oboooooDoon 12540 20020 73-81

73

Some Stability Criteria for a Class of
Volterra Integro-differential Systems

Jito Vanualailai (BAKEHEKE Vh— N=aT7I7474)
Department of Mathematics and Computing Science, University of the South Pacific, Suva, FIJIL
Shin-ichi Nakagiri (G#FKZEILFE FH E—)
Department of Applied Mathematics, Faculty of Engineering, Kobe University, Kobe 657-8501, JAPAN.

Abstract

We study the stability and boundedness of the solutions of a system of Volterra integro-

differential equations of the form x'(t) = A(t)f(x(t)) + / B(t, s)g(x(s))ds + h(t). Our

results extend some of the more well-known criteria.

1 Introduction

We consider the stability and boundedness of solutions of systems of Volterra integro-
differential equations, with forcing functions, of the form

[x(t)] A@)f(x / B(t, 5)g(x(s))ds + h(t), | (1)

in which A(t) is an n x n matrix function continuous on [0,00), B(t, s) is an n x n matrix
continuous for 0 < s < t < oo, f and g are n x 1 vector functions continuous on (—00,00) and
h is an n x 1 vector function continuous on [0, 00). '

The qualitative behaviour of the solutions of systems of Volterra integro-differential equa-
tions, especially the case where f(x) = g(x) = x, has been thoroughly analyzed by many
researchers. Among the contributions in the 1980s, those of Burton are worthy of mention. His
work ([1], [2)) laid the foundation for a systematic treatment of the basic structure and stability
properties of Volterra integro-differential equations, mainly, via the direct method of Lyapunov.
This paper essentially looks into some of the many interesting results established by Burton and
proposes ways of utilizing the form of the Lyapunov functionals proposed by Burton to construct
new or similar ones for system (1).

Now, if £(0) = g(0) = 0 and h(¢) = 0, then system (1) reduces to

SEx(0)] = AOECx(t) + [ Bt glx(s))ds, 2)

so that x(t) = 0 is a solution of (2) called the zero solution. Hence, the stability analysis of (1)
could be considered as the stability analysis of its solution x(t) = 0 given the forcing function
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or the external disturbance h(t). The initial conditions for integral equations such as (1) or (2)
involve continuous initial functions on an initial interval, say, x(t) = ¢(t) for 0 < t < ty. Hence,
x(¢; o, ¢), t > tg > 0 denotes the solution of (1) or (2), with the initial function ¢ : [0, )] — R"
assumed to be bounded and continuous on [0, ¢g].

'The definitions of the stability and the boundedness of solutions of (1) are given in Burton [1].
It is assumed that the functions in (1) are well-behaved, that continuous initial functions generate
solutions, and that solutions which remain bounded can be continued.

2 The Scalar Equation

2.1 Unperturbed Case

Consider the scalar equation

t
#(0) = A0S @0) + [ Bt,9g(a(s)ds. 3)
We suppose that

A(t) is continuous for 0 < ¢ < oo; (4)
B(t, s) is continuous for 0 < s < t < o0; (5)

t
/ | B(u, s)|du is defined and continuous for 0 < s < ¢ < oo; (6)

0
f(z) and g(z) are continuous on (—o0, 00); (7
zf(z) >0 Vz #0, and f(0) = g(0) =0. (8)

For comparison sake, we first state Burton’s theorem regarding the stability of the zero solution
of (3).

Theorem 1 (Burton [7]). Let (4)-(8) hold and suppose there are constants m > 0 and M > 0
such that g?(z) < m? f2(x) if |z |< M. Let

00 t
B(t, k) = A(t) + k /t |B(u, t)|du + % /0 |B(t, s)|ds

If there ezists k > 0 with m? < 2k and B(t,k) < 0 for t > 0, then the zero solution of (3) is
stable.

We next state an extension of Theorem 1, which Burton proved via the Lyapunov functional

x t 00
Vilt, 2() = /0 f(s)ds + k /0 / |B(u, 5)\duf?(z(s))ds. )

We are motivated here by the fact that a Lyapunov function for an asymptotically stable system
governed by ordinary differential equations gives conservative estimates of the region of asymp-
totic stability. A superior Lyapunov function would be considered to be the one that gives
better estimates of the exact region, a knowledge of which is a necessity in some engineering
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disciplines, such as power system engineering (see, for example, Pai [3]). Judging whether a
Lyapunov function is superior is inherently numerical.

We intend to show via numerical examples that a Lyapunov functional could also provide
a better picture of the stability of a Volterra equation. Hence, we prbpose another stability
criterion proved by a new functional that is a combination of Burton’s functional (9) and a
generalized Lyapunov function proposed by Miyagi et. al for power systems [4] and single-
machine systems [5].

Theorem 2. Let (4)-(8) hold, with A(t) < 0, and suppose there are constants

m >0 and M > 0 such that g>(z) < m? f2(z) if |z| < M, . (10)
a >4 and N > 0 such that 472 < (a —4) f*(z) if |z] < N, and (11)
1
> - — t> 12
J > 1 such that 4A(t / |B(t, s)|ds < 7 for every 0. (12)
Suppose there is some constant k > 0 such that
2
(1 +a)m? <k, : (13)
J
and
oo
A(t) + k / |B(u, £)]du < 0 (14)
t

for t > 0. Then the zero solution of (3) is stable.

Proof. We use the Lyapunov functional

Va(t,z(") = —;—mz + \/a/Ox Vuf(u) du + %a /: f(u)du + k/ot /;o | B(u, s)|duf2(¢(s))ds.
to prove '
2 (8%
Vi) <[40+ [ 1B 0ja] 120 - 6~ EED] [15012 et

which will be negative semidefinite If equations (13) and (14) are satisfied, then 2(3)(t, z(-)) is
negative semidefinite. This implies the stability of zero solution of (3). O

Next we state a result which might be easier to use than Theorems 1 and 2.

Theorem 3. Let (4)-(6) hold and assume that f and g are differentiable at x = 0. Let

1@ pse, 9@) 240,
Diz)=4¢ ° E@z)={ °
£1(0), =0, | g(0), z=0,

and
o0
B(t,k,z) = A(t)D(z) + k/ | B(u, t)|du|E(x)| .
t
Suppose there is some constant k > 1 such that B3(t,k,z) <0 for allt > 0 and x € R. Then the
zero solution of (3) is stable.

Theorem 3 is the special case of Theorem 7 for system (1) in Section 3. We can give several
illustrative examples which show the differences of Theorems 1,2 and 3.
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2.2 Perturbed Case

The next two results, which extend Theorem 1 and Theorem 2, give a class of forcing functions
that maintains the boundedness of the solutions of the equation

, ‘
z'(t) = At)f(z(2)) + / B(t, s)g(z(s))ds + h(t), (15)
0
where h : [0,00) — R is defined almost everywhere on [0, co).
Theorem 4. Let (4)-(8) hold and suppose there is a constant m > 0 such that g%(x) < m? f2(z)
for all z € R. Define
00 1 t
B(t, k) = A(t) + k / 1B, )l + / |B(t, 5)|ds
t 0
and let there be constants p > 0 and k > 0 such that m? < 2k and B(t, k) < —p fort > 0. If
h(-) € L?[0,00), then all solutions of (15) are bounded.

Proof. Let € > 0 and consider the functional
1 (o o]
V(t.al) = Wtz + 5 [ Ww)du.
t

Since h(-) € L?[0, 00), we have

o [ /t ” h2(u)du] -2 [ | " b3 (u)du - /0 t h?(u)du] = —K(t),

implying, therefore, the differentiability and hence the existence on [0, 00) of the second term of
the functional V3. Thus, we have

i S BEDF(E)+ F@(E) - HE) < ~pf2(@) + ef@) + h2l) - (0
= —(p-9f ().

This completes the proof of Theorem 4 since we can always find some ¢ > 0 small enough such
that (p —€) > 0. O

In the same fashion, we prove the following extension of Theorem 2 similarly as in the proof
of Theorem 4

Theorem 5. Let (4)-(8) hold, with A(t) < 0, and suppose there are constants

m > 0 such that g’(z) < m? f%(z) forallz € R,
a > 4 such that 472 < (a — 4) f%(z) for allz € R, and

1 t 1
- = >0.
140 /0 |B(t, s)|ds < 3 for every t>0

Further, suppose there are constants k > 0 and p > 0 such that

J > 1 such that

(1+ a)m?
J

for allt > 0. If h(-) € L?[0, 00), then all solutions of (15) are bounded.

(o o]
<k, At +k/ |B(u,t)|du < —p,
t
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3 The Vector Equation

In this section we shall give the stability and boundedness results for the vector equations

without proofs because of the limitation of pages.

3.1 Unperturbed Case

Let us first look at the linear system
t
X(8) = A(®)x(t) + / B(t, s)x(t) ds. (16)
0 «

Let xT = (x1,... ,n), A(t) = [aij(t)]nxn, and B(t,s) = [bij(t,‘s)]nxn. One of the more effective

results so far, in terms of ease of use, was proposed recently by Elaydi [6].
Theorem 6 (Elaydi [6]). Suppose that for1 <i<n,t>0,
n n 00
aii(t) + Y _ lai )|+ / |bij (u, t)|du < 0.
# =1 |
Then the zero solution of system (16) is stable.

To have a generalization of Theorem 6, we consider the more general system

¢
(1) = AWFCx(t) + [ Bt s)glx(s)) ds. (17)
0
If we suppose that f,g € C![R", R"], then we can define
| L ofi(ux)
T du, z; #0,
D(x) = [dij(x)]nxn with dij(x) = (18)
0
a_ac,-[f”(zl""’xj:o""’x")]’ .’IZj—‘-—‘O,
and
! 9gi(ux)
o Dluzy) " 7
E(x) = [e;;(x)], ., With e(x) = (19)
o | |
—a—m—j[gi(xl,...,:L'j=0,...,11,‘n)], .’I:j=0.

Then we have
f(x) - £(0) =D(x)x, and g(x) - g(0) =E(x)x.

Hence, assuming f(0) = g(0) = 0, system (17) can be written as

t
x'(t) = A(t)D(x(t))x(t) +/0 B(t,s)E(x(s))x(s) ds, (20)
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the i-th component of which is
i(t) = aiu(t) |du(x(t)zi(t) + Z:dij(X(t))Z'j(t)
ot

+ Z ai;(t) |dji(x(8))zi(t) + ) djr(x(t))zk(t)
iz i

n .t n
+y /0 bii(t, s)eir(x(s)) + Y _ bij(t, s)ejn(x(s)) | zx(s)ds.
k=1 =1

J#i
(21)
The next result is new.
Theorem 7. Assume that
f,g € C'[R*,R"] and f(0)=g(0)=0. (22)
Let
n
Bit,ki,x) = 4 @i(t)dis(x) + Y _ ai;(t)dsi(x)
g
n n
+ 3 [lasi(®)ds(x)] + laz(t)di(x)] + Y larj(t)dsi(x)]
=
n 00 n
30 [ {1 emG + 3 g )|
k=1 i
(23)

Suppose there is some k; > 1, 1 < i < n, such that Bi(t,ki,x) < 0 for allt > 0 and x € R™.
Then the zero solution of system (17) is stable.

In proving Theorem 7 we utilize the functional

Vs(t,x()) = ) |zt
=1

n n

t proo n
+3m [[ |a eitxloDl + 3 (o szt | dufauslds.
i=l k=1 YO0 Jt i=l

Remark 1. If f(x) = g(x) = x, then it is clear that Theorem 6 gives us back Elaydi’s Theo-
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Remark 2. In Burton’s Theorem 5 [7], due to the type of the Lyapunov functional used, a

term that can be derived from

n t n
3 /0 Ibi(t, S)ear(x())| + 3 1bis (8, s)ese(x(s))] | ds,
k=1

=1
#i

which appears at the end of (??), is added to the last term in (23) of Theorem 7. In this sense,
Theorem 7 improves Burton’s Theorem 5 [7] by having one term less.

Remark 3. If i = 1, then Theorem 7 gives Theorem 3, its scalar version, proven by the Lya-

punov functional

t o)
V(t,z(-) = |z| + k‘/(; /t IB(u, s)E(a:(s))‘dqu(sts,

the time-derivative of which is taken with respect to a trajectory of the scalar equation (3)

rewritten as S

— At)D(z)z + /0  B(t, 5)E((s))w(s)ds,

where D and E are defined in, Theorem 3.

3.2 Perturbed Case

Define hT(t) = (hi(t),... ,hn(t)) and [dij]nxn and [€ijlnxn as in (18) and (19), respectively.
Then the i-th component of system (1) is

Zi(t) = ault) dii(x(t))xi(t)+Zdi,-(x(t))wj(t)

i

+ZazJ x(t))xi(t +Zd1k

o o

+2 / bis(t, s)eir (x(5)) +Z””“ Sesu(x()) | suls)ds + hi(t).  (24)

J#t
The next result simply establishes the existence of a functional from which boundedness of
solutions of system (1) can be deduced.

Theorem 8. Assume that £,g € C'[R",R"], and £(0) = g(0) = 0. Let o; € C[[0, o), R],

i=1,...,n, and

Bi(t, x) = (t) + an di; x) + Z Q5 t)d]z )

J#z

+z lajj (t)dji(x)] + laji(t)dis(x)] + z lak; (t)d;i(x)]

T k
= k:ﬁ;
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Suppose there is some ¢; > 0, 1 < i < n, such that B;(t,x) < —¢; forallt >0 and x € R™. Let
¢ =min{cy,...,cn}. Then, along a solution of system (1), the functional

WiEx() = Y lml+3 [ e ai(o)
i=1 i=170

n n t t n
-y /o / e—c(tfu) Ibﬁ(u,s)eik(x(s))l+Z|b,-,-(u,s)ejk(X(8))| du|z(s)|ds

i=1 k=1 wr
JFr

satisfies
n
Wiy < —eW(t,x() + Y [hi(t)],
=1
so that

W(t,x()) < W(to, 6= + 3 / = (o) ds.
i=1 7%

Remark 4. Theorem 8 is a generalization of Theorem 7.2.1, Burton [1], page 205. Then Corol-
lary 1, Corollary 2 and Corollary 3 in Burton [1], pages 205-207, can be used to conclude
ultimate boundedness of solutions of system (1) for some specific cases. For exa.mplé, we shall
apply Burton’s corollaries to the case where

gi(x)=z1+z0+...+z,, (25)

for 1 < i < n. The assumption (25) implies that E(x) = 1, an n X n matrix with all entries
being 1.

Corollary 1. Let the conditions of Theorem 8 hold, with
gilx) =z +z2+... + 1y,

for 1 < i < n. Further, suppose there is a constant P; and a continuous scalar Junction ®;(t,s) >
0 such that

n t n
ai(s)e =) %" / e bis(u, ) + Y bij(u, s)| | du > —@;(t, s),
k=173 =1
J#

and
t
0 5/ ®;(t,s)ds< P, <1,
0

Jor1 <i<nand0< s<t<oo Letp; =1— P, Then each solution z;i(t) of (1) on an
interval [to, T] having |x;(T)| as the absolute mazimum of |z:(t)| on [0, T] satisfies

T
|z:(T)| < 1} [PVi(to,cb(-))e'c(T"t“) + /t e‘°‘T—’>lh,~(s)|ds] . (26)
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Corollary 2. Let the conditions of Corollary 1 hold. Further, suppose there are constants M; >
0 and K; > 0 such that

ai(t) < M;,
and
t ‘ : :
/ e~ t"9|h;(s)| ds < Ki,
0

for1<i<mnandt>0. “Then all solutions of (1) are uniform, ultimate bounded.

4 Conclusion

The main contribution of this paper is Theorem 7, in which the sth component of system (1)
is presented in such a way that enables the utilization of the form of a well-known Lyapunov
functional that can guarantee stability. The ith component, given in (21), is shown to be also
useful in obtaining the boundedness of the solutions of system (1). .

Other noteworthy results include Theorem 2 and Theorem 3, which give new stability criteria
for the scalar case (3), and Theorem 4 and Theorem 5, which give new boundedness results for
the perturbed scalar case (15). ' " '
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