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ON BUBBLY CONTINUA
BRAY AT SE B B (Katsuya Yokoi)

§1 BUBBLES

W. Kuperberg (1973) i&. Cech homology %{#i> T n-bubble DHtZE¥AL T, %
U3, EEEIE P. S. Alexandroff (1932) 12 & % Cantor n-manifold DZ & TH 5 (7L,
BEOEKRE IZIDVURRZ), 2 THOHEMEX. Cech cohomology %> TZ M bubble
EEEAMEL. WLODDBHEEASILTH S,

Definition 1.1. A compactum X is called an (n, G)-bubble if the following conditions
are satisfied:

(1) H*(X;G) # 0, and

(2) H™(A;G) = 0 for every proper closed subset A of X.

SRS EBIHNBE ST (n,G)-bubble THNIE., G REIAKEDY — KT n
ThdIEIZEET S,
Bubble izBHL TW L 2hOfEEET & 5.

Example 1.2.

(1) A connected closed n-manifold is a typical example of an (n,Z)-bubble. We note
that a connected non-orientable n-manifold is not an (n, Q)-bubble.
(2) The Warszawa circle is a (1, Z)-bubble. "
(3) An n-dimensional solenoid is an (n,Z)-bubble.
(4) Examples of Dranishnikov [6] and Dydak-Walsh [9] show the existence of an
~ infinite dimensional (n,Z)-bubble. :

Example 1.3 [1]. Let G be a Poincaré duality group of dimension n > 2 over a PID R
such that the image of its orientation character is finite. If Z is a boundary of G, then
Z is an (n — 1, R)-bubble, in fact, the space is a homology (n — 1)-sphere over R.
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Example 1.4 [10]. Let X be a Z-compactification of a contractible open n-manifold
M, n > 2. Then Z = X \ M is an (n — 1,G)-bubble, where a Z-compactification of
M means a compact ANR X containing M as an open subset and having the property
that X \ M is a Z-set in X.

EofiD5BOHFIX, bubble &5 EBbhdhd LI A, Dranishnikov i7 &
Y $E51 A% Menger continuum &2 337X —BIMRENATHIDT, —MIzEI L
5 LM 0,

RiZ, BFEOBMELOBRIZOVTERL TA LS, REEEIZL VRS ERIN)
Cantor n-manifold with respect to an abelian group G T#% % &%, XEH=T a8
7 MEREZEM DT &% 5 ; cohomological dimension n with respect to G, and if A is a
closed set of X with c-dimg A < n — 2, then X \ A is connected

Mayer-Vietoris exact sequnece 285 Z &2 & V. (n, G)-bubble iZ Cantor n-manifold
with respect to G &£7% %, Cantor n-manifold with respect to G IZBJ L TIZ RO
VIO :

Proposition. Let X = X; U X, be a compactum such that each X; is a Cantor n-
manifold with respect to G. If c-dimg X; N X2 > n — 1, then X is also a Cantor

n-manifold with respect to G.

U745 T, manifolds DEEERIZL &1 & 724k & L T Cantor manifold &2 T3
A%, bubble TR <723, &7z, —MZ n-dimensional compactum #° Cantor n-manifold
EEATVLIEVLIHRE, L<HASN/-BETH BN, bubble EHIZEA TS &: &R
50, SDETHRIBEL L TOFERIZI OV THRIETE22ME NS DX, RO
He2bOEMTH 5,

Theorem 1.5. Let X be a compactum with c-dimg X < n and H™(X, R) # 0, where
R is principal ideal domain. If there exists a map f: X — P to a polyhedron such
that the induced homomorphism f*: H*(P,R) — H ™(X, R) is an epimorphism, then X
contains an (n, R)-bubble.

Corollary 1.6. Let X be a compactum with c-dimg X < n and H™(X, R) # 0, where
R is principal ideal domain. If X is an ANR, then it contains an (n, R)-bubble. ,

Bubble {ZRICREINIBH S £ 5 L RATRICIZE THHELZDBDIZBA 300D & 574
RN RBNEET 3,

Example 1.7 (Pontryagin’s example in [11; p. 331]). For every prime p, there
exists a 2-bubble X, such that dim X, x X, < 3 for p # q.

&7z, Dranishnikov O * BB T I &Iz b XEH/5
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Example 1.8. For every prime p, there exists a 4-bubble N, in a 4-dimensional ANR
such that dim N, x Ng < 7 for p # q.

§2 BUBBLES AND HOMOGENEITY
ANR & homogeneity IZBL TX® Bing-Borsuk i & 3 FRIZ L KHISENTNS ¢
Conjecture [2]. An n-dimensional homkogeneous ANR continuum is an n-manifold.

Z DOTFRIZ DWW T Bing-Borsuk & n < 2 ROVWTEHERICRLTWS, £z, n=3
iz 9Tl Jakobsche iz & ¥ Bing-Borsuk FRMNIEL 72251 Poincaré FARKIEL W
CEERLTVWAA, BRTHHEOVERLVWERDRS, ZOTHRICEL T, XT#H
7 TLE D & OBFZEH. Lysko. Seidel, Krupski HiZ&VBEh T3, AT X % n-
dimensional homogeneous ANR continuum &3 % &, ROMEEEFOZ L BEHIENT
A

(1) Let Z be a closed set in X. Then dim Z = n if and only if Intx Z # 0.

(2) Let U, V be subsets of X with U & V. Then U is open in X if and only if V is

open in X. '

(3) X is an n-dimensional Cantor manifold.

3) KEL T O L) RZEME, b o LHEALBEEROILADRS

- Theorem. A homogeneous ANR continuum X with c-dimp X = n and a non-trivial
n-dimensional cohomology group in R is an (n, R)-bubble, where R is a PID andn > 1.

In particular, in the case R = Z, such a space is an n-bubble.
%7-. Bing-Borsuk X XROMEHRHL T3

Problem. Let X be an n-dimensional homogeneous ANR continuum. Is it true that:

(1) X is cyclic in dimension n, ,
(2) no compact subset of X, acyclic in dimension n — 1, separates X?

COMEIZOVWTLEROERI XV ROESEHIFOND

Corollary. Let X be an n-dimensional homogeneous ANR continuum which is cyclic

in dimension n. Then no compact subset of X, acyclic in dimension n — 1, separates

X.
B8z, W. Kuperberg I2 & % & T RIIMsMEEEF THT I,

Problem. Let X be an (n + 1)-dimensional compactum. Then does X contain an
n-bubble?
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