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Free Analog of Malliavin Analysis

KB B (Masaru Mizuo)
RALRZERZBt - Al Esert

(Graduate School of Information Sciences, Tohoku University)

=

semicircular system D4ERT S W* MM, F/2b 5 free group factor EIC
Sobolev I WY (1 < p < oo,n € Z) 2MA L. ThDHDILE WL U THE
R COWS 2EHBBE ZDBUS semicircular system DERT S C* | A DH
IKCEHHTES, XD S DHXZEME LT Schwartz distribution S’ %58, %
DEBIEHEMETS. 20 S OBDEME LT M AFABRICEBITES, Zh
X Gaussian system D4R T 28 LICFRROME 2 BOZ L 7= Malliavin analysis IC
V5 BB E D free probability analog D—FET$H D, ZBICZOMED free
group factor . derivation DERICHLUTWBZ L 2RTEHICS LD C® &
vector field ' S _LEBELRERLR->TWEZ L ®2RT.

1

DTHBHISTERLEROMREE LHS., HFLWIEHBIURLEBEZ IR
4] 2B, FTRICHELREERF LD,

(M, 7) & W* probability space, 372HH M I finite W* B, 7 I faithful normal
tracial state £ 35, {s;:i € I} C M % semicircular system, 372b % I IIFFHES,
si (1 € I) 3ENEH 7 T > T semicircular 46 & FH. HVVIC free independent 7B
RICHEPDLTE, SMII{1}U{s;:ic I} TERIhTWBLTE, ZDLx,

(M, 7) = (kietW* ({1, 5:}), *ic1Tlw({1,5:1) = (L(FN), (-le, le))-

7=71Z2U x iX W* free product, L(Fy) & N HERTED free group factor T N = card I,
(-le, le) U free group DBHZFEAE S S faithful normal tracial state. {1} U {s; : i €
I} BMRBICHE R T 5 *-subalgebra # P £ 35 &, faithful normal state IC & 5 free
product {X{RIHY free product @ closer ICRBZE LY P 2 C(X; :i € I)a =L
C(X; : 1 € I) SHTMBFART ZORBMNIETIE s; (i € I) ERRTE X; BHIHT 3.
To(X) E n iR (n > 0) D% 2 7 Chebyshev FHRX (ZE U Tn(X) = 1,Ti(X) = X B&
VT (X) = XTo(X) ~Tua(X) (n > 1) TEED) T BHLE,

Tiriy - irigia - - - bginin - - iy = Tm (8i1)Tma(8i) - - Tom (83)
N e N e ey s
my mo mp

(n> 0,4, € I(1 < j < n),m; 2 0(1 < j < n))
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linear basis £ 3, L2(M,7) D CONSICERD, MERM P, = sp{Tiiyi, 1 15 €

I1<j<n)}(n>002TBLEBAAP, (n>0)XEWKCERXTS. FEL*(M,7)

FOMBIERRL 2dom L = P, L(z) = nx (forz € P,) TEDB L, —LFM7)
1289 & AMC selfadjoint T Ornstein-Uhlenbeck Laplacian & &i¥hTwa. AT L B
¥ Ornstein-Uhlenbeck Laplacian & U THIf3 5. & BIC L*(M,7) _ED contraction
semigroup exp (—LY* M7t (¢ > 0) id M C L?*(M, 7) % global invariant IC 95, ZD

¥ % exp (—LEMt)| o4 (¢ > 0) 1% M _E 7-preserving (normal) unital complete positive
semigroup =2 Y, Ornstein-Uhlenbeck semigroup & FEEHN B, ZhiI M OFLHE

RiBcBETHS.

2 SobolevZRIWP (1 < p < oo,n>0)BETCHESD
A |

Definition 2.1 z € P I LT
lellwz = lellomn) + IL22llioaan) + -+ 1LE 2] Loqaar)
% Sobolev WP (1 < p < 0o,n > 0) norm & &3\, |
EEU| - o & MO C* norm. ¥ 7=LATFIEW#E LP(M, 7) li-%k Lr t?ﬂﬁ'ﬁ'é
Zte¥Hhd.
Definition 2.2 P D W? norm (1 < p < oo,n > 0) I & B HIRASERLL % Sobolev 22
M| WrF(1<p<oo, n>0)tJ:zS';
ZOLEHLMIWE (1<p< oo) i LP(M, 7) tr]ykt:éfﬁu?ﬁz o)ﬁﬁ!ﬁr

THEEZA—-BT5. 1<p<p <coHdWIE0<n<n DEEP (with W” nerm)
M P (with WP norm) ’\U)’fﬁ%gﬁb ' , BV P (with WP norm) b P (with

WP norm) NDEFEH L, biﬁﬁtcm'e W2 S WP, B35\ W2 NS WEAD
5&21,,’ ZBJ:UL, Lfmﬁ‘éﬂé ZDLE,

Proposition 2.3 Lﬂﬁ@gﬁﬁ I injective TH D, LoTLELTD Sobolevggﬁﬁ W” (1 <
p<oo,n > 0) i& L' (M, 7) DB L R85,

LES > TROTRER 285, =72 bcbi:éﬁiﬂ&iiﬁé'rﬁ‘f m_ﬁa; |
L*=M € W= € Wg=L> € Wi=1L* c,Llr

(2<p<o0) (1<p<?2)
U U y
WP €e W e |44
U] U U
1% e W2 e w}

Y v Y



44

n > 0 XL Sobolev Z2f] WP (1 < p < 0o) D projective limit & W7 & UL W) (n > 0)
@ projective limit # S £ 35, ZDL X,

Proposition 2.4 W (n > 0) i Frechet x-algebra IC%25, FTRbHB WD (n > 0)D
P SERRBATTHEBERIA T, x-operation 338BE. B X UCHNITRIIHERICRS, U
=5 T S ¥ Frechet x-algebra 1725,

Z ? Proposition & V) SDZ & & C B k3. 7P Proposition 2.3 BLU 2.4 DIE
B3R E Proposition 3.5 Z VS, S BHIC, :

Proposition 2.5 (Sobolev D#E) C = (E;:"Zl(%;i;l)z)% tBL. ZDLErePIH
UTllzllwe <Cllzllwe , (n>0,n" >4,1<p< o). LENST w2 . €W (n>
n+n

0,n >4,1<p<00)

A=C*{1}u{si:ie}) T3, ZDrEEHELY AT W LHEBL. Proposition
2.5 &K YEAT®D 3 DD Corollary 2883, '

Corollary 2.6 (Sobolev DHIMUER) W2 i3 AICHBH DRSNS, TRbBW] e A,
Corollary 2.7 C*° 3 S DAL W2 (n > 0) nomKTERE D,

Corollary 2.8 C* BY S 1 nuclear space TV,

3 Weak #% D

I® = Tucopy of I, M® = W*({1} U {s; : i € IP}) LLHRICM c MO %
oL L., M@ 2 M BHBWE P D bimodule & Bird, Fk{s; :i € I} N
RBIVICER T 5 +-subalgebra ¥ P? B LT M? ED Ornstein-Uhlenbeck Laplacian
% L, tracial normal state & 7® FE=CoRE S F3, FEi e ITHLT
i+ N =copyofi €copyof [ £ FTB., ZDLXE,

Definition 3.1 M 25 P bimodule M® D derivation D T dom D = P D
D(s;) = sizn (i € I) TRE D D% weak derivation & L3\, '

weak derivation D @ dom D = P IXIEu[BIHABR & [HBI72 D T Definition 3.1 X
well-defined T35, ZDL =,

Lemma 3.2 D(nliz---i,.) = 2::1 Tiliz---ik+N---i,. (n >0, ij € I(l <3< n))

i€ copyof ICXHULTi— N = originalofi € T 255, ZDLEWEEMR Dy :
PO PER>0,i,€IP (1<j<n)IicHLT,

T iyei;~N-i, 1f 37 t; € copy of I and 3 € I (k # j),
Ddual(ﬂliz-..in) = { 0 184 —N otherv‘:yise k ( )

TREDHD L.
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Lemma 3.3 r€P,yc PO LT3, FDLE,
7 (y* D()) = r(Dauat (v")7)-

LENoT DX LP(M, ) D U’(Mm 7?) (1 < p < 00) NDEMEL AT closable T
Hd. £l o |

Corollary 34zePIilWLT,

DyuaD(z) = L(z),
DL(z) = L®D(z).
LEMN-TDL 2 ik D2, P Ll llezimr)y 11+ lzom 20 isometry I3, EEUL:

DEFIL L OEHEDSHSHTH DA LMD O functional calculus ELBoTH &
W, ZREERDZ LN L DBETHRYILD,

Proposition 3.5 1 <p<oo D& X, DL ::IL*(M,7) = LMD, 1) X P2, P,
k. EKBTIBER.

ZHhEYLATFD Corollary A3 SICHED.
Corollary 3.6 P E||L? - ||pou,n ~ [(LP)F "D |l Lo (m@ (1 < p < 00,n < 1)a
Corollary 3.7 D : S — 8@ |3:8¥%,

Corollary 3.8 z € PICEWLT, |zllwr ~ l|zllrmr) + I1D@) | om0y (1 < p <
oo) (DY M graph norm)

EARRIC I® = I@Ucopy of I®, IW ... M® M@ ... D@ DO ... L&, MO =
M, DD =D,... B, LLACHRRERYETZ L TRRCUT 285,

Proposition 3.9 1 <p < oo, n > 1235, z € PICHLUT ||zllwe & ||l om0+
1D (@) || o, riary + - -+ | DWDED - .- DO(@) | o gy renrny VB S5 IHETE
B DU DE D=1 L. DO PO (with || - lLo(m) 70y + IID(I)(-)I|LP(M(2),T(2j) +---+
|D™-D®=1) ... DO o paent) sintny norm) — PO (with ||-|| Lopqensn rinsary norm)
i& closable. -

4 Schwartz Distribution S’

Definition 4.1 S_EDESHRCFIEIMOLEE Schwartz distribution S £ &8, S E
DAL S DT EZ R 5,
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WP (1 <p < oon>0) ORMZERMEW, (1<q<oo,n>0) BIZLKTS,
EEUUT ¢ p 0#BHBBL LTHWS., EES () BRI dual DEHICHBW
5, 1<p<p <ocoHBdWI0<n<n DL E i HBWIE P, 13 dense WfEK TR
2, UEN> TEDRNBR T = @) - Wi, » Wi, 55T, =@ ) :
Wi, - an, X injective ICB, ZDELE1<qg<qg <ocoMD0<n<n BB

i = ()@
%9 —n,—n PP , TN
P m oy
= (Ln',nbp”,p)
= (i", Zpl '
” P n,n
= 7 "
-n,—n q,9
LEN> TROTREAEXBS

W, €e W, e WY,

U] u U]
W, e W2, € w?,
Y y U
Wi, € W3, € w2,
(2 < g < 00) (1<g<?2)

ZDLES =UicgcoonsoW, THB M), Corollary 2.7 X V).

S = UX,{W2 norm continuous linear function on S} (inductive limit)
= inductive lim,>o W_

23, [P(M,7) (1 < p < oo) D duality &Y WP = LP(M, T) (1 <p< o) &
WP, = (W) = (LIM, 1))’ tilﬂﬂ'ezbamﬁjﬁﬁmx WP WP, (1<p< oo) ®
RODESIEDSD, ze W) =LPM, )DL E

X() = —7(z - ) € W2y = (W§) = (LI(M, 7))’

ZhiC & Y ERNICROTMER 2185, BUT ° o)aa%uu?%‘lﬁé. _o)E
RODIIICMBIUVSIES DEHE@Me RirE s,
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S
WP, € W2 e WP,
U U] U
WP, e W e Wi
U] v U
Me W) e Wi=Lr e Wg=L* ¢ Wi=L* € L'
(2<p<o0) (l<p<2) (1)
U] U] U] U
Wi e w? € W2 € w?
U U] U] U]
W e W% € W} e 441

v W 0] U

y
S

Eﬁﬂﬁifﬁ?ﬁﬁﬁ R P, LMy (product topology) x5, ZZT, H:= {:1; =

(@0, @1, 1 Tny ) € ®ZgPr 7 NRo(1+0)E |oillZagu,) < 00} (nEZ) LT BE
EHBMCn <n DL EH? I H OB TR 05, ZOLEDHEDIALERE <,
L¥B. EEER (1) ICBTS W e W2 OHDRAREERE ., LTE. ZOLE,

Proposition 4.2 (S’ DFRBUEE)n<n D& &k, H, 5 HE &y WS - W]
AR, LENSTS Her, B, W @gﬂamwuwgﬁa{x_ (mo,xl, T,) €
®2oPa” M7 L In € T TX(1 + ) |ailltagy,y < 00} S ®g°_01> 10040 )
BARPBIIORME {z = (z0,21,-++ ,Tny ) € @2,P, LMD . yp e N Yool +
ifMMqMﬂ<mﬂtﬁ§°é%t:@ﬁ—ﬁ?x_@mmguﬁmuqe

@2, P, M) e S DY E G, =Y 7 idn 0o T ICWET B, LENSTPIE
S T dense.

5 (C Vector Field

ZZTE N=card I <o £F 3. PIIRIFTRSEARLFARIRDTEK=
(kl,kl,"' ,kN) € @NS GC%TL"C dom 5Ic = P, Jk(si) = k,‘ (Z € I) t&é S_[_‘.O)
derivation 0y IX—FKICHEET B, ZDED S _ED derivation & C™ vector field & &3,
UM o T C*® vector field D2MEHIMESMEERM L onS BHE. —F {Tii-u.(n >
0,5, € I1<j<n):31<j<ni; € copyof I and iy € I(k # j)} C S® MER
T 52 D 13 P subbimodule £ 225, P subbimodule D A% P bimodule S
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mi(Tiyn) = ki (i € I) DZAET bimodule map my A—FICEFE Y. 6 =mD L3,
3755 P subbimodule D it P OHBEHIMBTHS. ZDLE,

Proposition 5.1 m; : D (with S'» topology) — S (with S topology) \3&¥t., U=
5T C® vector field & 13 S LAk,

LENRST (&) :S - S NEHETEZHREMRL 25N,
Proposition 5.2 6, M 7-preserving 2 BIE. (6x)' |p = dklp
Thbb 6 i3S EICHBHITRTE S,

2 Z )
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