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Conformally flat hypersurfaces in Euclidean 4-space
and a class of Riemannian 3-manifolds

Yoshihiko SUYAMA (FgIL%Z) ! Fukuoka University (& B X%)

Abstract. We study generic and conformally flat hypersurfaces in the Euclidean
4-space. The conformal flatness condition of the Riemannian metric is given by several
differential equations of order three. In this paper, we first define a class of metrics of
the Riemannian 3-manifolds, which includes, as a large set, all metrics of generic and
conformally flat hypersurfaces in the Euclidean 4-space. We obtain a differential equation
of order three such that the equation characterizes metrics of the class. It is equal to the
simplest equation in ones of conformal flatness condition. In particular, when we restrict
the equation to metrics of conformally flat hypersurfaces, the equation is invariant by the
action of conformal transformations. Next, we study the correspondence between hyper-
surfaces( or metrics) and some particular solutions of the equation. We will determine all
generic and conformally flat hyersurfaces (or metrics) corresponding to these particular
solutions. Then, the result includes all known examples of generic and conformally flat
hypersurfaces in the Euclidean 4-space. All known examples are the following: The hy-
persurfaces made from constant curvature surfaces in the three dimentional space forms,
the hypersurfaces given by Suyamal[4], and a flat metric obtained by Hertrich-Jeromin|2],
which is conformal to a metric of some conformally flat hypersurface. (However, it is
not yet known any representation as the conformally flat hypersurface in the Euclidean
4-space.)

1. Introduction.

In this paper, we study generic and conformally flat hypersurfaces in the Euclidean 4-
space R?. A hypersurface is said to be generic if all principal curvatures are distinct (from
each other) everywhere on the hypersurface. According to Cartan’s theorem on generic
and conformally flat hypersurfaces in R*(cf. §2), there exists an orthogonal curvature-line
coordinate system at each point of the hypersurface. We call it an admissible coordinate
system as in the paper[4]. Then, we can generally represent the first fundamental form g¢
and the second fundamental form s by using an admissible coordinate system (z!,x?,z3)

as follows:

(1.1) g= e2P(z){e2f(z)(dxl)2 + e2h(1‘)(dm2)2 + (dx3)2}’
t 1991 Mathematics Subject Classification. Primary 53A30; Secondary 53B25,53C40,53C42.
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where P(z)= P(z!,2%,23), f(z) = f(z!,22%,23) and h(z) = h(z!,2?,23),
(1.2) s = e2P@ (2@ )\(z)(dz!)? + @) u(z)(dz?)? + v(z) (dz?)?},

where A(z), p(z) and v(z) are principal curvatures corresponding to z!-curve, z2-curve
and z3-curve, respectively. Therefore, the Riemannian curvature of g is diagonalized by
the coordinate system.

We define a class = of metrics on 3-manifolds (or open sets of the Euclidean 3-space
R3): We say that a metric g belongs to the class = if there exists a coordinate system
of the manifold such that, for the coodinate system (z!,z%,z%) , the metric g has the
follwing properties (1) and (2):

(1) The metric g is given by (1.1), that is, (z!,z2,2%) is an orthogonal coordinate
system.

(2) The Riemannian curvature of g is diagonalizable.

Then, the following integrability condition holds for any metric g of the class Z.
We denote by f; the partial derivative of function f with respect to 2*, and by f;;
the second derivative 8%f/0z'0z7.

Proposition A. There ezists a function L = L(z!,z2 23) satisfying the
following conditions for a metric g of the class =. :

(1) Liz = (P+ f)2(P+h)1 (2) Lis=(P+ f)sPr (3) Ly = (P +h)3P>
(4) The function L satisfying equations (1), (2) and (3) is uniquely determined in the
following sense: When other function L satisfies (1), (2) and (3), L is represented as

L(z', 2%, 2%) = L(z!,22,23) + A(z!) + B(z?) + C(zP).

By Proposition A and curvature condition (2), we have the following Proposition B.

Proposition B. Suppose that a metric g belongs to the class =. We define a
function ¥ by Y(zt,2%,23) = L(z',2? 2%) — P(z!,22,2%). Then we have the following
equations:

(1) Y12 = fah1  (2) Y13 = haz — hi(f — h)3  (3) 23 = faz + fo(f — h)s.



We restrict the statement of Proposition B to metrics of conformally flat hypersurfaces.
Under the action of conformal transformations to a hypersurface, the function P(z) in
the metric of (1.1) changes into another function P. However, since the functions f
and h does not change, we can consider that the function 9 is a conformal invariant for
conformally flat hypersurfaces in this sense. Furthermore, the invariant 4 for hypersurfaces
(or metrics) is extended to an invariant for flat metrics conformally equivalent to the
metrics of conformally flat hypersurfaces.

We have the following theorem by the integrability condition of 1.

Theorem A. Let g be a metric of Z. Then the following equations hold:

(1.3) (f = h)izs + [(f = h)afehi + [(f — h)3hi]2 = 0,
(1.4) hi23 — [fah1]z — [(f — h)3hi]2 =0,
(1.5) f123 = [f2ha]s + [(f = h)af2l1 = 0.

The equations (1.3),(1.4) and (1.5) are equal to the equations (2.8), (2.9) and (2.10)
in the conformal flatness condition of the metric (1.1) in §2. The functions satisfying
each equation f3 = h3, h; = 0 or f, = 0 are particular solutions of (1.3), (1.4) or (1.5),
respectively. (We represent the equations (1.3), (1.4) and (1.5) by only one equation (1.8)
below. Then, another particular solution is also given there.) We study the following
problems in §4, §5 and §6:

(1) Does there exist a generic and conformally flat hypersurface corresponding to each
of these particular solutions ?

(2) If there exists, can we determine all hypersurfaces satisfying each of such equations ?
(3) Can we characterize such hypersurfaces geometrically ?

We study another particular solution in §7.
We briefly outline the contents of each section of the paper.

§2 Equations for conformally flat hypersurfaces in Euclidean 4-space.
In this section we state Cartan’s Theorem for generic and conformally flat hypersurfaces
and the conformal flatness condition of the metric g of (1.1). Furthermore, we state a
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geometrical property for the metric with one of the equations f3 = h3, f» = 0 and hy = 0.

Proposition C. For a 3-manifold with the metric of (1.1), the following two
conditions (1) and (2) are equivalent: :
(1) One of the equations fo =0, hy =0 and f3 = hs holds.
(2) Any level surface determined by x* = constant for some coodinate x* is umbilic.

§3 Integrability condition for metrics of the class =.
In this section, we prove Proposition A and B above.

§4 Examples of conformally flat hypersurfaces in Euclidean 4-space and in
Standard 4-sphere. ’

It is well-known that examples of generic and conformally flat hypersurfaces are made
from constant curvature surfaces in the 3-dimentional space forms. In this section we
consider these hypersurfaces in R* as ones in the standard 4-sphere S%. Then we will
find a simple structure on S* for such a hypersurface. This result is used in the following
section.

§6 Conformally flat hypersurfaces with metric condition f3 = h3.
In the paper[4], we determined all generic and conformally flat hypersurfaces with
metrics belonging to one of the following two types (T.1) and (T.2):

(T.1) g = eP@D{(dz')? + (dz*)? + (d2®)?}.

(T.2) g = 2@ (dg")? + (D) (dz?)? + (dz3)2.

Here, we define that a generic and conformally flat hypersurface (or a metric) belongs
essentially to (T.3) if its first fundamental form has exactly the representation (1.1) at
each point of M not reducing to (T.1) or (T.2).

In this section, we prove that, if a generic and conformally flat hypersurface belongs
essentially to (T.3) and further its metric satisfies the condition f;3 = hs, then the hyper-
surface is one of the hypersufaces stated in section 4.

§6 Reconsideration of results in paper[4]: Hypersurfaces of (T.1) and (T.2).

In this section, we reconsider the results of the paper[4]. In the paper[4], we gave
an explicit representation of conformally flat hypersurfaces in R* belonging to (T.1) and
(T.2). We note that all generic and conformally flat hypersurfaces obtained there satisfy
one of the conditions f3 = h3, fo = 0 and h; = 0. Then, we verify that all hypersurfaces
given there belong to the examples in §4. In particular, when we regard hypersurfaces in
R* as ones in $%, we will recognize that all hypersurfaces in Theorem 1 are made from
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the Clifford tori in S3. The hypersurfaces in Theorem 2-(3b) were made by revolutions
of plane curves to two orthogonal directions in R*. We verify that the surfaces in R?
made by each revolution of the plane curves are constant curvarure surfaces when we see
them through the Poicare metric on half-space H?3.

From the results in §4, §5, §6 and the paper(4] we have the following theorem.

Theorem B. Let M be a generic and conformally flat hypersurface in the
Euclidean 4-space with the first fundamental form g of (1.1). Then the following statements
(1) and (2) are equivalent:

(1) The metric satisfies one of the equations f = 0, hy = 0 and f3 = h3.
(2) M is one of the hypersurfaces given in the section 4.

§7 Flat metric due to Hertrich-Jeromin[2]: Another particular solution.

Hertrich-Jeromin[2] showed that, in local region, the existence problem of generic and
conformally flat hypersurfaces is equivalent to the existence problem of conformally flat
metrics of some type. More exactly, for a generic and conformally flat hypersurface, there
exists a special curvature-line coodinate system such that the metric g is represented as

(1.6) g = e {(cos p(2))*(dz")? + (sin p(2))*(dz")? + (dz®)?}

by the coodinate system, where P(z) = P(z!, z2,z%) and p(z) = ¢(z!,z?,23). Conversely,
for a flat metric §

(1.7) g = e2P@{(cos p(z))?(dz')? + (sin p(z))?(dz')? + (dz®)?},

there exists a generic and conformally flat hypersurface such that the metric is conformal
to g and the each coordinate z*—line is a cuvature line. Therefore, by Proposition B we can
consider the pair {9, ¢} of functions as a coformal invariant for conformally flat hypersur-
faces (or metrics). He called above coordinate system {z!,z2,z%} by the Guichard’s net.
Furthermore, he gave an example of the Guichard’s net on R3 such that the canonical flat
metric is represented as (1.6) by the net. The Guichard’s net of the example is different
from ones of hypersurfaces in §4. His Guichurd’s net was made by the parallel surfaces of
Dini’s helix (with constant negative curvature).

Now, by the representation (1.6), we rewrite the equations in Proposition B and in

Theorem A: (1) Y12 =—p192 (2) Y13 = p13cot (3) Y23 = —pa3tany.

(1.8) P123 = — 123 tan @ + Y213 cot .
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( Compare the equation (1.8) with other conformal flatness conditions (7.6), (7.7) and
(7.8) in §7.) Then, we have a particular solution @13 = @23 = 0 of (1.8). In this case, the
particular solutions h; = 0, fo = 0 and f3 = h3 before corresponds to p; =0, ¢ =0
and 3 = 0, respectively. v

We determine all Guichard’s nets (or metrics) of R? under the assumption 13 = @o3 =
0, which include the example by Hertrich-Jeromin.

The assumption ¢33 = @23 = 0, p1 # 0, w2 # 0 and 3 # 0 is equivalent that the
function ¢ is represented as

90( 17‘7:27373) = A(wlvxz) + B($3)7

where A; # 0, A2 # 0 and Bs # 0.

Theorem C. Let {z', 22,23} be a Guichard’s net of R3 ( or of an open set in
R3) and the canonical flat metric g of R® be represented as (1.6) by the net. We assume
that the function ¢ 1is represented as

(1.9) p(z',2?,2%) = A(z!,2?) + B(z?),

where Ay # 0, Ay # 0 and B3 # 0. Then, we have the following facts (1), (2), (3) and
(4):

(1) Each z®—curve in R3 is a circle (or a part of circle).
(2) The function A(z',z2) satisfies the Sine-Gordon equation:
Ayl — Agy = Ccos2A — Dsin2A4,

where C and D are constant.
(8) The fuction B(z3) is given by the following equation:

Bs(z*) = 1/G? — E? (sin(B(2?) + F))2,

where E, F and G are constant. That is, B(z®) is an amplitude function.

(4) In particular, we assume G?> = E? in the above (3). Then, the Guichard’s net is
made from either the parallel surfaces of a constant negative curvature surface in R® or a
conformal transformation of the parallel surfaces.

2. Equations for conformally flat hypersurfaces in Euclidean 4-space.
Let M be a generic and conformally flat hypersurface in R* with the first and the
second fundamental forms given by (1.1) and (1.2) respectively. We summarize in this
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section fundamental equations on the first and the second fundamental forms for our use.
Further, we prove Proposition C mentioned in Introduction. :

First, we recall the local theory due to Cartan for generic and conformally flat hyper-
surfaces (cf. [1],[3]). Let us rewrite the first fundamental form g of (1.1) and the second
fundamental form s of (1.2) in the following forms:

(2.1) g =+ 32+ s = Xa?+ puB? + vyt

In the present case, one-forms a, 8 and v are o = eP*fdz!, B = e(P*th)dz? and
v = ePdx3, respectively. Then, by the Gauss equation we obtain the Riemannian curva-
ture R of g:

(22) R=XaAfB®aAf + pwBAYRBAY + vAaAY®aAry.

We denote by X,, Xp and X, the vector fields associated with o, 3 and 7,
respectively. We simply denote f, = Xof, fs = Xgf and f, = X,f for a smooth
function f. '

Cartan’s Theorem (cf. [1],[3]). A generic hypersurface M C R* is conformally
flat if and only if the following conditions (1) and (2) hold:

(1) dahNa = dBAB = dyAy = 0.
(B=v)da + A =V)tta + (= A)ve =0,
(2) (v=Nusg + (=N + (v—p)As =0,

A=y + (v =p)Ay + A=)y =0.

The condition (1) of Cartan’s theorem implies the existence of an admissible coordi-
nate system at each point of M mentioned in the introduction. Let V be the Levi-Civita
connection of g. The Schouten tensor S on M is defined by S = Ric — (r/4)g, where
r is the scalar curvature. In general, a hypersurface M is conformally flat if and only if
the following three conditions (a), (b) and (c) on g and s hold: (a) the Gauss equation.

(b) the Codazzi equation. (c) (VxS)Y,Z)=(VyS)(X,Z) for any vector fields
X, Y and Z. Cartan’s theorem implies that the conditions (1) and (2) are equivalent to
these conditions (a), (b) and (c) under the assumption for M to be generic.

In the process of the proof of Cartan’s theorem, we obtain the conditions of covariant
derivatives in terms of principal curvatures (cf. [3]). Let V' be the standard connection
of R and N unit vector field normal to M. Then we get the following:
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( D A
Vi Xo = ﬁxﬂ + =Xy + AN,
/ Ha My
- N
XBXB H—AXQ ) + ,LL—VX’Y + ulv,
V,
| Vi, Xy = —2=Xa + U_”#X,, + N,
(2.3 4
A A
Vi Xs = —52Xa, Vi Xy = -3 Xa
b 1
fXﬂXa = _u_aA‘Xﬂ’ ‘ ) I)(ﬁX'Y = —u_’YVXﬂ)
! - Vo . ! _ Vg
B\ ‘X.,Xa = V_v)‘X'rv \ X‘,Xﬂ = V_pX'r'

Note that the covariant derivatives with respect to V are also determined by (2.3).
Second, by comparing the Christoffel’s symbols of the metric g with equations (2.3),
we have

A A
o = TP 2 = e PP,

(2.4) N"_"A = —e P f(P+h), —Ni_’; = —e~P(P+h),,
e~ _eP-ip, B~ _eP-hp,
vV—A vV—pu

Here, we denote by f; the partial derivative of f with respect to z.
Now, we prove Proposition C.

Proposition 2.1. For a'3—mam‘fold with the metric of (11), the following two
conditions are equivalent: '

(1) One of the equations fy =0, ‘h1.= 0 and f3 = h3 holds. .
(2) Any level surface determined by x* = constant for some coodinate =* is umbilic.

Proof. If f; = 0, then we have < Vx, X, Xy >=< Vx X3,X, > by (2.3)
and (2.4) ( in this case we have no meaning for principal curvatures, and so we only
look at the Christoffel’s symbols) . Since X3 is a unit vector field normal to a surface
{(«',2%) : z? = constant}, each surface {(z!,2%): z? = constant} is umbilic at each
point. Conversely, if each surface {(z!,23) : 22 = constant} is umbilic at each point,

then we have f, = 0. We can prove other cases in the same way. q.e.d.

We denote by f;; the second derivative 8%f/0z'dx7. Since the components Rjsss,
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Riaz2 and Rogpa; of the curvature R identically vanish by the equation (2.2), we have

(2.5) (P + f)2(P + k)1 — P12 = fahy,
(2.6) Py(P + h)3 — Pa3 = faz + fo(f — h)s,
(2.7) Pi(P+ f)3 — P13 = hiz — ha(f — h)s.

Next, the metric § = e2/(dz')? + e?*(dz?)* + (dz®)? is conformally flat. Therefore,
when we denote by Ric and 7 the Ricci tensor and the scalar curvature, respectively,
of metric g, we have :

Ciy = Rici, — Ridy ~ (6iF — 8ifn) = 0:
(28) ChL =0 &

{h13 + hih3 — fahi}2 = {h1s + hih3 — fah1}fo + {f2s + fofs — f2hs}hi.

(2'.9) C} =0 &

{fas + fafs — fohsh = {h13+ h1hs — fah1}fo + {f2s + fafs — f2ha}h1.

(210) C} = 0 & {fas+ fofs— fohsh = {hs + hihs — fshr}o.
(211) Ch1 =0 & ' :

{672 (fa2 + (f2)? = fah2)}2 + {72 (hu + (h1)? - fik1)}2
— {fa3 + (f3)? + has + (h3)? — fahs}2
= —2{fo3 + fofs — f2ha}s ~ 2{fa3 + fofs — f2ha}hs.

(212) C} =0 &
{7 (fa2 + (£2)2 - faha)h + {€7 (hu + (M)? - fil)h

— {f33 + (f3)® + has + (h3)? — f3hsh
= —2{hi3 + h1hs — f3h1}s — 2{h13 + h1h3 — f3h1} fs.
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(213) C%4L =0 &
e 2" {for + (f2)? — faha}s + {e % (h11 + (h1)? - fih1)}s
+ {fshs + has + (h3)? — faa — (f3)%}3
= 2e7{fy3 + fofs — faha}a — 272 {fo3 + fofs — fohs}hs
+ 26'2f{h13 + hyhs — fsh1}hy — 26—2f{h11 + (h1)? = fih1}hs
+2{fa3 + (f3)? ~ fahs}hs.

3. Integrability condition for metrics of class =.

In this section, we prove Proposition A and Proposition B mentioned in Introduction.

We define that a metric g of a 3-manifold (or of an open set in R?) belongs to a class
= if there exists a coodinate system {z!,z2, 2%} such that, for the coodinate system, the
metric g has the following properties (1) and (2): ‘ '

(1) The metric g is represented as the form (1.1).

(2) The curvature tensor is diagonalizable.

The condition (2) becomes the equations (2.5), (2.6) and (2.7) in §2.

Let a metric g of (1.1) belong to the class Z. Proposition A is induced from the
curvature diagonalizable conditions (2.5), (2.6) and (2.7). In particular, all metrics of
conformally flat hypersurfaces satisfy these conditions, since such hypersurfaces have an
admissible coordinate system.

Proposition 3.1. Let a metric g of (1.1) belong to the class =. There ezists
a function L = L(x!,x2,23) satisfying the following conditions:

(1) Liz=(P+f)2P+h)1. (2) Liz=(P+f)sP. (3) Laz=(P+h)sP,
(4) The function L satisfying equations (1), (2) and (3) is uniquely determined in the
following sense: When another function L satisfies (1), (2) and (3), L is represented as

L(z!, 2%, 23) = L(z', 2%, 2%) + A(z!) + B(z?) + C(z?).

Proof. First, we have the equation
(3.1) {(P+ f)aP}2 = {(P+ h)3sP2}1.
Indeed, we have

{(P+ f)sPi}2a— {(P+h)3sP2}1 = (P+h)13P2 — (P + f)asPr — (f — h)3Pra.



Then, we have {(P+ f)3P1}2—{(P+h)sP:}1 = 0 by (2.5), (2.6) and (2.7). In the similar
way to the above, we have the equations

(3.2) {P2(P + h)sh = {(P + f)z(P+ h)1}s,

(3.3) {(P+ h)1(P+ fl2}s = {Pi(P + f)s}a

by (2.5), (2.6) and (2.7). .
Second, by (3.1), (3.2) and (3.3) there exist functions K = K(z',2%,2%), K =
K(z!',22,2%) and K = K(z!,z?,23) such that

Ki1=(P+f)sPi, Ko=(P+h)sPy, Ki=(P+f)2P+h),

K3 =Py(P+h)s, Ks=Pi(P+f)3, Kz=(P+h)1(P+f).
Furthermore, from K; = IA{;i, Ky =K K, = K, there exist functions L = L(x!,z2, 23),
L= L(z',2% 23 and L = L(z!,x?,z3) such that

L =K, L3 = K, I/2=I_{, Z3=K', f41=k, .E2=K.
Therefore, we have L; = =K, Ly= I_:_g, =K and L= f,_g =K.
Finally, since L—L =U(z%,23), L-L=V(z',z?) and L-L = W(z!,z®), we have
(3.4) Wl,e¥)=L-L=(L-1)-(L-L)=U(z? 2 - V(! z?).
From (3.4), each parameters of functions U, V and W have to separate to each other:

U(z?,23) = X(2%) + Y (23), V(2},2°) = Z(z!) + X(2?), W(z!,23) = Y (2®) — Z(z}).
This completes the proof of Proposition. q.e.d.

Proposition 3.2. Suppose that a metric g belongs to the class =. We define
a function ¥ by ¢(z!,22,23) = L(z',z?,z3) - P(z!,22,23). Then we have the following
equations:

(1) Y12 = fahr  (2) Y13 = his — hi(f = h)s  (3) 23 = faz + fa(f — h)3.

Proof. The proposition follows from the definition of 9 and curvature condition (2.5),
(2.6) and (2.7). q.e.d.

We restrict the statement of Proposition 3.2 to the metrics of conformally flat hy-
persurfaces. The obtained metric under the action of conformal transformations to a
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hypersurface also belongs to =. Then the function P(z) in the metric of (1.1) changes
into another function P, but the functions f and h does not change. Therefore, by Propo-
sition 3.2 we can consider that the function 4 is a conformal invariant for conformally
flat hypersurfaces (or metrics) in this sense. Furthermore, this invariant 1 for metrics
is extended to flat metrics conformally equivalent to the metrics of the conformally flat
hypersurfaces, because flat metric is trivially diagonalizable.

Theorem 3.1. Let g of (1.1) be a metric of the class =. Then the following
equations holds:

(3.5) (f —h)i23+ [(f — h)afo)y + [(f — h)3hi]2 =0,
(3.6) hi2s — [f2h1]s = [(f — h)3hi]2 = 0,

(3.7) fi23 — [f2ha]s + [(f — h)sf2]1 = O.

Proof. This theorem follbws from the integrability conditions of ¥: ' (¥12)3 = (¢13)2 =
(23)1 ge.d.

The functions satifying each equation f3 = h3, h1 = 0 or fo = 0 are particular solutions
of (3.5), (3.6) or (3.7), respectively. The geometrical meaning of these equations is given
by Proposition 2.1 in §2. The class = includes all metrics of generic and conformally flat
hypersurfaces. Therefore, we study, in the following §4,85 and §6, generic and conformally
flat hypersurfaces with metrics satisfying one of the equations f3 = h3, f, =0 and h; = 0.

4. Examples of conformally flat hypersurfaces in Euclidean 4-space and in
4-sphere.

In this section, we give three kind of examples of generic and conformally flat hyper-
surfaces in R*. These examples are well-known. However, we regard these hypersurfaces
in R* as ones in the standard 4-sphere S*, we will find a simple structure on S* for
each hypersurface. From this fact, we can classify, in the following §5 and §6, generic and
conformally flat hypersurfaces with metrics satifying one of the equations fo =0, hy =0
and f3 = hs.
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(E-1) Direct product type Let S be a constant Gaussian curvature surface in Euclidean
3-space R3. Then, the direct product S x R C R® x R = R* is conformally flat. When
the direct product S x R is generic, it belongs to (T.2)-type (cf. Theorem 2-(2) of [4]).

(E-2) Cone type Let S be a constant Gaussian curvature surface in the standard 3-
sphere S® with center at the origin of R%. Then, thecone M = {tp: 0 <t< oo, p€ S}
in R* is a conformally flat hypersurface. When the cone is generic, it belongs to (T.2)-
type (cf. Theorem 2-(2) of [4]).

(E-3) Revolution type Let (H3,gy) be a hyperbolic 3-space given by
H = {("%9") :v° > 0}, g = (v)) H{(dy")” + (@?)? + (a°)’).
We put the set H? into R* in the following way:
H® ={(y"4%5%0): ¢° >0} c R = {(", 4% 4°,9") : ¥’ €R}.

Let us take rotations of y3-axis of H?® to the direction of y*-axis, i.e., (¥},4° 3,0) —
(y', 32, y® cost,y3sint) for ¢t € [0,27). Let S be a constant Gaussian curvature surface
in (H3 gg),and M a hypersurface in R* obtained from above rotations of S. Then,
M is a conformally flat hypersurface in R*(cf. [2]). When M is generic, it belongs
essentially to (T.3)-type (cf. Theorem 5.1 of §5).

Let us consider that the above conformally flat hypersurfaces are immersed in S*
through the stereographic projection R* — S* from a point p of S*.

(S-1) Parabolic class Let M be a conformally flat hypersurface in S* of the direct
product type. For a conformal transformation ¢ of S, the hypersurface ¢(M) is also
conformally flat. Furthermore, if M is generic, so is ¢(M).

We denote ¢(M) by N for the simplicity. For the direct product M =S x R, the
linear space R?® including S corresponds to a 3-sphere through the point p in S%,
and R corresponds to the parameter of rotation at p of the 3-sphere to the orthogonal
direction. Therefore, for N there is a 1-parameter family of 3-spheres {S7} in S*
satisfying the following conditions (1),(2),(3) and (4):

(1) The union of 3-spheres {S3} is whole $%, and S}NS? = {one point} for distinct
t and t. '

(2) There exists a vector field X on S* such that X is perpendicular to each S}
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and each integral curve of X is a circle.

(3) Let 1 be the 1-parameter family of transformations generated by X. We may
assume S7 =;(S3). Let us denote N; = NN S}. Then, we have N; = ;(Np).

(4) Let gof (1.1) be the first fundamental form of N. When we define parameter z°
by t, Ny is a surface with parameters z! and z2. Then, the metric €%/ (dz!)?+e2"(dz?)?2
of NN has a constant Gaussian curvature for each ¢.

(S-2) Hyperbolic class Let M be a conformally flat hypersurface in S* of the
cone type. For a conformal transformation ¢ of S*, the hypersurface ¢(M ) is also
conformally flat.

We denote ¢(M) by N. The hypersurface M of the cone type collapses at two
points in S*, one of which is a point corresponding to the origine of R* and the other
is a point corresponding to the infinity. Therefore, for N there is a 1-parameter family
of 3-spheres {S}} satisfying the following condition (1) and same condltlons (2), (3) and
(4) as the case of the parabolic class:

(1) The union of 3-spheres {S}} is S*\{two points}, and SP NS} =@ for distinct
t and t¢.

(S-3) Elliptic class Let M be a conformally flat hypersurface in S* of the revolution
type. For a conformal transformation ¢ of S, the hypersurface ¢(M) is also conformally
flat.

We denote ¢(M) by N. Since the hyperbolic space H? (in S§*) is included in
a 3-sphere S% through the point p, there is a l1-parameter family of 3-spheres {83}
determined by N satisfying the following condition (1) and same conditions (2), (3) and
(4) as the case of the parabolic class:

(1) The 1-parameter family of 3-spheres {S7} covers S%,ie., U;S? = S% There
exists a 2-sphere S? such that S§NS3 = S? for distinct ¢ and #.

We note that above each class is invariant by the action of conformal transformations of
S4. By a rotation parameter, we mean the parameter of integral curves of X determined
by hypersurface of each class. We can again recognize N in S* of above classes as a
hypersurface in R* by a stereographic projection. Each k-sphere in S* corresponds to
either a k-sphere or a linear k-space in R* by the stereographic projection for £ =1, 2 or
3. Thus, we call it a k-sphere in R* even the case of linear k-space. Then, the 1-parameter
family of 3-spheres in S* determined by N corresponds to a 1-parameter family of 3-
spheres satisfying same conditions (1),(2),(3) and (4) in R* for each class. We also say
that a hypersurface in R* belongs to the parabolic class (resp. the hyperbolic class, the
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elliptic class), if it corresponds to a hypersurface of the class in S4. Furthemore, for a
hypersurface in R* of each class, we shall call by a normal form in R* a hypersurface of
the direct product type, the cone type or the revolution type corresponding respectively
to it. ‘ ' '

Finally we remark that, for all above hypersurfaces in S*, each level surface determined
by t = constant is umbilic in the hypersurface.

5. Conformally flat hypersurfaces with metric condition f3 = h3.

The purpose of this and the following sections is to prove that, if the metric (1.1)
satisfies the one of the conditions fo = 0, h; = 0 and f3 = h3 for an admissible coordinate
system at each point, the generic and conformally flat hypersurface belongs to one of the
classes of parabolic, elliptic and hyperbolic. , ‘

We classify all generic and conformally flat hypersurfaces by the metric types into three
classes (T.1), (T.2) and (T.3). We define that a generic and conformally flat hypersurface
(or a metric) belongs to (T.1) or (T.2) if the metric has a representation as

(T.1) g = e2P@{(dz')? + (dz?)? + (dz®)?}
or
(T2) g = e @(dz')? + (@) (dz?)? + (dz®)?

respectively, for an admissible coordinate system. Furthermore, we define that a generic
and conformally flat hypersurface (or a metric) belongs essentially to (T.3) if its first fun-
damental form has exactly the representation (1.1) at each point of M not reducing to
(T.1) or (T.2).

We determined all generic and conformally flat hypersurfaces belonging to (T.1) and
(T.2) in the paper[4]. Therefore, in this section we study the case that hypersurfaces
belong essentially to (T.3) and the metrics satisfy one of the conditions fo = 0, h; = 0
and f3 = h3 for an admissible coordinate system at each point.

First, we study the case that hypersurface is covered with only one admissible coor-
dinate system and the metric satisfies the condition f3 = hs; . We note that the other
condition f2 = 0 (resp. h; = 0) is reduced to the case f3 = h3 by replacing the parameters
z!, z2 and z3. Further, the condition f3 = h3 is equivalent to the condition that each
surface {(z!,2?): 23 = constant} is umbilic at each point."

Proposition 5.1. Let M be a generic and éonformally flat hypersurface in R*
belonging essentially to (T.3). For functions P, f and h in the first fundamental form
g of (1.1), assume that equations (P + f)3 = (P + h)3 =0 hold on M. Then, we can
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replace functions P, f and h so that equations P; = f3 = h3 = 0 hold on M by

changing parameter z3.

Proof. We have Ay = pu, = 0 by (2.4), and then vy = 0 by (2) of Cartan’s
Theorem. Since

8!

0
~Ps =503

=0, —Py3= )=0

i( V2
0z3 'v—p

3 1

by (2.4) and A3 = pu3 = v3 = 0, the parameter z° of function P separates from z
and z2, thatis, P can be represented as P(z!,z2,z%) = P(z!,2%) + P(z3). When we
take new parameter I3 so that dz3 = e’(®)dz3, new function P equals P(z!,z?)
which does not depend on z3. Then, new functions f and h also do not depend on %3
by the assumption. g.e.d.

Theorem 5.1. Let M be a generic and conformally flat hypersurface in R*
belonging essentially to (T.8). For the first fundamental form g of (1.1), assume that
there exists an admissible coordinate system (z',2%,23) of M so that all functions P,
f and h in g do not depend on z3. Then M belongs to the revolution type with

revolution parameter z3.

Proof. We denote by M® a surface in M with parameters z! and z2? for fixed
z3 = a. The proof is divided into several steps. ‘

(1) The metric § = 2/ (dz')2+e2"(dz?)? of each M® has constant Gaussian curvature.
Furthermore, its constant does not depend on z3.

Indeed, the Gaussian curvature K of metric g is given by
K = e (faa + (f2)* — fah2) + €7 (h11 + (h1)? — fih).
Then, we have K; = K = 0. by (2.11), (2.12) and f3 = h3 =0.
(2) The vector field X,, depends only on parameter z3, and each surface M? is included
in a linear 3-space in R*. Moreover, this linear 3-space is perpendicular to X,(a).

Indeed, we have V' X, = VIXBX"r =0 by (2.3), (24) and P; = f3 = h3 = 0.

1 a2,a), we put

Therefore, for a point p(al,a?,a) of M with coordinate (a
(X4(a))* = {v +p(a},a%a) : vl X,(a)}

Then, we have M@ C (X,(a))*.

75



76

(3) Each zi-curvein M is a part of circle or line in R*.

Indeed, since Ay =p, =0 by (2.4) and P; = f3 = h3 =0, we have v, =0 by (2)
of Cartan’s theorem. Furthermore, since
21
o3 lv -\

] = —e PPz — P\(P + f)3} =0,

9 Vg —(P+h
ﬁ[u—u] = —e PPy — Py(P+ h)3} =0

by (2.4) and P; = f3 = h3 =0, we have

o) 4 (

CBY (Vi 2Xy = = |25+ 2o+ 7] X,

V—

by (2.3). The coefficient of X, on the right hand side of (5.1) is constant along z3-curve.
This shows that each z3-curve is a part of circle or line.

We put

Vg )2 +V2] 1/2
v—u )

o= [+

(4) We denote by M,xo the set of points p in M such that x(p) #0. Then, My
is a hypersurface of the revolution type with revolution parameter z3.

Indeed, all principal curvatures )\, u and v do not depend on z3 as we see in above
(3). Therefore, distinct two surfaces Mg,, and M, ,2#0 of R?® are congruent to each
other by an isometry of R® from equations for V%, Xa, Vi 2 X85 V'%.Xp and V’XSX,]
in (2.3). We take an z3-curve, which is a circle by & # 0. Since each (X,(z3))* is
perpendicular to this circle, (X,(z3))! is obtained from the rotation of some (X,(a))*
determined by this circle. Furthermore, from the equation for VIX., Xa (resp. V’X7 X3)
in (2.3) and the proof of (3), it follows that X, (resp. Xp) along the circle is a vector
field determined from X,(a) (resp. Xs(a)) by the same rotation. We rewrite the metric

as

e2(P+f) (dz1)2 +e2(P+h) dr2)?
g e [EODEEL 4 LEDG ()
Then, the coefficient of (dz3)? in g implies that ef is the height function of each point
in M., from the axis of the rotation in (X,(a))*.

(5) If k=0, then »=0 and P, = P, =0 by (2.4). Therefore, we can take P =0,

and this metric belongs to (T.2). In particular, we have M = M® x R for some z3 =a



in this case.

(6) By above (4), (5) and the connectedness of M, we only have either (a) x # 0
everywhere in M, or (b) k=0 on M.
Thus, we complete the proof of Theorem. : - q.e.d.

Theorem 5.2. Let M be a generic and conformally flat hypersurface in R*
belonging essentially to (T.3). For the first fundamental form . g of (1.1), assume that
there ezists an admissible coordinate system (z',z2,2%) so that functions P, f and h
in g satisfy the equation f3 =hs and (P+f)3 #0 on M. Then, we have the following
(1) and (2):

(1) We can replace f and h so that f3 = h3 =0 hold on M, by changing parameter
z3. ’ '

(2) M belongs to one of the parabolic class, the elliptic class and hyperbolic class,

and its revolution parameter is z3.

We prepare several lemmas for the sake of the proof of Theorem 5.2. We assume the
condition of Theorem 5.2 for the lemmas following after.

Lemma 5.1. The metric § = e*/ (dz')? + e?*(dz?)? of each M®' has constant
Gaussian curvature K(z3).

Proof. We have
(e (far + (f2)? = foho) + € (ha1 + (h1)2 — fih1)}i =0 fori=1,2

by (2.11), (2.12) and f3 = h3. This shows that the curvature of metric § is constant.
q.e.d.

Lemma 5.2. We have vy =0, ie., v= v(z!, 2?).

Proof. We have

M/ =) = /(- v)
by (2.4) and f3 = h3. Therefore, we have v, =0 by (2) of Cartan’s Theorem. q.e.d.
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Lemma 5.3. (1) There ezists a function C = C(z3)(#0) such that
V. Xy =CXa, V'XﬂX7 =CXp

. (2) Each surface M= s contained in a 3-sphere S® of R?, which we denote by 523.
Furtheremore, the vector field X, on M = s the restriction of a unit normal vector

field on 8% to M*".

Proof. Since we have -
{e PP+ flsti=eP{(P+flis—P(P+f)s}=0 fori=1,2

by (2.6), (2.7) and f3 = hg, the function A,/(A —v) = py/(1 — v) is independent of
variables z! and z2? by (2.4). Thus, we have the statement (1) by (2.3) and (P+ f)3 # 0.
Let p : M — R* be the immersion. Then, we have X,p = X, and Xgp = Xj.
Therefore, the statement (1) implies that each M 2° is contained in a 2-sphere or a 3-
sphere. However, since each surface M 2* s not (an open set of) 2-sphere S? by the
assumption for M to be generic, M z* is contained in a 3-sphere. Furtheremore, the
statement (1) also shows that the vector field X, is the restriction of a unit normal vector
field on 523 to M= : q.e.d.

Next, we shall show, in Lemma 5.5 below, that we can replace functions f and h so
that f3 = hg =0 by changing parameter z3. To do this, we need more preparation. We
take 3-spheres S3(r) of radius r > 0 and with center a(r). Let y(r) be a point of
S3(r), and the derivative y'(r) a vector normal to S3(r). Then, since

y(r) —a(r) y(r)—a(r) a (Y(T) - a(?‘)) y(r) —a(r)

< ) >=1, < ) >=0,
r r dr r .

Y'(r) =u(y(r),r) (y(r) —a(r))/r,

we have

4 ¥0)Z80)) L L)y, YO0 v ey
This means that {(y(r) — a(r))/r}’ is an infinitesimal conformal transformation of the
standard sphere S3. We apply this fact to our case. Then, the radius r depends only
on variable z3, $3(r) =S3% and y'(r) = 8/0z°.

Let us fix a value 23 = a. There exists a conformal transformation ¢[z3]: 523 — 83
for each z3 so that ¢[z%] maps a point (z!,22%,23%) € M= to (z!,2%,a) € M®. We
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can extend each ¢[z%] to a conformal transformation of R* so that the interior of S3,
corresponds to the interior of S3.

Let o[z3)(M) = M_s. Note that <p[m3] maps each 3-sphere toa 3-sphere We can take

an admissible coordinate system of M3 by o[z3)(z!, =2 x3+t) = (z!, 22, a+t). We denote

the principal curvatures of M,s by A(z!,z2,a-+t; z3) p(zt, 22, a+t; zs) and v(z!,z?%;z8%).

Indeed, v(;z®) does not depend on variable ¢ by the same reason as the case v. Since

M® = (M,3)®, we have A(z!,22,a) = A(z!,2%,a;23) and p(z!,z?,a) = p(z!, 22, a;23)

for each z3.

1 3

Lemma 5.4. We have v(z!,z?) = v(z!,2?%;2%) for each z3.

Proof. In this proof, we consider all equations only on M?® = (Mzs)“.( Since
=)+ A =)pa+ (2 —=Nra=0

and :

(b= v(2%)Aa + (A= v(;2*)pa + (1 — Nva(;2°) =0

by (2) of Cartan’s Theorem, we have

A1+ py _ n(z®) - n
p=x  vGed)-v

(5.2)

Similarly, we have

_)\2 +p2 1/2(;:1:3) — Uy

(5.3) P e

The right hand side of equations (5.2) and (5.3) do not depend on z3, because the left
hand side do not depend. Since {log(v(;2z3) —v)}izs = 0 for i =1, 2, there exists a
function C(z3,z3) such that

log(v(;2°) — v) — log(v(; 2°) — v) = C(a°,2°).
We have (v(;2%) —v) = eCE2) (u(;23) — v). If we take 5:3v = a, then v(;a) —v = 0.

Therefore, we have v(;2%) = v for each z3. q.e.d.

Lemma 5.5. We can replace functions f and h so that they do not depend on
variable 3. ' ‘
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Proof. First, we fix z3 distinct from a. We denote the metric § of M, by
§ = 2PN (dz)? 4 2P+h) (4g2)2 4 2P g2,
Then, we have P+ f=P+f and P+h=P+h on M®= (M,s) Since

3
_-P-fp _ Yo _ Va(;2°) — _e—P-1p
€ i v—=X v(x3) -2 € P

~

on M® = (M,s)* by Lemma 5.4 and (24), we have P, = P, on M®° = (Ms)®.
Similarly, we have P = P, on M® = (M,3)® by Lemma 5.4 and (2.4). Since there
exists a constant c¢; such that P-P=¢ on M®=(M,3), we may assume P =P
on M® = (M,s)® by changing parameter t.

Since ¢[x®] is a conformal transformation of R*, there exists a function ¢(z!,z?, z3)
satisfying g, = gp = €2?(9g, for any point p = [z 3](q) € M® = (M,3)®. This shows

(P + f)(p) = ¢(q) + (P + f)(q),

(P + h)(p) = ¢(q) + (P + R)(q), P(p) = &(q) + P(q).

Therefore, we have f(p) = f(¢) and h(p) = h(q).
Second, since we can take arbitrary z3 in the above arguement, we can take functions
f and h so that they do not depend on z® by changing the parameter. q.e.d.

Proof of Theorem 5.2-(2). We have

(,,If,\)q = —e P(e P/ P)3 = - P~/ {P3s - P(P + f)3} =0,

1
(- f#)—y = —e P(e P " Py)3 = —e 2P~ Py3 - P(P + h)3} =0

by Lemma 5.5, (2.6) and (2.7). Furthermore, since v does not depend on z3, we have

(5.4) (Vx )2X7=—{< 27+ (5 *’u)%vﬁ}xq-

Since the coefficient of X, on the right hand side of (5.4) does not depend on z3, each
z3-curve is a (part of) circle or line in R*. However, if all z3-curves in some open set
U are lines, the the metric ¢ on U belongs to (T.2) by P, = P, = 0. When we
consider this situation in S%, we have that the hypersurface M belongs to one of the
parabolic class, the elliptic class and the hyperbolic class, and its rotation parameter is
z3 by Lemma 5.1 and Lemma 5.3-(2). q.e.d.



When we consider the situation of Theorem 5.2 in S*, we have the following fact: Even
if we repla,ce the condition (P + f)3 # 0 in Theorem 5.2 by the assumption that the set
{=3 | (7P (P + f)3)(23) = 0} is isolated, we also have the same result as Theorem 5.2.

Next, we consider the case one of the equations fo = 0, h; = 0 and f3 = hj satisfies on
each admissible coordinate neighborhood. In this case, the conformally flat hypersurface
becomes one of the the parabolic class, the elliptic class and the hyperbolic class on the
each coodinate neighborhood. However, since the family of 3-spheres {S?} in S given
at examples (S-1), (S-2) and (S-3) in §4 is determined by the initial date S§ and X| 535
we have the following theorem from Theorem 5.1 and Theorem 5.2:

Theorem 5.3. Let M be a generic and conformally flat hypersurface in R*
belonging essentially to (T.3). Furthermore, we assume that the metric satisfies one of the
equations fo = 0, hy = 0 and f3 = h3 for an admissible coodinate system at each point.
Then, M belongs to one of the parabolic class, the elliptic class and the hyperbolic class.

6. Reconsideration of results in paper[4]: Hypersurfaces of (T.1) and
(T.2) .

All metrics of generic and conformally flat hypersurfaces of (T.1) and (T.2) obtained
in paper[4] satisfy one of the conditions fo = 0, by = 0 and f3 = h3. Therefore, in this
section we reconsider Theorems 1 and 2-(3b) of the paper[4] under the results of §4 and
§5.

We note the following fact: Conformally flat hypersurfaces in Theorems 1 of the pa-
per[4] have (T.1)-type metrics

(T.1) g = P20 {(dr)? 1 (d2?)? + (da)?).

Then, these metrics trivially satisfy the conditions fo, = 0, h; = 0 and f3 = hj.
Conformally flat hypersurfaces in Theorems 2-(3b) of the paper[4] have (T.2)-type metrics,
and their metrics are particularly represented as

g= e2f(:1:3)(dz1)2 + e2h(a:3)(d‘,n‘2)2 + (d:z:3)2.

Then, these metrics also satisfy the conditions fo = hy = 0.
First, Theorem 1 of [4] is stated in the following form:

Theorem 6.1 Let M bea generic and conformally flat hypersurface with ( T.1)-
metric in R*. Then M belongs to the hyperbolic class. In particular, when we normalize
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it to a cone type, the base surface of the cone is a Clifford torus in S8,

Explanation of Theorem 6.1. We use same notations as in Theorem 1 and Corollary
1 of [4]. At the begining, we note that the statement of Corollary 1-(1) is also true even
in the case C; = C3 = Cy = 0. This fact follows from the proof of Corollary 1 in [4].
Now, we have the following result: Let Tf, be a torus in M with paramerets z!
and z3 for fixed z2. Then each T% is included in a 3-sphere of R*.
Indeed, we have

/(A=) = —vp/(v —p) = TPy

by (2.4) and f = h = 0. The function e PPy depends only on parameter 2, because
[e PPy = e P[Py — bP) =0 for i =1, 3 by (2.5) and (2.6). Let us put C(z?) =
(e~PPy)(z!, %, 2%). Then we have

Vi.Xp=CXa, V% Xg=CX,

by (2.3) and (2.4). This shows that T2 is included in a 3-sphere.

Second, if CyCs > 0, then each z2-curve is a connected open part of circle in R*
and M collapses respectively to a point if z2? tends to +oo by Corollary 1-(2) and
(3). This shows that M belongs to the hyperbolic class with rotation parameter z? if
C2C3 > 0.

If C; =Cs; =Cy =0, then the function e~FP(*) depends only on z2. Therefore,
each z2-curve is a ray from V'XﬂX5 = 0 by (2.3), (2.4) and Theorem 1-(2) of [4].

Furthermore, when we put z! = /C — 1z!/A, 7% = (A4/CoV/C - 1)e-VC-12*/A and
3 = /C — 123/A, the metric is represented as g = (dz?)? + (z2)%{(dz!)? + (dz3)?}.
This shows that M is a cone type with rotation parameter z? if C; = C3 = Cy = 0.

By the above arguement and the fact that the family of hypersurfaces with (T.1)-metric
is invariant by the action of conformal transformations of S*, we know that hypersurfaces
determined by the condition C; = C3 = C4 = 0 are normal forms of all hypersurfaces in
Theorem 1 of [4]. '

Next, we prove that the base surface in the case C; = C3 = C4 = 0 is a Clifford
torus. For fixed z2, the radius of each z!-circle (resp. z3-circle) does not depend on z3
(resp. z!) from the proof of Corollary 1 of [4]. Furthermore, since the torus T2 is in
a 3-sphere, all zl-circles (resp. z3-circles) are congruent to each other with respect to
transformation by orthogonal matrices. Transformation from one z!-circle to the other
zl-circle is given by an orthogonal matrix A(z®) depending only on z3. However, since
V’){ar =0 by (2.3) and (2.4), the tangent vector X, of z!-circle does not depend on
z3. Thus, the action of A(z®) on z!-circles is a parallel translation. In the similar way,
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the action of an orthogonal matrix on z3-circles is also a parallel translation. Therefore,
T2, is a Clifford torus.

Finally, we add a remark about Theorem 6.1. We omitted hypersurfaces of the case
(C —1)Cy = C; from the statement of Theorem 1 in [4], because the function e~ F(®)

vanishes at a point (x',z2,z%) with

(sin(vVCz'/A + 6,),eYC~12*/4 sin(,/C(C - 1)23/A + 65)) = (-1, (Cy + 04)/202, ~1).

However, we can include these hypersurfaces in the statement of Theorem 6.1. Indeed,
when we consider a hypersurface M of (T.1)in S* notin R* and we map M into
R* by a stereographic projection from a point of M, the hypersurface obtained in R*
satisfies (C — 1)C4q = C;. This follows from the arguement in the proof of Corollary 1 in
[4]. g.e.d.

Second, let (u(t),v(t)) be plane curves saisfying
{ W)+ @) =1 (u"v")=v(-vu),

(6.1)
(o +vv)? £ B2 (v —vu)? =1,

where v = v(t), a and b are positive constants. In Theorem 2-(3b) of the paper[4]
we showed that hypersurfaces in R* obtained by revolutions of these curves to two
orthogonal directions are generic and conformally flat. Now, we can imagine that these
hypersurfaces belong to the revolution type. Moreover, we have the following Theorems:

Theorem 6.2  Curves (u(t),v(t)) defined by a?(u’ + vv)? + b*(v' — vu)? =1 and
(6.1) have the following properties: ' , ‘

(1) Surfaces (u(t)coss, u(t)sins, |v|(t)) for |v| # O in the hyperbolic 3-space H?3
have constant Gaussian curvature a~2 — 1. ,

(2) Surfaces (v(t)coss, v(t)sins, |u|(t)) for |u| # O in the hyperbolic 3-space H?3
have constant Gaussian curvature b=2 — 1.

Proof. We only prove the statement (1) in the case v > 0. The statement (2) and
the case v < 0 can be proved in the same way. The first fundamental form ¢ and the
Gaussian curvature K are respectively given by

g= (%)2(ds)2 + (%)2(dt)2, K= %{(uu’ +vv) (v +vv) — u}.

Then, we have K'= A™! —1=a"2 -1 by (4.34) of [4]. (We can also prove Theorem 6.2
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by using the explicit representation of curves (u(t),v(t)) given at Corollary 2.) q.e.d.
In the same way as the proof of Theorem 6.2, we have the following Theorem:

Theorem 6.3  Curves (u(t),v(t)) defined by a%(u' + vv)? — b2(v' —vu)?2 =1 and
(6.1) have the following properties:

(1) Surfaces (u(t)coss, u(t)sins, |v|(t)) for |v| # O in the hyperbolic 3-space H?3
have constant Gaussian curvature a~2 —1.

(2) Surfaces (v(t)coss, v(t)sins, |u|(t)) for |u| # O in the hyperbolic 3-space H?3
have constant Gaussian curvature —b2 —1.

Finally, we have the following result from Theorems 5.3, 6.1, 6.2, 6.3 and results of [4]:

Theorem 6.4. Let M be a generic and conformally flat fypersurface in S*.
Assume that the metric satisfies one of the equations fo = 0, hy = 0 and f3 = hs for
an admissible coordinate system at each point. Then, M belongs to one of the classes of
parabolic, elliptic and hyperbolic.

7. Flat metric due to Hertrich-Jeromin: Another particular solution .
In this section, as we state in the introduction we detemine all flat metrics of type

(7.1) e*P®{(cos p(2))*(dz")? + (sin p(2))*(dz?)? + (d2®)}

under the assumption @13 = 0, w23 =0, ;1 # 0, w2 # 0 and w3 # 0. This problem is
equivalent to determine all coordinate systems of R® (or of open sets in R3) such that
the canonical flat metric of R3 is represented as (7.1) by the coordinate system, under
the assumption. Such a coodinate system in R? is called the Guichard’s net [2]. Under
the assumption, we will obtain a class of the Guichard’s nets including the net given by
Hertrich-Jeromin.

Any flat metric (7.1) satifies the following equations: By the assumption 13 = 0,
w23 = 0, we have

(7.2) (1) Y1ia=P(P+ f)3—Pi3=0, (2) vo3=P(P+h)3—P3=0,

where f = log(cos ) and h = log(sin ). Since a metric is flat, we have Rj212 = Rj313 =
Rg323 = 0:

(7.3) (P + f)3(P+h)s = —e 2 {(P + f)aa + (P + f)2(f — h)2}



—e_2f{(P +h)1n+ (p+h)1(h = f},

(7.4) e 2P P(P + f)2 = —e 2 {Pyy — PL1} = {(P+ f)as + f3(P + f)s},

(7.5) e 2 Pi(P + h); = —e 2 { Py — Pyho} — {(P + h)33 + ha(P + h)3}.

Since a metric § = (cos @(z))?(dz')? + (sin ¢(z))?(dz?)? + (dz3)? is conformally flat, we
have

(7.6) 2c082¢ p2(p22 — p11) + sin2¢ (P12 — Y222) — sin 2 WYa33

+ 2c082p p3p23 = 203023 — 20233,

(7.7) 2c082¢p p1(p22 — p11) +8in2¢ (p111 — P122) +8in 20 V133

— 2c0s2¢ p3p13 = 23013 — 201933,

(7.8) sin 2 (p113 + P223 + P333) — 205 20 (Y3033 + Y113 + P2(p23)

= 201013 — 2223 — 203(p11 — P22),
by (2.11), (2.12) and (2.13).
The assumption @13 = @23 = 0, 1 # 0, w2 # 0 and 3 # 0 is equivalent that the
function ¢ is represented as

pla',2%,2°) = Az',2?) + B(2’),

where Al 75 0, A2 ;é 0 and B3 75 0.

Theorem 7.1. Let {z!,z%,2%} be a Guichard’s net of R® ( or of an open set in
R3) and the canonical flat metric g of R be represented as (7.1) by the net. We assume
that the function ¢ is represented as

(7.9) p(a!,2%,2%) = A(z',2%) + B(z%),

where Ay # 0, A2 # 0 and B3 # 0. Then, we have the following facts (1), (2), (3) and
(4):

(1) Each z3—curve in R3 is a circle (or a part of circle).
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(2) The function A(z!,2?) satisfies the Sine-Gordon equation:
Aj; — Agy = Ccos24 — Dsin2A4,

where C and D are constant.
(8) The function B(x3) is given by the following equation:

By(z®) = \/G? — E2 (sin(B(z%) + F))2,

where E, F and G are constant. That is, B(x3) is an amplitude function.

(4) In particular, we assume G? = E? in the above (8). Then, the Guichard’s net is
made from either the parallel surfaces of a constant negative curvature surface in R ora
conformal transformation of the parallel surfaces.

Proof. The proof is divided into several steps.

(Step 1) Each z3—curve in R3 is a circle (or a part of circle).
(Proof) We have
{—e" PP}y = e FH{P(P + f)3 - Pis} =0,
{—e" PP P}y = e~ PHR(Py(P + h)3 — Pos} =0
by (7.2). Therefore, we have
(7.10) (Vi,) Xy = =(c} + )Xy
from the equations (2.3) and (2.4), where ¢; and cz are constant. (In this case, we have
no meaning for principal curvatures, and so we only look at the Chistofell’s symbols. V' is
the canonical connection of R3. We consider in (2.3) as N = 0.) By (7.10) each z3-curve
in R is a circle.
(Step 2) The function A(z!,z?) satisfies the Sine-Gordon equation:
(7.11) Ay — Agp = Ccos24 — Dsin2A,
where C and D are constant.

(Proof) By (7.9) and the conformally flatness condition (7.6) and (7.7), we have
(7.12) 2cos2p Ag(A22 — An1) + sin2p (Anz — Azze) = —2A2Bs;,
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(7.13) 2cos2¢ A1(Az2 — A11) + sin2yp (A1 — A122) = —2A:Bs3.
Therefore, the following function C(z!,z?) is independent of i = 1 and 2:
2C(z', 2%) = —(An — A2)i/As

G=1, 2).
We define functions D(z!,z2) and ((z!,z2) by

D(xl,x2) =An — A22y VC? + Dz(xlaxz) COSC(IL‘I,J:2) = C(xl,wz)

and /C? + D¥(z*,2%)sin((z",2%) = D(z',2?).

Then, we have

(7.14) B33 = Csin2p + Dcos2p = VC2+ D?sin(2¢ + ()
= (VC? + D2sin(24 + ¢)) cos2B + (VC? + D? cos(24 + ¢)) sin 2B,
by (7.12) and (7.13). Further, since the function B only depends on z*, we have that

C = (VC?+ D2sin(24 + ¢)) (2!, 2?),

D = (VC? + D2cos(24 + ¢))(z}, x?)

are constant. Therefore, (C2+ D?)(z!,2%) and (24+¢)(z!,x?) are also constant. Then,
we have

(7.15) B3z = Ccos2B + Dsin2B.

On the other hand, by the conformal flatness condition (7.8) we have
(716) sin2y Bisz = 2Bj3 (C052<p B3z — A + A22).

When we insert (7.15) into (7.16), we have the Sine-Gordon equation

A — Agy = Ccos2A — Dsin2A.

(step 3) The fuction B(z?) is given by the following equation:
(7.17)

By(z%) = \/G? ~ EZ (sin(B(z?) + F))?,
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where E, F and G are constant.

(Proof) Since the function B(z3) satifies the equation (7.15), we have
{(Bs)?}s = 2B3{VC? + D?sin(2B + 2F)},

if we define constant F by vC?2? + D?sin2F = C and vVC? + D2 cos 2F = D. Therefore,
for a constant ¢, we have

(B3)?> = ¢ —VC? + D2?cos(2B + 2F).

When we put G? = c—~+vC? + D2, E? = 24/C? + D? and replace F by F — /2, we have
the statement of the step 3.

(Step 4) We assume that each z3—curve is a line in R3. The Guichard’s net is made
from the parallel surfaces of a constant negative curvature surface. Futhermore, in this
case, the function B(z?) is given by the following equation

(7.18) B3(z®) = E cos(B(z®) + F),
where E and F are constant.

(Proof) We assume that each z3—curve is a line. By (2.3) and (2.4) we have P, = P, = 0.
That is, the function P only depends on z3. For the first statement, we can make a
constant negative curvature surface with parameters z! and z? in R3 corresponding to
the function A(z!, z?), because A satisfies the Sine-Gordon equation. Then, each z3—line
passes through a point of the surface and it is perpedicular to the surface. Therefore, the
Guichard’s net is made from this parallel surfaces.

For the second statement, since the function P only depends on z3, there exist functions
C1(z!,22) and Ca(z!, z2) such that

e"(P+h)3 =Cy, and /(P + f); = Cy,

because we have (P + f)az+ f3(P+ f)3 =0 and (P+h)s3+h3(P+h)3 =0 from (7.4)
and (7.5). Therefore, since f = log(cos ¢) and h = log(sin ¢), we have

Py(a®) = Ci(z',2%) sinp(z',2%,2%) + Ca(a!,2?) cosp(z!, 2?,2%),

and
B3($3) = Cl(m17m2) cos‘p(z.l,xZ’x3) - C2(x17x2) Sin(p(xlvmzaxa)‘



Since (P§ + B3)(z%) = (C? + C%)(2',2?), (P} + B2)(z3) is a constant number, which we
put E2. Therefore, when we take a function n(z!, z2) by

Ecosn=C;, and Esinn = Cy,
we have that (¢ + n)(z!,z?) is constant F, and
P3(z%) = Esin(B(2%) + F), Bs(z®) = Ecos(B(z?) + F),

because functions P and B only depend on z3.

(Step 5) We consider the case that the functions A(z',z2) and B(z?) are given by
(7.11) and (7.18), respectively. The metric in this case is conformal to a metric made by the
parallel surfaces of constant negative curvature surface (given by the step 4). Therefore,
the Guichard’s net is obtained by a conformal transformation of a Guchard’s net made
from the parallel surfaces.

By the above steps, we completely proved Theorem 7.1. q.e.d.
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