aclosed 1-form on $L$ , when $M$ is an Einstein-K\"ahler manifold. (See [7] and
[24].)

In [24] it was shown that aLagrangian submanifold $L$ immersed in aK\"ahler

manifold $M$ is $\mathrm{H}$-minimal if and only if $\delta\alpha_{H}=0$ , where $\delta$ denotes the codif-
ferential operator of $d$ with respect to the induced metric on $L$ .

If aLagrangian immersion $\varphi$ : $Larrow M$ has the parallel mean curvature
vector field $H$ with respect to the normal connection, then it is H-minimal.

Definition 1.2. An $\mathrm{H}$-minimal Lagrangian submanifold $L$ immersed in aKahler
manifold $M$ is called Hamtltonian stable if

$\frac{d^{2}A(t)}{dt^{2}}|_{t=0}\geq 0$

for all Hamiltonian deformations of $L$ .
Obviously compact stable minimal Lagrangian submanifolds are Hamilton-

ian stable and $H$-minimal Lagrangian submanifolds.
Let $D$ be adomain in $\mathrm{R}^{2}$ . Then we have

(1.2) $4\pi S\leq P^{2}$ ,

where $S$ is aregion in the domain $D$ and $P$ is the length of the curve which
bounds $D$ . This inequality is called the classical isoperimetric inequality for
the plane.

Here we give some known examples of $H$ minimal and $H$-stable Lagrangian
submanifolds.

Example 1.1. We take $M=\mathrm{C}=\mathrm{R}^{2}$ and consider adeformation of $S^{1}$ with
fixed area. Then by (1.2) we have $4\pi^{2}\leq P^{2}$ or $\ell\leq P$. Here $\ell=2\pi$ is the
length of $S^{1}$ and $P$ is the length of the curve bounding the deformed domain.
All such deformations are Hamiltonian and all Hamiltonian deformations are
area preserving. Hence $L=S^{1}$ is an $H$ minimal and $H$-stable Lagrangian
submanifold of $M=\mathrm{C}=\mathrm{R}^{2}$ .
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Example 1.2. We set $M=S^{2}=\mathrm{C}P^{1}$ with canonical almost complex struc-
ture $J$ and Riemannian metric $g$ induced from the canonical metric of $\mathrm{R}^{3}$ . Let
$L=S^{1}=\mathrm{R}P^{1}$ be an equator of sphere $S^{2}$ . By Poincar\’e’ $\mathrm{s}$ theorem, every area
bisecting closed curve of $S^{2}$ has length greater than the length of the equator
of $S^{2}$ . Hence $S^{1}$ is minimal in $S^{2}$ . Moreover for each vector $X$ tangent to $S^{1}$ , we
have $X[perp] JX$ . Thus $L=S^{1}$ is aminimal Lagrangian submanifold of $M=S^{2}$ .
As in Example 1.1 area bisecting deformations are Hamiltonian deformations
of $L$ and conversely adeformation of $L$ is Hamiltonian if and only if it is an
area bisecting deformation. Hence $S^{1}$ is aHamiltonian stable submanifold of
$S^{2}$ .

Example 1.3. We consider $S^{2}$ as the complex projective space $\mathrm{C}P^{1}$ and $S^{1}$ as
the real projective space $\mathrm{R}P^{1}$ . Then it is natural to ask about the generaliza-
tion of their stability properties to the general case $M=\mathrm{C}P^{n}$ and $L=\mathrm{R}P^{n}$ .
The real projective space $\mathrm{R}P^{n}$ is aminimal Lagrangian submanifold in $\mathrm{C}P^{n}$

since it is atotally real and totally geodesic submanifold of $CPn$ . But it cannot
stabilize volume under every deformation because by the well-known theory of
H. B. Lawson and J. Simons in [20], every compact stable minimal submani-
fold of $\mathrm{C}P^{n}$ is acomplex submanifold of $CPn$ . In [22], Y. G. Oh proved the
Hamiltonian stability of $\mathrm{R}P^{n}$ in $\mathrm{C}P^{n}$ . Indeed it is also aglobal Hamiltonian
stable submanifold of $\mathrm{C}P^{n}$ . (See [27] and Section 3.)

Example 1.4. Let $T_{r_{1},\ldots,r_{n+1}}^{n+1}=S^{1}(r_{1})\cross\cdots\cross S^{1}(r_{n+1})\subset \mathrm{C}^{n+1}$ be astandard
torus. These are $H$ minimal in $\mathrm{C}^{n+1}$ . For every $(n+1)$-tuple $(r_{1}, \ldots, r_{n+1})$ , the
submanifold $T_{r_{1},\ldots,r_{n+1}}^{n+1}$ is not stable under any deformation of $T_{r_{1},\ldots,r_{n+1}}^{n+1}$ since
it is not acomplex submanifold of $\mathrm{C}^{n+1}$ . But it is an $H$-stable submanifold of
$\mathrm{C}^{n+1}$ for all $(r_{1}, \ldots, r_{n+1})$ by Y. G. Oh’s result in [24]. Asubmanifold $T^{n+1}=$

$S^{1}( \frac{1}{\sqrt{n+1}})\cross\cdots\cross S^{1}(\frac{1}{\sqrt{n+1}})$ is minimal in $S^{2n+1}\subset \mathrm{C}^{n}$ by W. Hsiang’s result in
[9]. Indeed it is an embedded Lagrangian submanifold. Let $\pi$ : $S^{2n+1}arrow \mathrm{C}P^{n}$

be aHopf fibration. We set $L:=\pi(T^{n+1})$ . Then $L$ is aminimal Lagrangian
submanifold of $\mathrm{C}P^{n}$ , as one can see by direct calculation. Moreover it was
shown that $L$ is an $H$-stable minimal Lagrangian submanifold of $\mathrm{C}^{n+1}$ . We
call $L$ aClifford torus. We refer to [24] for more detail.

Here we give some more new examples. Let $V$ be an $(n+1)$-dimensional
complex vector space with aHermitian inner product $(, )$ . We define an ass0-

ciated inner product $\langle$ , $\rangle_{V}$ on $V$ as follow

$\langle X, \mathrm{Y}\rangle_{V}={\rm Re}(X, \mathrm{Y})$ .
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for $X$ , $\mathrm{Y}\in V$. Let $P(V)$ be the complex projective space associated to $V$

furnished with the K\"ahler metric $\langle$ , $\rangle$ with constant holomorphic sectional
curvature $c$ . Let $S$ be the unit sphere in $V$ with the following Riemannian
metric:

$\langle X, \mathrm{Y}\rangle_{S}=\frac{c}{4}\langle X, \mathrm{Y}\rangle_{V}$

for $X$ , $\mathrm{Y}\in S$ . In this case the Hopf fibering $\pi$ : $Sarrow P(V)$ is aRiemannian
submersion (see [16]). In the following examples we consider various kinds of
vector spaces $V$ of complex matrices. Let $A^{*}$ denote the complex conjugate of
the matrix $A$ . Throughout the examples below we take an inner product on $V$

defined by
$(X, \mathrm{Y})=\mathrm{T}\mathrm{r}(X1 *)$ ,

for $X$, $\mathrm{Y}\in V$.
Example 1.5. We set $V=M(p, \mathrm{C})$ , where $M(p, \mathrm{C})$ is the complex vector
space of all complex $p\cross p$ matrices and $\tilde{L}=SU(p)$ .

We define amap $\tilde{f}$ : $\tilde{L}arrow S$ , by $\tilde{f}((g, h)\cdot SU(p))=\frac{1}{\sqrt{p}}gh^{-1}$ . Then it was

shown by H. Naitoh in [16] that amap $\tilde{f}$ : $\tilde{L}arrow \mathrm{C}P^{n}$ with $n=p^{2}-1$ is a
totally real isometric embedding and the map defined by

$f=\pi\circ\tilde{f}:SU(p)arrow \mathrm{C}P^{n}$

is also atotally real isometric immersion. In this case $L=\pi(\tilde{L})=SU(p)/\mathrm{Z}_{p}$

and the map $\phi$ : $SU(p)/\mathrm{Z}_{p}arrow \mathrm{C}P^{n}$ defined by $\phi$ $\circ\pi=f$ is aLagrangian
embedding.

Example 1.6. We set $V=S(p, \mathrm{C})$ , where $S(p, \mathrm{C})$ is the complex vector space
of all complex symmetric $p\cross p$ matrices and $\tilde{L}=SU(p)/SO(p)$ .

We define amap $\tilde{f}$ : $\tilde{L}arrow S$, by $\tilde{f}(g\cdot \mathrm{S}\mathrm{U}(\mathrm{p}))=\frac{1}{\sqrt{p}}{}^{t}g\cdot g$ for $g\in SU(p)$ .

Then it was shown by H. Naitoh in [16] that amap $\tilde{f}$ : $\tilde{L}arrow \mathrm{C}P^{n}$ with
$n=(p-1)(p+2)/2$ is atotally real isometric embedding and the map defined
by $f=\pi 0\tilde{f}:SU(p)/SO(p)arrow \mathrm{C}P^{n}$ is also atotally real isometric immersion.
Hence $L=\pi(\tilde{L})=SU(p)/SO(p)\mathrm{Z}_{p}$ and the map

$\phi$ : $SU(p)/SO(p)\mathrm{Z}_{p}arrow \mathrm{C}P^{n}$

defined by $\phi\circ\pi=f$ is aLagrangian embedding.

Example 1.7. Let V $=AS(p,$C), where $M(p,$C) is the complex vector space
of all complex skew symmetric matrices and $\tilde{L}=SU(2p)/Sp(p)$ .
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We define amap $\tilde{f}:\tilde{L}arrow S$, by $\tilde{f}(g\cdot Sp(p))=\frac{1}{\sqrt{p}}{}^{t}g\cdot J_{p}\cdot g$ for $g\in SU(p)$ .

Here $J_{p}=$ $(\begin{array}{ll}0 -I_{p}I_{p} 0\end{array})$ and $I_{p}$ is the $p\cross p$ identity matrix. Then it was also

shown by H. Naitoh in [16] that amap $\tilde{f}:\tilde{L}arrow \mathrm{C}P^{n}$ with $n=(p+1)(2p-1)/2$
is atotally real isometric embedding and the map defined by

$f=\pi\circ\tilde{f}:SU(2p)/Sp(p)arrow \mathrm{C}P^{n}$

is also atotally real isometric immersion. In this case we have $L=\pi(\tilde{L})=$

$SU(2p)/Sp(p)\mathrm{Z}_{2p}$ and the map $\phi:SU(2p)/Sp(p)\mathrm{Z}_{2p}arrow \mathrm{C}P^{n}$ defined by $\phi\circ\pi=$

$f$ is aLagrangian embedding.

Example 1.8. First we review the definitions of the exceptional Lie groups
$E_{6}$ and $F_{4}$ . These constructions are from [37].

Let $C$ be the Cayley algebra over $\mathrm{R}$ i.e., $C$ $=\mathrm{H}$ C3 He, where $\mathrm{H}$ is the
quaternion field over R.

Let $C^{\mathrm{C}}=\{x+\sqrt{-1}y|x, y\in C\}$ be the complexification of $C$ .
Let $\tilde{\mathrm{J}}=\tilde{\mathrm{J}}(3, C)$ be the set of all $3\cross 3$ Hermitian matrices $X$ with entries in

$C$ and

X $=(\begin{array}{lll}\xi_{1} x_{3} \overline{x}_{2}\overline{x}_{3} \xi_{2} x_{1}x_{2} \overline{x}_{1} \xi_{3}\end{array})$ ,

where $\xi_{i}\in \mathrm{R}$ and $x_{i}\in C$ .
It is known that $\mathrm{J}$ is aJordan algebra with respect to the multiplication

$X \circ \mathrm{Y}=\frac{1}{2}(X\mathrm{Y}+\mathrm{Y}X)$ .

We define the cross product $X\cross \mathrm{Y}$, the inner product $(X, \mathrm{Y})$ , the cubic product
$(X, \mathrm{Y}, Z)$ , and the determinant $\det X$ by

(1.3)

$X \cross \mathrm{Y}=\frac{1}{2}$ ( $2X\circ$ Y-Tr(X)Y-Tr($\mathrm{Y})X$ $+$ (TrXTrF-Tr(X $\circ \mathrm{Y}$) $)E$),

$(X, \mathrm{Y})=\mathrm{T}\mathrm{r}(X\circ \mathrm{Y})$ ,
$(X, \mathrm{Y}, Z)=(X\cross \mathrm{Y}, Z)$ ,

$\det X=\frac{1}{3}(X, X, X)$ ,

where Tr(X) is the $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ of the matrix $X$ and $E$ is the $3\cross 3$ identity matrix.
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Let $\mathrm{J}^{\mathrm{C}}=\{X+\sqrt{-1}\mathrm{Y}|X, \mathrm{Y}\in \mathfrak{J}\}$ be the complexification of $\mathfrak{J}$ . All objects
defined in (1.3) are defined also for $0^{\mathrm{C}}$ .

We define aconjugate, linear involution $\tau$ : $\mathfrak{J}^{\mathrm{C}}arrow \mathrm{J}^{\mathrm{C}}$ by

$\tau(X+\sqrt{-1}\mathrm{Y})=X-\sqrt{-1}\mathrm{Y}$.

Using this involution we define aHermitian inner product $\langle$ , $\rangle$ on $\mathrm{J}^{\mathrm{C}}$ as follows
$\langle X, \mathrm{Y}\rangle=\langle\tau(X), \mathrm{Y}\rangle$ .

Let
$E_{6}=$ { $\alpha\in \mathrm{I}\mathrm{s}\mathrm{o}\mathrm{m}_{\mathrm{C}}(\mathfrak{J},\mathfrak{J})|$ deta(X) $=\det X$ , $\langle\alpha(X)$ , $\alpha(\mathrm{Y})\rangle=\langle X$, $\mathrm{Y}\rangle$ },
$F_{4}=\{\alpha\in E_{6}|(\alpha(X), \alpha(X))=(X, \mathrm{Y})\}=\{\alpha\in E_{6}|\alpha(E)=E\}$ .

We set $V=\mathrm{J}$ and $\tilde{L}=E_{6}/F_{4}$ .
We define amap $\tilde{f}:\tilde{L}arrow S$, by $\tilde{f}(g\cdot F_{4})=\frac{1}{\sqrt{3}}g(E)$ for $g\in E_{6}$ . As in the

previous examples, H. Naitoh proved in [16] that amap $\tilde{f}$ : $\tilde{L}arrow \mathrm{C}P^{26}$ is a
totally real isometric embedding. Moreover the map defined by

$f=\pi\circ\tilde{f}:E_{6}/F_{4}arrow \mathrm{C}P^{26}$

is also atotally real isometric immersion. In this case $L=\pi(\tilde{L})=E_{6}/F_{4}\mathrm{Z}_{3}$

and the map $\phi$ : $E_{6}/F_{4}\mathrm{Z}_{3}arrow \mathrm{C}P^{26}$ defined by $\phi\circ\pi=f$ is aLagrangian
embedding.

It was observed by H. Naitoh in [16] that, in all the above cases the em-
bedding $\tilde{f}$ : $\tilde{L}arrow S$ and the immersion $f$ : $\overline{L}arrow \mathrm{C}P^{n}$ are minimal and hence
$\phi$ : $Larrow \mathrm{C}P^{n}$ is also minimal. Later we will see the $H$-stability of those
minimal Lagrangian immersions.

Let $\mathrm{C}P^{n}$ be the $n$-dimensional complex projective space equipped with the
Pubini-Study metric of constant holomorphic sectional curvature $c$ . Its Ricci
curvature tensor field is given by

(1.4) $\mathrm{R}\mathrm{i}\mathrm{c}=\frac{(n+1)c}{2}$ .

Theorem 1.1 ([22],[36]). Let $M$ be a compact minimal Lagrangian submani-
fold of $\mathrm{C}P^{n}(c)$ . Then $M$ is Hamiltonian stable if and only if the first nonzero
eigenvalue $\lambda_{1}$ of the Laplacian $\Delta_{M}$ acting on $C^{\infty}(M)$ is equal to $c(n+1)/2$ .

Remark 1. In the case of Hermitian symmetric spaces, asimilar result can be
proved ([36], [32])
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Lemma 1.1. Let $L$ be a compact minimal Lagrangian submanifold immersed
in $CPn$ . If $L$ is Hamiltonian stable, then we have $H_{1}(L;\mathrm{Z})\neq\{0\}$ and thus $L$

cannot be simply connected.

Remark 2. This result does not hold in the case of compact Hermitian sym-
meric space of rank greater than 1.

2. MINIMAL LAGRANGIAN SUBMANIFOLDS IN $\mathrm{C}P^{n}$ WITH PARALLEL
SECOND FUNDAMENTAL FORM

The complete classification of totally real submanifolds in complex projective
space with parallel fundamental form was accomplished by H. Naitoh and
M. Takeuchi in [19]. The fact that the second fundamental form is parallel
implies that the mean curvature vector field is parallel. So such manifolds are
$H$-minimal Lagrangian submanifolds of complex projective space.

Let $(U, G)$ be an Hermitian symmetric pair of compact type with the canon-
ical decomposition $\mathrm{u}=\mathrm{g}$ $+\mathfrak{p}$ . Set $\dim(U/G)=2(n+1)$ . Let $\langle$ , $\rangle_{\mathrm{u}}$ denote the
Ad(Gt)-invariant inner product of $\mathrm{u}$ defined by (-1)-times the Killing-Cartan
form of $\mathrm{u}$ . Relative to the complex structure the subspace $\mathfrak{p}$ can be identified
with acomplex Euclidean space $\mathrm{C}^{n+1}$ . We take the decomposition of $(U, G)$

into irreducible Hermitian symmetric pairs of compact type :

(2.1) (U,$G)=(U_{1}, G_{1})\oplus\cdots\oplus(U_{s}, G_{s})$ .

Set $\dim(U_{i}/G_{i})=2(n_{i}+1)$ for $i=1$ , $\cdots$ , $s$ . Let $\mathrm{u}_{i}=\mathfrak{g}_{i}+\mathfrak{p}_{i}$ be the canonical
decomposition of $(U_{i}, G_{i})$ for each $i=1,2$ , ’ $\cdot\cdot$ , $s$ . Assume that there is an
element $\eta_{i}\in \mathfrak{p}_{i}$ satisfying the condition $(\mathrm{a}\mathrm{d}\eta_{i})^{3}+4(\mathrm{a}\mathrm{d}\eta_{i})=0$. Choose positive
numbers $c_{1}>0$ , $\cdots$ , $c_{s}>0$ with $\sum_{i=1}^{s}1/c_{i}=1/c$ . Put $a_{i}=1/\sqrt{2c_{i}(n_{i}+1)}$

for each $i=1$ , $\cdots$ , $s$ . Set $\hat{L}_{i}=\mathrm{A}\mathrm{d}(G_{i})(a_{i}\eta_{i})\subset S^{2n_{i}+1}(c_{i}/4)\subset \mathfrak{p}_{i}$ , which is an
irreducible symmetric $R$-space embedded in the complex Euclidean space $\mathfrak{p}_{i}$ .

Set $\eta=a_{1}\eta_{1}+\cdots+a_{s}\eta_{s}\in \mathfrak{p}$ . Set $\hat{L}=\mathrm{A}\mathrm{d}(G)(\mathrm{t}7)$ $\subset S^{2n+1}(c/4)\subset \mathfrak{p}$ , which
is asymmetric $R$-space standard embedded in the complex Euclidean space $\mathfrak{p}$ .
Then we have the inclusions

(2.2) $\hat{L}=\hat{L}_{1}\cross\cdots\cross\hat{L}_{s}\subset S^{2n_{1}+1}(c_{1}/4)\cross\cdots\cross S^{2n_{s}+1}(c_{s}/4)\subset S^{2n+1}(c/4)$ .

Let $\pi$ : $S^{2n+1}(c/4)arrow \mathrm{C}P^{n}(c)$ be the Hopf fibration and put L $=\pi(\hat{L})$ .
Note that $\pi^{-1}(L)=\hat{L}$ . Then the following results are well known.

Theorem 2.1 ([19]). (1) $L$ is a compact totally real submanifold embedded
in $\mathrm{C}P^{n}(c)$ with the parallel second fundamental for$rm_{f}$ and thus $L$ is $a$

symmetric space.
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(2) $L$ is a minimal submanifold of $\mathrm{C}P^{n}(c)$ if and only if $c_{i}(n_{i}+1)=c(n+1)$

for each $i=1$ , $\cdots$ , $s$ .
(3) The dimension of the Euclidean factor of $L$ is equal to $s-1$ .
(4) $L$ is flat if and only if $s=n+1$ .
(5) $L$ has no Euclidean factor if and only if $s=1$ . In this case $L$ is an

irreducible symmetric space and a minimal submanifold of $CPn$ .
In particular, such an $L$ is acompact $H$-minimal Lagrangian submanifold

embedded in $\mathrm{C}P^{n}(c)$ .
In the case when $L$ is flat, $L$ is the Clifford torus of $\mathrm{C}P^{n}$ .
In the case when $L$ has no Euclidean factor, $L$ is locally isometric to one of

the following symmetric spaces : $S^{n}(c/4)$ , $SU(p)$ , $SU(p)/SO(p)$ , $SU(2p)/Sp(p)$ ,
$E_{6}/F_{4}$ . Prom now on we shall discuss only this case.

Let $L$ be acompact totally real minimal submanifold embedded in $\mathrm{C}P^{n}$ and
let $\tilde{L}$ denote the universal covering of $L$ :

(2.3) $\tilde{L}arrow Larrow \mathrm{C}P^{n}$

Let $\tilde{\lambda}_{1}$ denote the first eigenvalue of the Laplacian acting on $C^{\infty}(\overline{L})$ and let
$\lambda_{1}$ denote the first eigenvalue of the Laplacian acting on $C^{\infty}(L)$ . (See Theorem
$\mathrm{i}.\mathrm{i}.)$

Let $L$ be an $n$-dimensional totally real submanifold immersed in $\mathrm{C}P^{n}$ with
parallel second fundamental form. Then $L$ is an $H$-minimal Lagrangian sub-
manifold of $\mathrm{C}P^{n}$ and $L$ has nonnegative Ricci curvature.

Suppose that $(U, G)$ is irreducible $(s=1)$ . We decompose

(2.4) g $=c_{\mathfrak{g}’}\oplus \mathfrak{g}’$

into the center and the semisimple part. Let $B_{\mathrm{u}}(,$) and $B_{\mathfrak{g}’}$ (, )be the Killing-
Cartan form of u and $\mathfrak{g}’$ , respectively. Define inner products of u and $\dot{\mathrm{g}}’$ by

(2.5) \langle , $\rangle_{\mathrm{u}}:=-B_{\mathrm{u}}(,$) and
(2.6) \langle , $\rangle_{\mathfrak{g}’}:=-B_{\mathfrak{g}’}(,$),

respectively. Define an inner product of $\mathrm{m}$ by

(2.7) $\langle X, \mathrm{Y}\rangle:=\langle[X, \eta], [\mathrm{Y}, \eta]\rangle$

for each $X$ , $\mathrm{Y}\in \mathrm{m}$ . The inner product $\langle$ , $\rangle$ of $\mathrm{m}$ corresponds to the induced
metric on $L$ in $\mathrm{C}P^{n}$ . Assume that there is aconstant $C>0$ such that
(2.8) $\langle X, \mathrm{Y}\rangle=C\langle X, \mathrm{Y}\rangle_{\mathfrak{g}}$ ,

for each $X$, $\mathrm{Y}\in \mathrm{m}$ .
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Lemma 2.1 ([1]). Let $L$ be an $H$-minimal Lagrangian submanifold immersed
in $\mathrm{C}P^{n}$ with parallel second fundamental form. If $L$ has positive Ricci cur-
vatrrre, then $L$ is a minimal Lagrangian submanifold in $\mathrm{C}P^{n}$ and $L$ covers
isometrically one of the embedded submanifolds in the following list:

(1) $SU(p)/\mathrm{Z}_{p}$ , $n=p^{2}-1$ .
(2) $SU(p)/SO(p)\mathrm{Z}_{p}$ , $n= \frac{(p-1)(p+2)}{2}$ .
(3) $SU(2p)/Sp(p)\mathrm{Z}_{2p}$ , $n=(p-1)(2\mathrm{p}+1)$ .
(4) $E_{6}/F_{4}\mathrm{Z}_{3}$ , $n=26$ .

Here p $\geq 2$ is an integer.

Remark 3. If $L$ is not totally geodesic but isotropic and totally real subman-
ifold with parallel second fundamental form, then the Ricci tensor field of $M$

is given by

(2.9) Ric $= \frac{3(n-2)c}{16}\mathrm{I}\mathrm{d}$ .

and the scalar curvature of M is given by

(2.10) s $= \frac{3n(n-2)c}{16}$ .

It was observed by H. Naitoh that the isotropy condition is equivalent to
rank$(L)=2$ .

Using the results of Theorem 2.1 and Lemma 2.1 we have reached the fol-
lowing conclusion.

Theorem 2.2. All compact $n$ -dimensional irreducible totally real minimal sub-
manifolds embedded in $\mathrm{C}P^{n}$ with parallel second fundamental form are Hamil-
tonian stable as compact minimal Lagrangian submanifolds.

The proof of this theorem based on the theory of spherical functions. For
the theory of spherical functions we refer to [35].

Here we give atable which gives information on the relation between $C$, $s,\tilde{\lambda}_{1}$
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There are still many interesting problems to be solved. Here we mention
some of them.

Problem 2.1. Is it true that all compact $n$-dimensional totally real submani-
folds embedded in $\mathrm{C}P^{n}$ with parallel second fundamental form are Hamiltonian
stable as $H$-minimal Lagrangian submanifolds ?

Problem 2.2. Is it true that compact $H$-minimal Lagrangian submanifolds
in $\mathrm{C}P^{n}$ which are Hamiltonian stable have parallel second fundamental form
?

3. VOLUME MINIMIZATION OF LAGRANGIAN SUBMANIFOLDS UNDER

HAMILTONIAN DEFORMATIONS

Let $L$ be aLagrangian submanifold of asymplectic manifold $(M,\omega)$ with
$\dim_{\mathrm{C}}M=n$ . For asmooth map $\mathrm{w}$ : $(D^{2}, \partial D^{2})arrow(\mathrm{A}\#, L)$ where $D^{2}$ is atwo
dimensional disc and $\partial D^{2}$ its boundary, there exists aunique trivialization of
the pull-back bundle $\mathrm{w}^{*}TP\cong D^{2}\cross \mathrm{C}^{n}$ as asymplectic vector bundle. We
denote this trivialization by $\phi_{\mathrm{w}}$ : $\mathrm{w}^{*}TM$ $arrow D^{2}\cross \mathrm{C}\mathrm{n}$ . Thus on each fiber
the symplectic structure maps into the standard structure on $\mathrm{C}^{n}$ . Hence it
induces amap $f_{\mathrm{w}}$ : $\partial D^{2}arrow\Lambda(n)$ to the set of Lagrangian planes in $\mathrm{C}^{n}$ by
$f_{\mathrm{w}}(p)=\phi_{\mathrm{w}}(T_{\mathrm{w}(p)}L)$ for $p\in\partial D^{2}$ . We define

$I_{\mu,L}(\mathrm{w}):=\mu(f)$ .
Here $\mu(f)$ is the Maslov class of aloop $f$. We refer to [3] or [14] for further
definitions and properties of Maslov classes of loops.

Let $\phi:Larrow \mathrm{C}^{n}$ be aLagrangian immersion. Then the l-form

$\frac{1}{\pi}\alpha_{H}=\frac{1}{\pi}\langle JH, \cdot\rangle$
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defines the Maslov class of the immersion $\phi$ . See [15].
We can see that $I_{\mu,L}(\mathrm{w})$ defines ahomomorphism of $\pi_{2}(M, L)$ .
We also define ahomomorphism $I_{\omega}$ on $\pi_{2}(M, L)$ by

$I_{\omega}= \int_{D^{2}}\mathrm{w}^{*}\omega$ .

Definition 3.1. ALagrangian submanifold $L$ of asymplectic manifold $M$ is
called amonotone Lagrangian submanifold if

$I_{\omega}=\lambda I_{\mu,L}$

for some $\lambda>0$ .

This construction and definition are due to Y. G. Oh in [26]. He showed
that the Clifford torus and real projective space $\mathrm{R}P^{n}$ in $\mathrm{C}P^{n}$ are monotone
Lagrangian submanifolds. Moreover, all symmetric Lagrangian submanifolds
$L$ of amonotone symplectic manifold $(M, \omega)$ are monotone Lagrangian sub-
manifolds. For the proofs we refer to [26]. The notion of monotone symplectic
manifold was first introduced by A. Floer in [12].

Let $G$ be aLie group and $K$ acompact subgroup of $G$ . Then the homoge-
neous space $G/K$ has an invariant Riemannian metric and invariant volume
form $\Omega_{G}$ . For compact submanifolds $L_{1}$ and $L_{2}$ of $G/K$ there is defined an
integral invariant $I(L_{1}\cap L_{2})$ . More precisely, assume that $X:=L_{1}\cap L_{2}$ is a
submanifold of $G/K$ and let $h$ be the second fundamental form of $X$ in $G/K$.
Let $\prime p$ be an invariant polynomial in $h$ . We define an integral invariant $I^{P}$ as
follows

$I^{P}(X)= \int_{X}P(h)\Omega_{X}$ .

If $P$ $\equiv \mathit{1}$ , then $I(X)=I^{P}(X)=\mathrm{V}\mathrm{o}\mathrm{l}(L_{1}\cap g(L_{2}))$ and we have

(3.1) $\int_{G}I(L_{1}\cap g(L_{2}))\Omega_{X}(g)=C\mathrm{V}\mathrm{o}\mathrm{l}(L_{1})\cdot \mathrm{V}\mathrm{o}\mathrm{l}(L_{2})$ .

Here $C$ is aconstant independent of $L_{1}$ and $L_{2}$ . We call this formula aCrofton
formula. See [11] for more details.

When $L_{1}$ and $L_{2}$ intersect transversely, then $L_{1}\cap L_{2}$ is discrete. If $L_{1}$ is
compact then $L_{1}\cap L_{2}$ is finite and $\mathrm{V}\mathrm{o}\mathrm{l}(L_{1}\cap L_{2}.)=\#(L_{1}\cap L_{2})$ . We state a
Crofton formula for this case.

Theorem 3.1 ([10],[11]). If $L_{1}$ and $L_{2}$ are $n$ -dimensional totally real subman-
ifolds immersed in a simply connected complete complex space form $M^{n}(c)$ ,
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(3.2) $J_{a\in SU(n+1)}\#(L_{1}\cap a(L_{2}))da=C\cdot$ $\mathrm{V}\mathrm{o}\mathrm{l}(\mathrm{L}\mathrm{i})\mathrm{V}\mathrm{o}\mathrm{l}(\mathrm{L}2)$ ,

where C is a universal constant independent of $L_{1}$ and $L_{2}$ .

Next we reformulate the Arnold conjecture from [28],[26] as follows: Let
$(M, \omega)$ be asymplectic manifold and $L$ be its Lagrangian submanifold. If $\phi$ is
an exact symplectic diffeomorphism such that $L$ and $\phi(L)$ intersect transver-
sally, then

(3.3) $\#(L\cap\phi(L))\geq SB(L, \mathrm{Z}_{2})$ .

Here $SB(L, \mathrm{Z}_{2})$ denotes the sum of the $\mathrm{Z}_{2}$ Betti numbers of $L$ .
We assume the following conditions:

(a) $L\subset M^{n}(c)$ is amonotone Lagrangian submanifold with $\Sigma_{L}\geq 3$ .
(b) The Floer cohomology $I^{*}(L, \mathrm{Z}_{2})$ of the Lagrangian submanifold $L\subset \mathrm{C}P^{n}$

is isomorphic to $H^{*}(L;\mathrm{Z}_{2})$ .
(c) For generic $g\in I_{0}(M^{n}(c))$ ,

(3.4) $\#(L\cap g(L))=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(\mathrm{H}_{*}(\mathrm{L};\mathrm{Z}_{2}))$ .
If (a) and (b) hold for Lagrangian submanifolds $L\in M^{n}(c)$ , then by the

work of $\mathrm{Y}.\mathrm{G}$ . Oh the Arnold conjecture for Lagrangian intersections holds i.e.,
for ageneric exact deformation $\phi$ ,

(3.3) $\#(\phi(L)\cap L)\geq \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(H_{*}(L;\mathrm{Z}_{2}))$ .
Hence for each Hamiltonian deformation $\phi$ ,

$C \mathrm{V}\mathrm{o}\mathrm{l}(\phi(\mathrm{L}))\mathrm{V}\mathrm{o}\mathrm{l}(\mathrm{L})=\int_{g\in I_{0}(M^{\mathfrak{n}}(c))}\#(\phi(L)\cap g(L))dg$

(3.6)
$\geq\int_{g\in I_{0}(M^{n}(c))}$ rank $(H_{*}(L;\mathrm{Z}_{2}))dg$

$= \int_{g\in I_{0}(M^{n}(c))}\#(L\cap g(L))dg$

$=C\mathrm{V}\mathrm{o}\mathrm{l}(L)\mathrm{V}\mathrm{o}\mathrm{l}(L)$

Therefore we obtain

(3.7) $\mathrm{V}\mathrm{o}\mathrm{l}(\varphi(L))\geq \mathrm{V}\mathrm{o}\mathrm{l}(L)$ .
Hence we can state the following lemma
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Lemma 3.1. If (M, L) satisfies the conditions (a), (b), (c), then it is globally
volume – under each Hamiltonian deformation.mrnrwttzrng

It is known that the real projective space $(M, L)=(\mathrm{C}P^{n}, \mathrm{R}P^{n})$ satisfies
the conditions (a), (b), (c) and thus it is globally volume minimizing under
any Hamiltonian deformation (See [26],[27],and [28]).

In [23], Y.G.Oh showed that aLagrangian submanifold $L\subset \mathrm{C}P^{n}$ satisfying
the condition (c) is $\mathrm{R}P^{n}$ or acircle of latitude of $\mathrm{C}P^{1}$ .

We conjecture that the submanifolds discussed above are globally volume
minimizing submanifolds of $\mathrm{C}P^{n}$ under all Hamiltonian deformations.

4. HAMILTONIAN STABILITY OF SYMMETRIC $R$-SPACES CANONICALLY
EMBEDDED IN HERMITIAN SYMMETRIC SPACES

Let $M$ be acompact Hermitian symmetric space with canonical involution
$\tau$ . Let $L=\mathrm{F}\mathrm{i}\mathrm{x}\tau$ be the subset of all fixed points of $\tau$ . This subset is called
areal form of $M$. It is atotally real and totally geodesic submanifold of $M$

with dimension equal to one half of $\dim(M)$ , and hence it is atotally geodesic
Lagrangian submanifold of $M$ . It is also asymmetric $R$-space canonically em-
bedded in acompact Hermitian symmetric space, by the theory of M. Takeuchi
in [34]. Moreover in [34] it was shown that asymmetric $R$ space $L$ canonically
embedded in acompact Hermitian symmetric space is stable if and only if $L$

is simply connected.
The theory of symmetric $R$-spaces is well investigated and we refer to [34]

for acomplete list of symmetric $R$-spaces. By using the results of M. Takeuchi
in [34], Y. G. Oh [22] showed that an Einstein, symmetric $R$-space canonically
embedded in acompact Hermitian symmetric space is always Hamiltonian sta-
ble. Moreover M. Takeuchi classified all symmetric $R$-spaces into five classes:
Hermitian and four types corresponding to each of the groups $Sp(r)$ , $U(r)$ ,
SO $(2r)$ , and SO$(2r+1)$ . He also showed that symmetric $R$-spaces of Hermit-
ian type are always Einstein and hence Hamiltonian stable. Here we give a
complete list of all Hamiltonian stable symmetric $R$-spaces of non-Hermitian
type which are canonically embedded in Hermitian symmetric spaces
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