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Asymptotic stability of stationary waves to the
viscous conservation laws in the half plane

BfSMAA - BT 7)1 H¥ (Masataka Nishikawa)

Waseda University *

1 Introduction

This work is a part of the joint work with Prof. Kawashima and Prof. Nishibata. We
consider the viscous scalar conservation laws in the half plane:

e+ fW)e+ g(U)y = Use + Uy, >0,y ERESO,
u|t=0 = U()(SC,y), ’U,()(IB, y) —Uu; as r — +007 (1)
U(O, yat) = Uyp,

where f,g are smooth under consideration and .., u; are given positive constants with
u, < up. In this paper, we investigate the stability of stationary waves U(z) connecting
u, and uy, which satisfy the following problem:

f(ﬁ)x = [7:::’ [7(0) = Up, U(+°°) = Uy. (2)

To discuss more precisely, we state the known results.

1.1 Cauchy problem.

If we assume the initial data:
uo(z,y) = uy (wp <u_) as z — oo, (3)

there exist 1-dimensional nonlinear waves (ex. viscous shock wave, rarefaction wave ).
When u, < u_, the Cauchy problem in whole space € R has a unique viscous shock
wave U(z — st) up to a shift with shock speed s:

{—sU¢+f(U)e=Ueea §=z—st, (4)
U(%o0) = uy.
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Here s,u, satisfy the Rankine-Hugoniot condition —s(u, — u_)+ f(uy) — f(u_) =0
and the Oleinik shock condition h(U) := —s(U —uy) + f(U) — f (u4) < 0. From these
conditions, we obtain f'(u;) < s < f/(u_). Especially, if f is convex, it holds Lax’s
shock condition f'(uy) < s < f/(u_). When Lax’s shock condition holds, the shock
is called "nondegenerate”. When it does not holds, the shock is called ” degenerate”.
There have been several works on the stability of U(z — st).” J.Goodman [1] has in-
vestegated the stability in the case that f is convex. The author [2] has obtained the

stability and its convergence rate subject to g = 0 and nonconvex f.

1.2  Boundary value problem.

There seems to be few results in 2-dimensional case. But in 1-dimensional case, there
have been many works on the asymptotic behavior of the solutions with boundary
conditions u(0,t) = u_ and u(+o0,t) = u,. In this problem, the sign of shock speed s
is important. Liu and Nishihara [3] have been considered the stability of viscous shock
wave U(z — st) in the both cases s > 0 and s < 0. Liu and Yu [4] have treated the
remaining case s # 0. Our interest corresponds to the case s < 0. In this case, there
exists a boundary layer solution from the point of view [3]. In our formulation, we can
regard this solution U (z) as the restiriction U (z + zo)|z>0 With U(zg) = up. Therefore
the asymptotic property of U(z) is given by : :

~ Cirexp(—Caz), nondegenerate case,
V() —u,| < { C3(1+ z)71, degenerate case. (5)

Our main theorems on the stability of U(z) are following.

Theorem 1.1 Suppose that shock is nondegenerate. If ug(z,y) — U (z) € H*(Ry xR)

and |uy — uy| are sufficiently small, then there exists a unique global solution u(z,y,t)

to (1) such that '
sup u(z,,2) — U(z)] =0 as t - co. o ®
T,y

Moreover, if we assume (1 + z)*/?(ug(z,y) — U(z + o)) € L2 (R, x R) for a given
posttive constant a, it holds that

suplu(z,y,t) — U(e)] <C(1+1)-§1 )
Yy |

Theorem is proved by an energy method combining the local existence with a priori
estimate. To derive a priori estimate, the Poincare type’s inequality is effective, which
is introduced by Prof. Kawashima. When the decay of (7,,.(3) is so fast, we can apply
this inequality. Hence we can not use it when the shock is degenerate(f'(uy) = s = 0).
But in this case, it is not necessary to apply that. We have the following result.
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Theorem 1.2 Suppose that shock is degenerate. If ug(z,y) — U(z) € H*R, x R) is
sufficiently small and uy < up < u, , then there exists a unique global solution u(z,y,t)
to (1) such that,
sup |u(z,y,t) — U(z)| =0 as t — oo. (8)
Yy .

Here u, is a frictional point such that f"(u.) = 0, f"(u) 96 0 for u < u,.

Our plan of this paper is following. After stating the notations, we reformulate our
problem in the next section. In §.3 and §.4, we give the proofs of the theorems.

Notation For s > 0, H* = H*(R, x R) denotes the usual Lebesgue space over

R, x R with norm || - ||;. We note H® = L? and || - ||o = || - ||. For the weight function

w, L2, denotes the space of measurable functions f satisfying vwf € L? with the norm
oo 1/2

o= ([ [~ wi@lf@Pazay) - ©

When w ~ (z)# = (1 + 22)%, we write L2 = L% and | - |, = | - |s without confusions.

Moreover, we put |f|g; = 2;’:1 021 1s-

2 Reformulation of the problem

Putting the perturbation as

B(@,,0) = uz,p,0) — U(a),
the problem (1) is reduced to '
{ ¢+ {f(@+0) = f0)}e+ 9@+ U)y = bz + b, T>0,yERE>0,

¢|t=0 = ¢0(.’B,y) = 'U'O(xa y) - U(SC),
¢(0,y,¢) =0.

So our purpose is to show ¢(z,y,t) — 0 as t — oo and moreover to derive its decay
estimate in nondegenerate case.

(10)

3 Proof of the Theorem 1.1

We define the solution space as
X©,1) = {4l¢ € O(0.T] : F(Ry x R), Vg € [0, T : HX®R, x R))}.

The local existence in X (0,T) for positive constant T depending on the initial data
can be proved in a standard way. So we omit the proof. Hereafter, we devote ourselves
to derive a priori estimate:
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3.1 A priori estimate

Lemma 3.1 Suppose that |u, — uy| is sufficiently small. It holds that
t
ll6() 1| +f0 V() |32dr < CllollFrs (11)
t
I6:O1Z= + [ IV6:(r) 32 < Clidolle @

proof Multiplying (10),(=the first equation of (10)) by ¢, we have
(38), + IV8P + {16+ 0) — 10) - D)9
~ ~ ¢+0 , .
{0+ 0) - 1098 [ 1(0ras + 1016 + 6.0}
~ ¢+0 ‘ ‘
+{oto+ 000~ [ s+ 8,6} <0 13

Since {f(¢+U) — f(U) — f(0)¢}U, = 2 VU,¢? is negétive, Prof. Kawashima has
introduced the following Poincare type’s inequality:

bau,t) = [ delev,dt
< va ([ o))" (14

We apply this inequality to the third term to the left in (13). Since |U,| decays so fast,
we have .,

@+ 0) - 50) ~ £} Usdedy
<c [ [710.l¢Pdzdy

<o [ ([7altnldz) ([ loeode) dy

<|uy — ub|1‘“L/0°o |pz|2dzdy for 0 < :a.< 1. (15)

Here we used the inequality |Us| < Clus —up|'~2|us —up|® < Cluy — up|'~* exp(—caz).
Integrating (13) over Ry x R x[0,1] and if |u; — uy| is sufficiently small, we have

6)1s + [ V() IEadr < Cllols. (16)

Hfgher order estimates are also obtaind if we apply the inéquality (14) and maximum
priciple of the parabolic equation. We omit the details.
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Remark The property (6) is obtained as follows. By the Sobolev inequality, we have
sup |u(z,,1) = U(2)] = sup |6(, )

< @Il e 14y I lidz @NI'* — 0 as t — co. (17)

3.2 Convergence rate

By Theorem 1.1 (6), there exists a positive constant ¢; = ¢,(¢) for any € > 0 such that

sup |4(z,y,t)] <€ for t>1,. (18)
zy .
Multiplying (10); by (1 + z)?¢ and integrate it over R x R, x [0,¢], we have
0= % [ 70+ 0P gdzdy + [ [Fa+2pivepdsdy
+ [ [Ta+2P 5@+ 0) - fO) - §(0)$}0xdsdy
_ _ P
+ [ [T 8-+ Gdody
7w o {4 0) - £O00= [ 0+ 1008

n

(19
Since '
. ¢+U
Lo =f@+0)- [ fls)ds
= F'(¢+ U)o~ (F(¢+0) — F(0))
19 ] r 7 ! r7 .
= —{ A %F(0¢+ U)do — F'(¢+ U)¢}
__ f P66+ 0) - F'(¢+ D)db} 6
= [ [ Preo+ Ddzasg?
= [ [ £ies + 0)deang?
= [ [ £wagang + [ [ 6@ -+ ea)dzaog o)
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where F(¢) = [ f(s)ds, if |u, — uy| is sufficienty small, we obtain

2dt/ / 1+$)ﬂ¢2dxdy+/ / (1+ 2)°|Vo|*dzdy
+§ﬂ ~f (u4)) fR /0 (1+z) '¢Pdedy |
¢ [ [7 B+ P tgldudy +C16(8 - 1)) /. /om(1+a§)ﬂ‘2|q5|2dmdy

+C / / 1+m)ﬁ|Um||q5|2d:cdy
= 12+13+I4 ' ‘ , (21)

IA

I4 will be absorbed to the left hand side if we apply the mequahty (14) and assume
|uy — up| is sufficienty small. The other terms are estimated as follows:

b < OB sup [|4()l=C / / ﬁ(1+x” 1| p[2dzdy (22)

and » ‘
I - <Cﬂ/ (/ (1+xﬂ1|¢|2+/ (1+2)"—— |¢|2)dxdy
< e _/ B—1y 4|2 . 9
_cRﬁ/R/O (p<Pdady + 5 [~ (1+2)7|¢Pdzdy (23)
for sufficiently large constant R. Here we used the Poincare inequality. So we obtain
d 00 oo T foo
_ B 42 8 2 B-1 42
dt/R/O 1+ z) ¢. 4xdy+LA (1+2)°v8 dxdy+ﬂ/R/O (1 + 2)P'P*dedy
<CB [ ["16adzdy+CB sup 6(lle=C [ [~ 81+ 2V lgfdady.  (24)
rJo 0<T<ty rJo

Integrating (24) over ’[O,t](t < t;) and applying'induction with respect to § and (11),
we have ,

B0+ [ 1V80Edr+8 [ 160 dr < Cwigols, for 0t (25)

Multiplying (24) by (1 +t — ¢;)7 for some constant v and integrating it over [t;, ], we
have

(14t =g R+ [+ 7=t 1VmEdr+6 [ (147 = t)19(n) B sdr
< O (B + [ A+ r =ty smBdr+ 8 [ 1+ = b)Y e(n)Pdr
+8 sup W= (47— [ [0+ o Nopasdyar). o)
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From (18) for sufficiently small £ > 0, the final term of right hand side is absorbed to
the left. Hence we have

L+t =)l + [+ 7~ t)IV8dr + 8 [ (47— 016 Bsdr

t t
<o{ipeB+o [ +7—t) g Bar+ 8 [ (147 - t)lga(r)Idr }.
1 1
(27)
By the induction with respect to 8 and <, we have following lemma. For detail, see

Kawashima and Matsumura [3], Matsumura and Nishihara [4] and the author [5] etc.

Lemma 3.2 If |u, —uy| i suﬁ‘iciently small, it holds that, for arbitrary given positive
constants a and ¢,

(14t =)@+ [ (1+7 - )™ ga(r)Pdr < O+t —t)fTol2  (28)

For derivatives of ¢, we can derive the similar estimate.

Lemma 3.3 If |uy —up| are sufficiently small, then it holds that, for arbitrary positive
constants a and ¢,

2 2 i )
S+ eSS + 3 [ (14 )0V () Pdr
=0

i=0

< C{(1+t¥lgol2 + IV dolltn} (29
1

LTS @I + 1+ O )
1 t .
3 [ @+ neere (18:9 g, (I + 1Vge()I7) dr
< {1+ tFIgolz + IVollt} , (30)
(1+ 0%y I + [ (L+ 7)Yy (D)Pdr
< C{+1°Igol2 + IVol%1 } - (31)

Combinig Lemma 3.2 and Lemma 3.3, the convergence rate (7) is obtained by the same
method as that in Remark. So we complete the proof of Theorem 1.1.

4 Proof of the Theorem 1.2

In this section, we devote ourselves to derive the a priori estimate similarily to §.3



175

4.1 A priori estimate

Lemma 4.1 If we assume ¢9 € H* (R, x R) and [u; —uy| are sufficiently small, then
it holds that

6O+ [ 176() Badr < ClgulRe, (32)

1@ + [ IVu(DIadr < Cldulf (33)

proof Integrating (13) over R x R, we have

1d 00 9 00
s dud / ] 2dzd
2dt R/O ¢ v+ rJo Vgl dody
1 00 ~o
+5 /R /0 (60 + U) U g?dzdy
=0, for 0<3<1 (34)
By maximam principle, if the intial data and |u, — | are sufficiently small, we find

that
0+ U <)z + IUllze < l|dollze + luy — up| < u.. (35)

Since f”(6¢ + U) is non-positive, we have the basic estimate. Higher order estimates
are also obtaind in the similar way to the nondegenerate case. To derive these, we will
use the following inequality.

Lemma 4.2 Suppose that the case is degenerate, ie. f'(u,) = f"(uy) = .-+ =
FEI(uy) = 0, f&++D(u,) # 0 for some integer k, > 0. There exists a positive

constant & such that for ;c—zﬁ’—l < a <2, it holds that

/R/Ooo |U.?|¢|2dzdy < Clu, — uz,lz'&L/ooo |z |2 dzdy. (36)

The proof of this Lemma is given by the direct calculation. So we omit the detail.
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