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Behavior of harmonic maps into spheres
around their isolated singular points.

HACARKFEREEEZMAERHEEK D3 F BMH (Toru Nakajima)
Mathematical Institute of Tohoku University

1 Definitions and examples

QCR (n>3) ZARERLL, B2 5 X WI2(Q,sH %,
W1’2(9, S*) = {u € WI(Q,RFY)| ju(z)| = 1 (ae.)}

IAVF—JBBE: Wh(Q,8%) — R %

E(u) = %/ﬂlV’ul2 dz

TED 5.

Definition 1 (energy minimizing map, harmonic map)
(1) u 7 energy minimizing map TH 5 L iz kEWMT & L T5.

E(u) <E(v) Vve Wh(Q,S) with u — v € W (Q, R).
(2) u #* harmonic map T 5% & i3 u 4% E @ Euler-Lagrange 5125,
/Q {(Vu, V) — |Vul?u- p}dz = 0 Ve € Wi N L®(Q,R)
ZMeTIEETE. BUERDEREZWMTIETH .
Au+ |Vu/?u =0 in D'(Q,R").
Remark 1 energy minimizing map &U' harmonic map 238 #IC BT 2 EE
ZHREMRTH Y, —#KICiE 2 D0 Riemann EREEOEBRUCOVTEHE SN S

NTH%. T2 T—RNDHA? harmonic map NDEFEE 5 X THL. (727°L, BT
ZM=S8S" N=SkLaLLAwiwn)



LT, (M,g) % n K7E C™ #% (#F4F%) compact Riemann 4, (N, h) & k RTT
C* # compact Riemann $#fkE LT, N % +4#\: Euclid Z# R' 2 isometric
WHEHZATBL.

Definition 2 ( harmonic map 2 )

()E: W2(M,N) >R %

E(u) = %/M |du|? volas

L EDD. ’i?_’C“, volp & M @ volume form & ¥ 5.
(2) u € WY2(M,N) % FAMER THHLRREZMWII L LT 5.

’ /A%‘{(du, d) — AN (du, du) - P} volpr =0 Vep € W N L®(M, RY)

T, AV i N 0 2EEARRTH2. SVEILEREWMTILTHS.
Agu+ AN (du,du) =0 in D' (M,R')
ZZT A,k M E® Laplacian TH 5.

Remark 2 (Harmonic maps between spheres)
EREIf]® harmonic map N HRERNIRD L HIZ42 5.

Agrt+ |Vgnu/u =0 in S™

LoT, bL ue C®(S",S*) (n > 2) ¥ harmonic map THIUIL, u € wi2(Brtl, sk)
. T

ﬁ(:z:) =u (——) for z € B"*1\{0}

||

TEDLE ., uit B 55 Sk~ harmonic map &% 5%,

{3 % B & ¥ 5 AMBHOBEEIT ) DIERD 2 00EMFDH 5.

(1) IRE A EZOERIC BV TRFRE Z LA BV IEMED Riemann SRS L
THROLMHE (&, Bbh2) 2dbDTH 5.

(2) WS IEMRBIoET IV &) PEB S REICPRL TV 2.

PLFT479 & & i, harmonic map NIV R EADAHETHOEBH T HARLILETH 5.
Z 07912, section 2 TIE harmonic map D7z FHEIZ DV THE, section 3 (25
WCEE E RN IERE & LEZEIZOVWTHHRT 5.
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2 Properties of energy minimizing map
and harmonic map

TP, EBLIVTSICDODIBILEIPLBRREZLIZT B,

Definition 3 (scaled map) ' ,

ueWQR) LT, Blp)CcQETh. Tk i, up,r € WH2(B*, R) 2 XK TE

D5, ' S
Upr(T) =u(p+rz) z€B -

Property 1 energy minimizing map, (harmonic map) it scaling 1T $ energy
minimizing map (harmonic map) T&H 5. 2 ), KAV % 5. -
u € W12(Q, S¥) % energy minimizing map (harmonic map) 25X, u,, € Wl’?(B", Sk

{1 energy minimizing map (harmonic map) T# 5. '

energy minimizing map {3 —#ICITEFTETIE v, EBE n > 3 2 51T n RITEKE
B* 5 S"! NDE{R z/|z| i3 energy minimizing map & % 5 [11] A%, Z id B9
PRELICBVTERTI 2. (—F, 2 KTTHEEA 5, k RIC compact Riemann
ZHfk N ~O energy minimizing map KU* harmonic map #* C® 2% 2= & A5,
Bthuel, Evans, Helein, Morrey 5iZ& o TRENTW 3. [2], [6], [10], [13]) £=T
#4132 energy minimizing map DAEHANRE (CHEBFRESLER) ICEET
5. (BLUTTR, HERTORERSIZDO R VOT, RO EETIZEICESHEL R
EY 5. WRTOEMMIZDWTIE [19), [24], [28] 2BM. ) & 2T, Reg(u), Sing(u)
ZRTED 5.

Reg(u) = {z € Q|u is continuous at z} Sing(u) = 2 — Reg(u)

—#%1Z harmonic map I EHADEH T C° & & 452 & HF Schon 12 & S>TRE
nTwa. 22

—HRD Schon-Uhlenbeck DiEFIZE D , EMM. ORREFIIH T HREL NS
Ehbhrsb.

Theorem 1 [23]

n>3 DL &, ue WHi(M", N*) % energy minimizing map % &3,
dimySing(u) <n -3

35IZ, n=3 Dk &3, Sing(u) 1 discrete

—7%, HM. TidRD & ) 2 BREVCEENHOR TV 3,

Theorem 2 [21]
fEE D non-constant TH % ¢ € C*(0B,S?) 123} L T, harmonic map u € Wi2(B3,S?)
T ulgps = ¢ D Sing(u) =B L2 5bDHHFET 5.



ZDHFEFEIZL B E, harmonic map TH 5 &\ ) &bk, ERIED2DICIZFH M4
THbEWVE A, 2T, harmonic map NHTHEF%L b0 (ERIESHIFTES D
D) &£ L TR stationary harmonic map ZEA$ 5.

Definition 4 (stationary harmonic map)
harmonic map u € Wh2(Q, S¥) % stationary harmonic map T&H 5 L%, u ° K%
T R i 2

d
P E(u(z + t(z))) =0 for any ¢ € Cj(Q,R")

t=0

harmonic map D HRERDEHIC B 2 EFIMEBRCTOESTH o 2DITHL T, sta-
tionary harmonic map CHOEFIERIBTHOESEEZ 5N 5. energy minimizing
map 13 stationary harmonic map T& ¥, stationary harmonic map & harmonic
map TH 5. MiZ—MHITITBILL % \>. stationary harmonic map ®IERAIIZDWT
IR AT 5.

Theorem 3 [2], [6], [10]
u € Wh2(Q, S¥) 7F stationary harmonic map TH 5 & ¥ 5. D& &, Sing(u) X2
W, H*2(Sing(u)) = 0 2SBOALY 5.

ARH O B, energy minimizing map &1, harmonic map DI KR SDEHET
DEBNZOVWTORITICOVTHRET A2 L THAH. LT, §4 TiX, 3 RITLHEEI S
S? ~?, §5 T, 4 RILHEBAD H S ~NOFMBERIZ DOV THERTW L.

3 Some tools
9, AFHETHONREEE RS, BHREICOVWTARARTSEL.

Definition 5 (degree)
Q0 C R* BREDBT, T = 00 1 smooth THEMEFME 1 2L T5. ZDLE,
ue CHE,S" 1) IZHL T, deg(u|g) ZKRTED 5.

deg(u) = 'ﬁ77—11(—2)/2‘](“)d%n_1

ZZT J(u) id u ® Jacobian & §5. ZNDEE, deg(u) €Z L% 5.

BRI, BAEE L IESRRY 1 HELL &, ZOESEREZMEE L E0% (0
Xk ZHT) BA72bDTHA. RIZ harmonic map PIMIKRFTOEREEZ ED
%. UFTIE, COBEREORENFFZEL 2 5.
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Definition 6 (degree at the isolated singular point)
u € WH2(Q,S™ 1) % harmonicmap &L T,peQ %, u DMIBEHLETS. 2O
& &, deg(u,p) xRCED 5.

deg(u,p) = deg(ulsp, (p)) (r > 0: small)
ZhiE, r>0small iZIZ L6 RW,

BRADIDLHYTOERELEZ 5 L, harmonic map ICMDEELREL 22\
BEZ. RDZEENELVWEEZ LN S,

Theorem 4 [27]
1<n<7%6IF, m,(S") i harmonic representation ###2, 2% 9., £END de N
{2XfL T, harmonic map ug € C®(S™,S™) CEMGEN k L 2B bDAHELET S,

ZRCE D, B b S DB 07 R u3(z) = ug (%) TEBBE, d£0 %6

3. 0 ICERE d DMIRRAE HOMNERIMEN D, LT Tid. —#&?D harmonic
map Tix% . MEPDEIEDOV b DEEZ B,

ST, MRS TOEREICOVWTHEITEITIR, T0FITRAZYLAE VD
T, RD blow-up & MHIN 2 #¥EZFZICHVS. £7, energy minimizing map, &
U stationary harmonic map ?{#3 monotonicity & FHEN 5 TR L F —ER IO
TARTEL. (ChIIERICIEHEOFEEL VAICRIREDDTH B.)

Theorem 5 (monotonicity) [8] [12] [23]

u € Wh%(Q,S¥) %, stationary harmonic map &3 %. B,(a) C Br(a) C R % % &
&, ROEXD KLY 5.

2

du dz

R2_"/ |Vu|?dz — pz‘"/ |Vul|?dz =2 r2nf_—
Br(a) B, (a) Ore

Bz (a)\By(a) °

ZITr,=|z—a| TH5.
FICROIANF -FERL B 5.
pz’"/ |Vu|? dz < Rz_"_/ |Vu|? dz

B, (a) Bg(a)

Z ZT,scaling #f7T) 2 &iC&h, k2185,
/ IV'u¢,,,,,|2 dr < / |Vug | dz

B B

$oT, MAFNEMD I LITXY, {ugy,}2, i WH2(B*, RFH) I2BWT, R

BELTEW, Z2T,pj=20(j =0) TH3B. E5I u A energy minimizing map,
a PRIRRSLOIT, ROEZ 5.



Theorem 6 (blow-up) [23, 8, 12, 26]

u € WH2(Q,S*) % energy minimizingmap &L T,a €N % u DIMUKELL T 5.
Dk %, %5 energy minimizing map ug € W12(B",S¥) BSEEL T, K& /¥
(1) ugp—ug weakly in Wi2(B*, R¥+1)  (p — 0)

(2) ugp—up in m},f(mkw) (p = 0)

(3) uap—>uo in Cl (B*\{0},R¥*1) (p—0) forany /€N

(4) %ing(w)) = {0}

(5) % =0 in B*\{0}

(6) deg(ug,0) = deg(u, a)

L ED#EE% blow-up &MU, uy % u ® a (2B} % blow-up limit & FEE,

& 5T, energy minimizing map @ IR L TOEREOREIZIKEH D harmonic
maps D5HE L FHIC B4R 5. —7, stationary harmonic map THZD X )% &
BRLT B EVI &, —RITIFBIL v, AL, RERICOVWTOLRGE SN,
WAL 560 H 5.

Definition 7 (stability)
u € Wh2(Q,S¥) % stationary harmonic map £ 35%. ZNDEE, u ' FRETH S
Cid, u REWLTIEE VD).

L
dt?

u+t¢)
lu + tg|

E(u) >0 (ut =
t=0
for any ¢ € C3(Q,RF+1) with ¢ - u = 0 (in Q\Sing(u))
B_ESEBARICECE, ROXHICR S,

d?

S| Blw) = [ [Vuffds - /Q IVul?lg]? da

t=0

Theorem 7 (blow-up 2) [4] [5]

u € WH2(Q,S¥) (k > 3) % stable stationary harmonicmap £ L C,a € Q % u ®
WML REETH. TOLE, B {p;}R,,p; — 0 KU, stable stationary harmonic
map ug ﬁfﬁEqu‘F%iﬁT

(1) uqp, — up weakly in WH2(B", R**1) (j — oo)

Ug,p; = Up N wkh 2(]3” RE+1) (5 — o00)

loc
Ugp; = up in Cy (B*\{0}, RF*1)  (j — oo) for any [ €N
Sing(ug) = {0}

% =0 in B"\{0}
deg(u()a 0) = deg(ua a)

loc

2
3
4

P
N N S N N
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Remark 3 Z D4, blow-up limit A% unique 7*& 9 #*13 open T 5,

§4, 8§56 Tix, F X’ harmonic map 12DV T#k S, EBE, LD Theorems £ H. =D
BerEETNE., +9TH 5,

4 Harmonic maps from B? into S2

C O section Tit, B® 25 §2~\DFK% harmonic map IZDWTHkH o u € WHA(B?,S2)
%, harmonic map T, Sing(u) = {0} Z5bDEL, EHILFRTHLET S, =
N & %, harmonic map ug € C°(S2,S2) HHLEL T, KRE M To

u(z) = g (i) in B%\{0}. (4.1)

|z

ZFZT, bL S?H5 S2AD harmonic map HHETETVIUT D & ORIEIIES
RREBLYFRVDIITHD, EBE, ZOSEIELITFPhTWVS,

Theorem 8 ug € C*(S?% 8?) % harmonicmap £ T35, ZDL &, $2%EHR P,Q
BHEEL TUT 2T,

PE) _a,PE),
Q@) 2) u o) 4.2)

ZZT, 7:8% = C i3 stereo graphic projection £33, SHIZZDEE, uy O
degree ERXTHEZ LN 3B,

|deg(uo)| = max(deg(P), deg(Q))
HLZIZT, P,Q REHTHB LT, HiC (1), (2) TEALNDER yy 32T

harmonic map & 72 5%,
SHIEZDEI R uyy DIZANVF—RRKRTHELOLN S,

(D u=7"to

1
> /S [ Vsaug]? duw = dir|deg(uo)

Lo THKICEZNRZFELL T, DX )% §?2 55 S2 A0 harmonic map D 5
5. ARIRL 2 12, ED X ) % O energy minimizing map & % %% B~
NE &V DRINEKRERDO TS B, ZHIZHEIIL 72 DA Brezis-Coron-Lieb
ThHoTHFIREB TS,

Theorem 9 [3]
ug € C*°(S%,5?%) % harmonic map £ LT, ue WL2(B3,S2) %

T

u(z) = 1g (—) in B3\ {0}.

|z



TEDD, 2D E, L u A energy minimizingmap £ %2 5% 61X, % A€ 0(3)
PHAEL Ty RPRIALT 5, '

u(z) = Al—:Tl for z € B*\{0}
LOEEPL GBI LIE. BL ue W2(Q,S?) #F energy minimizing map TH 1,
a € Sing(u) % 61X, deg(u,a) =1 £ %5 ThHb, ETRIZ, non-minimum 7
harmonic map IC2PWTERZBHZ EIZT S, T5HE, RVEILT 5,

Theorem 10 [14]
BED d e Z\{0} IZXL T, & 5 stable harmonic map ug € W12(B3,S2) TX % i
2T DDVHEET B,
(1) Sing(u) = {0}.
(2) deg(u,0) =d.
ou

(3) 8d=0 in B\{0}

-
Z DEBITIRDIEF 2 HEEE Proposition * AW TREN 5,

Proposition 1 [3]
ED deZ\{0} Il T, Xg ERTED 5,

X4 = {v € C*(B*\{0},5?)| deg(x,0) = d}
CTDEE, ROEXRIFHMNT 5,
vIe%gd E(v) = 4n|d|
&, Proposition 1 ##% T, Theorem 10 % 7R% 9o

Proof of Theorem 10
ug=7"lozlom LTBH, TDELE, uy it S2 55 S2 D harmonic map & %2 5,
ZL T, ue WL2(B,S?) 2 FXkIkEL T 5, 2% 0,

u(z) = ug (I%) in B3\ {0}

ZD& &, uid harmonic map TH Y, LLTFHHILT %,
Sing(u) = {0}, deg(w,0) =d, E(u)=4n|d|

¢ CHBP,R®) withu-¢=0 LT, uy #RTED S,

u+to

U = —
T lu+ o)
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ZDEE, uy € C°(B3\{0},S%) TH Y. deg(u,0) =d THb, HIZ.0<r<1
&:?‘TLT\ ’U.t(’l") € Wl’z(B3,S2) %*T%b%o

ue(r) (@) = ue (r%)
ZnLE, UT%215B%,

E(u) = / |Vug|? dz

_ a'll,t 1 1 2
2 /B3 or dz + 2/0 ‘/sz|Vszut| dwdr

1 [ |Bu? 1 [t 2 )
—2/53 o dm+2/0 (/Bal\?ut(r)l dz ) dr

1 But 2
> — —
> 2/ o dz + 4n|d|

ZIT. (4.3) DBRABLEBREDIE, t=00DL &, LB/ ME4n|d 2L D, Lo

(4.3)

TRE1B5,
;;E(ut) 2 % (l/ %u;t- i dx) .
—/{W) ~(Ga (@)L=
2
- (631? t—O) d (4.4)

2
=/nsE
1 -2/ 412
> - >
_4/331' |¢|“dz >0

ZZCTERED,S 2HFDIE, Hardy OFRER,
SoT, ulIRETH S, [ |

PAE. Theorem 9 & Theorem 10 % tX5% &, 3 RITHEA 5 2 KITERE D harmonic
map N3FE . stable non-minimum D & X & | energy minimizing M & & Ti&, AL
RESOABETOEHIKRE( BRI LFDNIS,

5 Harmonic maps from B* into S3

= ZTik., A section & D TE 1R LOPETH S, B 25, S ~D harmonic map
WCDOWTEET S, Al section & FKICL T, K% harmonic map % & X 5 b} T
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HHHD, WRIZEL BR-oTL B, TTE—IZ, S22 5 S~ harmonic maps D45
HiXBohTuwiv, £12, ZD¥4E harmonic map O EAKBLFIIFRE MO T
Wiy, $o T, BEAEFR)OEENERZVDIITHS, E7. Proposition
1DEHI BRI DERV, EBE. XD X ) LHEH 5, uy, € C°(B*\{0},S3)
*RTEDS, (A>0)
uy=mlodom
IOk &, deg(up,0) =1 ThHb, —F. THRVF—IIDO0TE, RHPBIALT 5,
Inf E(uy) =0

X o THEAKMIZ. BT section THW - HEZE{BEHTELRWEEZIONS, £ 5
. HOLEFHELER/CLVMIBRATOESREIX. (HIEE) BIFTE 5,

Theorem 11 (N)
u € C®(B*\{0},S3) % Sing(u) = {0} 2*DF K% stable harmonic map & ¥ 5%,
ZDEE, deg(u) &, 0 i £1 &% 5,

2, bL t1 DX, HB Ac 0(4) BELEL T, REWIZT,

for z € B*\{0}

I |
T, B, SPokE tﬂ%ﬂiﬂgkﬁtﬁéd)ti\ BB OMHMED 2 L L2 6,
LRI R M%tcuxaw TETHD, &HIT, BREBZRETT., BRE»2Y
FIRENZENWH ZETH DB, IRELERSLENS ., GEEN 0 L5 L) LN ER
WCHEETHE I b o Tk,
AR H L ERBIC LD, KEMETH S, FTRLELIAEXTHETS.
Lemma 1 u € Wh2(B?,S3) #%%E% harmonic map &35, D& & RO
ALY B o _ o
1/ IVul2|f[2 do </ Vf[2dz for any f € CL(0,1) (5.1)
3 Jm = Jpe o '

Proof of Lemma 1 : ‘
IY. RERORERCB VT, BITHEOLEHZIXT T, Vo e Cj(BRY) ICHL T,
¢ TRTEDD,
- ('U,,¢)’U,
INEREBORIRAT 5,

LHS = [ V{47 - (w9l do
RHS = /B ) {|V¢|2 + | Vu?|(u, )% + |V (u, $)]* — 2(u, ) (Vu, V)

23 (1 22) 23 (1 22) (2 ) o
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HbE¥T, X:2HB5,
|, 1vullef do
2 2 2 2
S/m V| d:z:+2/B4 Vul2(u, ) dx+/m|V(u,¢)| dz

_2/ (u,¢)(Vu,V¢)dx——2/BAé(u,%)2dz

-2 35 (w32 (9)

TIT.1<I<4RY, fECHBY) CHLT, ¢=fo b¥do THEREBD,

Vul>f?d
[, Ivufs?de |
< [ IVsPdo+2 [ WPIVupsido+ [ (W PIVSE + [ValRf) do

4
~2f 15 D0 O] doa [ WPIVIP e

Oz, Oz

ChELICOWT 1264 ir'ﬁ;'l,&:bt'c, ROBIAEREZL 5. 1

LtoERL ), FRTLES harmonic map {2V T, TR V¥ —FHldsEo N 5,

Lemma 2 u € C®(B*\{0},S3) * AR CKE% harmonic map &35, €L T,
up € C(S3,S%) %

u(z) = ug (;—I) for z € B*\{0}
EBBERET D, TDLE, ROIANK —FHEAEILT %o
/sslvssudzdw < 3ws

T, ws = H3(S?Y)

Proof of Lemma 2
(5.1) I2BWT. f € CY0,1) %, radial iCDORKETIHHET D, THL., X%

#B%,

1 1 1

3 (/83 IVssuolzdw) (/0 rf2dr) < w3/0 r3|f'|% dr
Zh &, Hardy DARERD best constant & V. KO S5FHixHE5, 1
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Remark 4 S > CHETREILIE, n=3 DL &id Lemma 1 L FKICL THLN
B AERIX :
/2|Vf|2dw >0 for any f € C3(B?)
s

PV EHBARARERTHY, Thr b T RAVF BSOS L TH B, ER,
n = 3 2513 section 3 THR-L I, TANVF—DOEHVHEKX% stable harmonic
map BFEEL TWA. o T, Lemma 1 KBIFTAAFERDN n=3 &L n=4 DEXE
LTWwWaEHcBbhs,

—F, TEANVF—DOTFTrLOFMLHL I LA HKS. ZRICRROMEE VL C
Wl A,

Theorem 12

G = {g € C*(S™,S™)|orientation preserving conformal diffeomorphism}

2, (n>2,k>2) $72. up € C®(S3,S%) % harmonic map & %o N)R <IN
RHOBALT %o
E(ug) = SupE(ug o g)
9€G

SO IEIIEZ ORBEL , Poincaré DA best constant 753 TH S Z &z HW
CT&B4h% S3 £ non-zero first eigenvalue D —XKEATEIT 52 L bHEONS.
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