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Hochschild cohomology of orders

EME FL# (Sanada, Katsunori)
BOEA R ST
(Department of Mathematics, Science University of Tokyo)

Abstract. Let A = R[E11,... , Emm, X] be a subring of M,,,(R), the ring of m x m-matrices with entries
in a commutative ring R, where X is a certain matrix such that X™ = a for a nonzero divisor a € R.
We give a periodic A®-projective resolution of period 2. Using it, we calculate the Hochschild cohomology
HH*(A) of the R-algebra A. A hereditary order of a central simple algeba is an example of such A. |

1 K

% 5t8t @ Hochschild cohomology Z3tE 45 Z & 1%, —RICHFICHETH D L Vbh THE T,
K EDSTRIZBELTIX, FIXIE[EH I2H S X 512, self-injective Nakayama algebra DFE 72 &
BH/BLENTWETR, EOFkLIE, EBICHMMEEL L TO projective resolution kDT, i
ERVWTHET LW FETYT, LOZTROBE, A projective resolution Z#FoZ L 23
H»BHDT, %D Hochschild cohomology D EITEM TitHh, AEETT, O, [EHS), [ES),
[H] THRbh TV B ETRIT T TR projective resolution £ b2 b D TY, 2%V, (H5%
TBRIZOWT, b LEET SR, F0) AHK projective resolution # 215 Z L BRA b
&&Di#

T, ERRELT, AR R EOZITHIR Mn(R) DEBIETRA = R[Eu, Eo,..
Em,,.,X] (TZC, B i3 THIEA, X i

[0 a; O 0 |
0 a2 o
X = . . 0 ,
0 0 am
a0 oo e o | ..

ai (1<i<m)iTROFERTL LET) B 2 D projective resolution ZFHFo T & &k, £
LT, % Hochschild cohomology 2 HH*(A) := @5 Exty.(A,A) ZHELET, 2k, IO
resolution i%_k 2 self-injective Nakayama algebra ORRI25E L HFIC LTI, Thico
WTHLANE Y, 151X S. Konig, N. Snashall & DFEFFIRICL S HDOTY, }
{kﬁ%?‘ W< 20> order (2B L'C%O) Hochschild cohomology ERRTL, LRfTHIRERS
B R %Ji/\i'é‘ (§2)o £L T, = = DITFIB DA 2 O projective resolution FIR~(83), &
%Iz H5 #7172 self-injective Nakayama. algebra ® % -> I projective resolution Z#Et L £ ¥
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2 L {DH® order M Hochschild cohomology D

1. Integral group rings
EEOAMBEGIIH LT, A=ZG £ 9%, AiZQG D Z-order TH 5, HEEDLE AS(Ffl A)
INBEM Zx LT, RORBMBEY SI-:

H'(A, M) = H'(G, yM).

Z T, A8k A © Hochschild cohomology, #3038 G Mi@i¥ ® cohomology #& T, yM
X G IZX % conjugation TEGMBEE RRLIEM 2K$, ORI, FdO cup EERF
LTW5DT, HICRL LToORE

HH*(ZG) = H*(G, 4ZG)

MM Y I ([NSa]). T7bb, HROBA, ERDOBD cohomology KRB SIS,
2. Rings of algebraic integers
Rings of algebraic integers in quadratic fields: m 2 EBDEFRFE2 I F RV EE L
5. Q(vm) D Z-order A = Z[\/m] 8% 5, ZDOL %, ANiZHLT, ROEAH2 D
projective resolution BFEET 5:

SARASARADARA B A0

ZIZT w(1l®l)=1,4i181)=10y/m—-—y/m®1,0(1®1) =10 /m+/m®1 L ¥
5, ThZRAWT, HH*(A) = Alz]/(2y/m), degz =2, 285,

The rings of algebraic integers in cyclotomic fields: EEDOREK p it L T, ¢ = ¢
1DFHpRIRL TS, Q) PEERE A =Z[() B, DL X, XKOAH2D
projective resolution 233 5:

HARADARANBARA B A 0.

IIT u(l®l)=15101)=18¢(-(®1,0(1®1) =Y 3 (X ¢ed &
¥5, ThEzRAVWT, HH*(A) =Alz]/ (1 —¢)P%z),degz =2, #B5, ZZT, 1-(
ITADEETHDZ LICHET S,

285, HIKLoT, WHEE EOSERR X)X LT, EROSER f(X) I2 X 5HAR
k[X]/(f) ?3 k-algebra & LT, JA# 2 @ projective resolution # b > Z L ARENTEY, =
o LROERE/IZLLTES,

3. An integral quaternion algebra
AZZ LOWUTERLET S A=ZOZiOZj®Zk, i =2 =-1,ij=k=—ji. ZDL X,

HH*(A) = Z[z,y,2]/(2z,2y,22,2° + y? + 2%),degz = degy =degz =1

THDHZ LIS ([Sal)).

4. Maximal orders ¥ X UF hereditary orders (local case)
R%, nZ®Rxt L, R/(n) BERETH S L5 R HIRE 5, K% ROBEKL L,
A % index n > 1 ® central simple K-algebra &35, ZD& %, A, 5 division K-algebra
D EDITHIR My (D) iZRME 2B, 2T, D idcyclic algebra (W/K, 0,7) = @FL, WIT
" =x, IZARERD, 2L, W/K X Galois B G = (o) 2 b OX¥ n ORYEEILKTH
B, WE, SEW ORERET 5L %, Ralgebra A = @' SIF it D O—&#972 maximal
order £ 2%, £L T, ()= Al =I1A iX A D—FEN2EBXFKH ideal TH B,
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Maximal orders: A = M,,(D) @3 ~XT® maximal R-order I

A ... A
A = Mn(A) =

A ... A
[ZEA & 725, R-algebra A i3 R-algebra A IZ Morita equivalent 20T, [F% HH*(A) =
HH*(A) 285, &T, AXROEAHY projective resolution Z 22 & B3O ->TND
([Sa2]):

o S ASA D ASA S ASA B A 0.
EToh =30 12i®u, 01 =Y 27 Qui. 2L, (20, %)y 1%, Tw/x(ziyi) = dij,
Sn 2Ty = 6,1 2Wil=3, S O R-bases D pair £ §5, 7, u(1®1) =1,46(101) =1I®
11811 o(181) = S I L5\ i, ZhafnT, HH*(A) = Rlz]/(ra),
degz =2, B b, B, MEOCHEEIZOWTIX[B] TALN TV,
Hereditary orders: A D3 XT® hereditary order IXRDITFIRICEAR TH 5:

{m1,m2,....m:}

(A) - - (A)
Ao | @ @
@m - @ ()

I Z T, invariants {my,ma,... ,m, } AR EDOT 0 v 7ITHIDOY A X% KT, r % type
L L5, &T, type r # b hereditary order i type r, invariants {1,1,...,1} ZHD
basic 72 hereditary order {Z Morita equivalent T % Z L 230» %, #-> T, Hochschild
cohomology I3 basic 72 6 DIZR-> THE XL LV, & Z AT, basic 72 hereditary order
iX Frobenius B372 DT, 5 Hochschild cohomology ring #H#R 45 Z LN TX, £h
R 2WDAFHETE BT &2 5, Hochschild cohomology iXE# 2 THDHZ BN D
([Sa2]). (ZDZ &A 5, hereditary order iZ/8H#] 2 @ projective resolution Z b2 TH 5
DT EBBRENDD, KIDOHEITIT, RETERD LI ICERICEI TH D)

3 HHITHRMOBMM projective resolution

A5 R EDOLTHIR My (R), m > 2, DFFELR A = R[En, Bz, ..., Emm, X] 225,
ZZT, E; IXITHIEAL, X 1T

0 ag 0 --- 0
: 0 a2 :
X = : 0 )
0 0. a,;,_1
 am O oo e I

a; 1<i<m)iZTROIERFETH, ZOETIE, A HIE 2 D projective resolution Z#f>Z
L#&iR~, £LT, £ Hochschild cohomology 8 HH*(A) := ;5 Exth.(A,A) EHET 2,
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AITE 4 0 notation (RIISEHEEBIHER, » 2 F0%x) 2HNT, LD A T52 513 order
DEDOHZZLE L TEL:

1. BIZIE, m=2,m=3DHEIIKRD L S 72 tiled order & 72 5:

R paa! é1te2

[Wli 7;‘] ifm=2, x%2tss R w2 ifm=3.
x%  gphites R
2. 7,
K (1) rl) 0] R - .. R
fx=|: O then A = W’ B
EE #ow R

L7eAoT, #IZ s =1 D& & it hereditary order & 723,
£ A°-projective modules XD X 3 IZEHRT 5:
m m
Po=PAE; ® Eih, P, =P AE; ® Ei11A,
i=1 i=1

%L T, % A®-homomorphisms §: P, » Py, 0: A > P, %

0 (Bi ® Eit1i41) = Ex(1® X — X ®1) Eiy1441,
m—1

o(Ey) = Ey (z Xk@ xmk- 1) E; for 1 <i<m.

k=0
TEET S, u: Py — A iX multiplication map £33, FD& %
EE A ROLE A MBED exact sequence BFFIET 5:

0ASP 5P B A0

£ B. A ® Hochschild cohomology ring i
HH*(A) = R[z]/(az), degz =2,

L2%, 2L, a:=aja2- -am EBVI=,

4 Self-injective Nakayama algebra O A #AM projective resolution

[EH] iz =6 T3, basic self m_)ectlve Naka.ya.ma algebra @Eﬁ 20 prOJectlve resolution
BRI 5, :
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K %K, m >2 &3 %, basic self-injective Nakayama K-algebra {ZIRDEZE L T %:
KQ/I := Bt (=: B).

7L, QiEmME®D vertex & m D arrow %12, XTI U @ circular quiver, 72, I
LB REE 2 2DFTRTO path TEAREINDBA T T A THD, ZIT, vertex Z ey, €2,... ,em,
arrow % v, ve,... vm &L, X =1 +1a+ -+, B, EDLE, BYID OO0 step BK
D X 512725, Be-projective resolution ¥ 5 Z L B TE 5:

05 92B P 5P % B-o.

Py = @Bei ®eB, P = @Be; ®eiy1B (em+1 = e1) '
=1 =1
L\, ¥7, BRI OB &, By SHET B, EL, k=mg+k(0<k<m),f: BB
iXe; — €1, Vi — viy 725 HORAR%2 %3, Nakayama H R gFlchxbhs, flxid
m=kD&EX, k=0, LER-T, 1Bge =1B1 72D T, BIXEM 2 » Bé-projective resolution
ZboZ b2 s, (BLE[EH),
&T, ZORE%EBLTLEDsequence # FEEX M| DL REH/D:

O—)lBﬂE —U)Pl -6->Poi>B—>0
Z ZC, u ¥ multiplication. £7z, §, 0 RKRIZX o THIER I END T RO S:

m—1
Sei®eir) =e(1®X — X ®1)ey1, o(l) =) X @xmI L
ot
“hix, EFE A Dsequence EIFEAELRUEETH D,
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