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Cohomology of infinite Coxeter groups

RBRFER LGN B EPEH
fRIR Bl (Tetsuya Hosaka)

§1 %

FHATIZ, HRERZR Coxeter group d cohomology 2MWM~2 = &%
HEE L TS, Coxeter group IHEAFTD L SicEHEI NS,
ME S EE@mM:SxS 5> NU{o} TROEBEHR T HDEEZ S,

(1) TRTD s, t € SIZDNT m(s,t) = m(t, s),
(2) IRTDse SITDONTm(s,s) =1,
(3) HRIZDITRTD s, t € SIZTDONTm(s,t) >2.
ZDEIRSEmITEHT
W = (S|(st)™*? =1 for s,t € S)

LEBINDBW % Cozeter group L& &, ELT (W, S) DA% Cozeter
system & XX, ‘

Coxeter group DEERIIE <, TOHEMRIT, @WBRIZX->TERINSHR
B (AR BLEOISBXBEZ2bOHAEMNE L THEMITISHhB
&% H.S. M. Coxeter MFHLEZ L2k, BETRAREREZMDT,
EROXS2EBE B DML Coxeter group E&iTN 5., HB/E Coxeter
group IZDWTH [B] KA SNB XD, BLEIHENEZLSNBRE, &
SEEDZENDN>TNEDREN, BBRAIBEITOVTIREFZIEAES
Mo TWRNRRIZH B, ZHARTI, HIERS 20U VWEBED Coxeter
group 2% LT, Coxeter system 25 ERI N DB EES = &1z
&> T, Coxeter group @ cohomology IZBIT 2 WiREZ/5 - 2HMEL



T3, BIZZZTiX, M. W. Davis &> T D3] DFTHEX SN HR
AR 73 4EFR Coxeter group @ cohomology IZBT 2K ZHER L, Coxeter
group @ cohomology IZDNTERT S,

§2 Coxeter system MOEREZ NS LM
B & 2R D cohomology IZBIL TIXROFEBNH SN TS,

Proposition 1 ([Br, Proposition VIIL.7.5]). T Z#, X % free I'-complez
ETB, BL X/T M compact 251, RORBIAHED ILD:

H*(T, ZT) = H (X)),

U H}(X) & X @ compact support @ cohomology TdH 5.

Coxeter group W 1%, ¥IZ finite index 7% torsion-free subgroup I' &
FOZENFMENTNS, LATT, O T A free, cocompact IZfEAT S
contractible CW complex ZE#&HT %,

%79, parabolic subgroup DEHZEHZ 5.

Definition. Coxeter system (W,S8) & T C S IZML T, Wr Z T IZK>
THEREIND W OBRDIBEERL, parabolic subgroup EFESR,

T D& E pair (Wr, T) i3& 7z Coxeter system L7225 Z EMNASNTN
% ([B])e ®L T EHEE5IE Wr i trivial group TH . '
RKIZ Coxeter system D5 33 simplicial complex Z#KT 5.

Definition. Coxeter system (W, S) IZX¥ L T, simplicial complex L(W, S)
ZRTEETS:
(1) L(W,S) @ vertexset & S &T 5,

(2) S DBTHRNEHES T 1, Wy WHBOE ZIZBD L(W,S) @ sim-
plex 258% &9 5%,
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ZDELE, S OWMRPESE S IZDONWT, L(Ws, S') 1X L(W,S) D subcom-
plex 22> TWBZ LIZERET 3.

Remark. W& (W, S)) & (W,,S;) % Coxeter system &9 %, ZD&LE
(W1 x Wo,S1USp) & (W) xW,,S1US,) iX Coxeter system &73%,
ERBE, £i=1,21O0T

W; = (S;| (st)™® =1 for s,t € S;)
ERBTNWBEE, mm' :SUS; - NU{oo} &

my(s,t) if s,t€ S
(s,t) ma(s,t) if s,t €S,
2 otherwise

my(s,t) ifs,t €S
'(s,t) == { mg(s,t) ifs,teS,
00 otherwise

LERTDE
Wy x Wy = (S;US; | (st)™*) =1 for s,t € S;US,)
Wl'* Wy =(SUS;| (st)""(”‘) =1 for st € S1US,)
LRTTEMNTED, |
K7z, simplicial complex L(W, S) IZDWTIX
L(W; x Wa, 8, US2) = L(Wh, S1) * L(W,, S2) (sxmphc1al join)
L(W; * Wa, S U Sz) = L(Wy, S1) U L(Ws, Sz) (dlSJOlnt union)
ARV ILD,

AR TIX, Coxeter system (W,S) IZDWT, S (IMICHRMETHS D
DEI B,
B#21Z Coxeter system 75\ 53 5 contractible space ZE&ET 5.

Definition. (W, S) % Coxeter system &7 3, ToEE , Kﬁﬁ*ﬁ
EANE W & L(W,S) @ cone CL(W,S) DREZEM |CL(W, S)) DM
W x |CL(W,S)| LOFRHEBItk ~ 2R TED S: ('wl,:z:l) (wz,:t:z) €W x
ICL(W, 8)| Iz2WT

(w1, 1) ~ (we,z2) < z; = z2 and wilw, € Wy (z1),
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22U V(z) = {s € S|z € St(s,5d L(W,S))}. TTT, St(s,sd L(W,S))
i% L(W, S) DELHMIS sd L(W, S) iI2B1T D s D closed star 2H5HF, T
DL X, |

(W, 8) = (W x |CLW, S)|)/ ~

ZZT
w - [u, 7] = [wu, 7]

(we W, [u,z] € Z(W,9)) iIZ&oT W i3 5(W,8) CBERITHERT S.
¥7=, S(W,S) i3 contractible £721 ([D1]), 1-skeleton 2% W @ S 2B

43 Cayley graph &£725 & 572 CW-complex &HRY T EMNTES ([D2])

cemmshTRG, |

Coxeter group W @ finite index 7% torsion-free subgroﬁup T i3, S(W,S)
IZ free, cocompact IZVEMT 5. &Ko T Proposition 1 & ‘

H*(T, ZL) & Hy(Z(W, S))
AR I D, KIIEIC
H*(W,ZW) = H*(T, ZT) = H:(S(W, S))
MRDILD T EHHSNT S ((D3)).

§31xwmcmtﬂ

M. VV Davis IZX>TH X 57z Coxeter group W CD cohomology
H*(W,ZW) ORRERBNT 5.
F7T, WOhEEEEZ S,
Definition. Coxeter system (W, S) {IZDWT
SH(W,8) .= {T c S|Wr is finite} -
LEDD, TIT, ZEAIEICS/(W,S) KBTDHIEITERT S,
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Definition. (W,S) % Coxeter system &9 3,
BweW IO T

S(w) := {s € S| l(ws) < £(w)}

EEDD, 1L L(w) i w D S IZBITS length TH 5.
BiZ, ETcSITMLT

WT = {weW|S(w)=T}

LEDBD,
Davis i3 H:(S(W,S)) 2R3 LICED, ROTEEFEHL -,

Theorem 2 (Davis [D3]). Coxeter system (W, S) 123t L TRDF RAK
DiILD:

HWzw)= @ (2W") e (LWsr,S\T)),
TeS!(W,9)
JeIEL Z(WT) iX free abelian group on WT %#%& L, H* 13 reduced coho-
mology &7,

COREANSONB LS, H(W,ZW) 28 (7 —~X)VBE L T) ER4
REBDLBHIFMR, BT e S/(W,S) T, WT REBESLAD,
H=YL(Ws\r,S\T)) #£0 L2 bONEETEZ L TH 3.

ZOXST, WT OTOEEIL, HI(W,ZW) BERER &1z 55 MR 4%
BERBNICHADIRETHIOXEN, EBEISDDOOBLDIZ, EBIZ
HEERD S LIIEMTH S, RO section T, H*(L(Wa\r, S\ T)) HH
HTRWBEIWT OXOBBNEDLSITRZOM E2MN, ETlR~E
Davis DEHEZ XD BMIZTEHZL2EX 3,

§4 WTI[CDIVT

EIHELHET 3.



Lemma 3 (cf. [D3, Lemma 1.10]). (W,S) % Cozeter system, T €
SI(W,S) &5, ZD&E, KIXFME:

(1) WT 3—R&Ese
(2) W = WS\T X WT
(B) BHseS\T,teTITXHLT st=ts.

BED cohomology IZBIL T, KD F. T. Farrell DRV H 5.

Theorem 4 (Farrell [F]). T % type FP D finitely presented I2BEE L,
n = min{i | H*(T, ZT) # 0}

LT3, ZOEE HV,ZD) WEBRERRT —~)V#R251E, T iXn-
dimensional Poincaré duality group £72%. §7R2bHH

Z, i=n

HY(T, 2T) & {0’ i

HI=T,
WT OEOfEEk (WT| CBL TROMEEZRT Z LITER Lz,

Lemma 5. (W,S) % Cozeter system, T € S/(W,S) &9%. L 2 <
[WT| < 00 725, L(Wg\r,S\T) i contractible L7125,

Idea. 2 < |[WT| < 00 EEETHE, Lemma3 &0, so€ S\T, to€ T T
m(so, to) # 2 ERDBDONHFEET 5. ZDEE, Theorem 4 ZANT

L(Wa\1, S\ T) = so * L(Ws\({so}ur); S \ ({80} UT))

BRI ZEICED ZOREERFEHL /=,

Definition. W = Wy x Wa\r EBL7RNEE, Coxeter system (W, S)
13X irreducible TH B LW D, |

WE Coxeter & (W, 8) Icx L T—BMICEE 3 S OWHRE SOEHSE
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Definition. Coxeter system (W, S) iZxL T, X9BKD R
W=Wg x... x Wg,
2EX (TRbB& (Ws,S;) idirreducible),
S = |J{S:| Ws, is infinite}
LERT B
ZZT, EB'IS
W =W;zxWgs

AMERVILE, S\ SeS/(W,S) LBBZEICERT 3.
Lemma 5 5 FICRMEERD I &ITXD, |[WT| KL TROMER
B/BELENTES,

Lemma 6. (W,S) % Cozeter system, T € Sf(W,S) £33, L
L(Ws\7, S\ T) %% contractible T2\ 5T,
IWT|={1, sz=S\-§
0o, otherwise

MDD,

§5 Coxeter group ® cohomology D\ T

Lemma 6 #1132 &12& D, Theorem 2 iXRDE St BEME 5 2 &t
TE3,

Theorem 7. (W,S) % Cozeter system &9 35 L&, RORBARDILD:

mwIW) = B e @ @EIWarS\T))
S\SATES! (W;5) | '

Z® Theorem 7 i1Z& Y, RDORE/DILENTES,
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Corollary 8. Coxeter system (W, S) IZ# L T, KiXFM#:

(1) HY{(W, ZW) 13 BR AR
(2) H{(W,ZW) = H*-'(L(W3,5))
(3) &T € S/(W,S)\ {S\ 8§} KDWT H~Y(L(Wgar,S\T)) =0.

Corollary 9. Cozeter systems (W1, 51), (W, S2) XML T, BL W) &
W, BWEHATRVAESIE, n>21I2D0WT

Hn(Wl * Wz, Z(Wl * Wz)) = @(H"(Wl, ZWl) &%) Hn(Wz, ZWz))
Z

RO, En=1KDNWTR

Z ile*W2gZ2*Z2

HY (W1 x Wa, Z(W1 * Wp)) = { z’@ Z&---, otherwise

MER DL D,

Proof. £ n>2 DPEEEZD., WE (W xW,, 51 US,) i irreducible
73@?, S = Sl U Sz cl:.‘g-é &

S=8%US,
TH. Xk,
L(Wy % Wy, 81 US,) = L(Wh, S1) U L(Wa, Ss)
&0,
AN (LW % Wy, S, U Sp)) = B L (L(W4, 8y)) @ H* 1 (L(W, S2))
MERDILD, FERIZ,
ST (Wy % Wy, 81U Sp) = 8F (W, S1) U 87 (Wy, S,)
X0, BT eS/ (W xW,,5US;) KDOWT

gn_l(L(Wl 3 Wg, Sl U Sz))
o { IzIn—l(L((Wl')&\Ta Sl~\ T)) ® gn—l(L(WZ’ S2))a if T e Sf(Wl’ Sl)
A" Y(L(Wy, 81)) @ H*(L(Wa)spr, S2 \ 1)), if T € ST (W, Ss)
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MDD, AEDZEMS, Theorem 7 2MAT R ZEIZE WU TFOR
%155
Hn(Wl % Wz, Z(W1 * W2))

~ A Y(L(Wh, S1)) @ HY Y (L(Wa, S2))

@(0 fas) @(f["“(L((Wl)SI\TI,SI\Tl))EBfI"‘l(L(Wz,Sz))))

#£T1€ST(W1,51) 2

o @ ea(fr"*(L(Wl,sl»eﬁ"-l(L«Wz)sz\n,sz\Tz»))

£T2€Sf(W,S2) Z

1%

?(T @ gn_l(L((Wl)Sl\Tu Sl \ Tl))

€Sf(Wh,81)

o @ ﬁ""(L((wz)s,\Tz,sz\m))
T2€SI(W2 »S2)

o QZQ(H"(WI, ZW,) ® H™(W,, ZWz))-

BRI n=1DREEHEZXD, W H* 13 reduced cohomology 72D T,
ﬁO(L(Wl * Wg, Sl ) Sz)) &b Z HO(L(WI * Wg, Sl U Sz))
= H°(L(W1,51)) @ H(L(W, S2)) |
= HO(L(W,51)) © H(L(W, 52)) © Z & Z

Li2%, COZELZBEATn>2 DRALAKROBBETS 2 &ICXD

Z, ile*W2§Z2*Z2

HY (W, x Wy, Z(W) xW,)) & { ZOZD---, otherwise

%5, n
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