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1. Introduction

Consider the Ricker population model
z(n + 1) = z(n) exp[r — az(n)], n=0,1,2,--- (1)

where r > 0 and a > 0, and the initial condition of (1) is given as z(0) > 0. A known
result for the permanence of (1) is the following: (cf. Hofbauer et al [2]):

Theorem A System (1) is permanent.

Let z(n) be any solution of system (1). We say (1) is permanent if there exist £ > 0 and
n > 0, independent of z(n), such that £ < z(n) < 5 for all large n. Permanence is one of
the most important questions from a biological point of view, which guarantees the long
term survival of species. It is well known that the dynamics of difference equations may
be extremely complex, even for one species, since, for example, chaotic behavior can occur
even in one dimensional equations. Theorem A says that (1) is permanent even if chaotic
behavior occurs for large r.

We next consider the Lotka-Volterra discrete competition population model:

(n+1) = z(n) exp[r; — an1z(n) — ai2y(n)) ‘ @)
y(n + 1) = y(n) exp[rs — ag z(n) — axny(n)], n=0,1,2,---

where r; > 0, a;; > 0 (¢ = 1,2), a;; > 0 (i # j). The initial condition of (2) is given as
z(0) > 0 and y(0) > 0. A known result for the permanence of (2) is the following (cf. [2]):

Theorem B System (2) is permanent if and only if
T2G1; — TG > 0 and T1G22 — T2a12 > 0
hold.

We will now take some delays into consideration on systems (1) and (2). Consider the
Ricker population model with a delay

z(n + 1) = z(n) exp[r — az(n — k)], (3)
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where r > 0, a > 0, K € Z* (ZT: the nonnegative integer set) and the Lotka-Volterra
discrete competition population model with delays

(4)

x(n +1) = 2(n) exp[r1 — anz(n — k1) — a2y(n — k2)]
y(n + 1) = y(n) exp[rs — anz(n — l) — agy(n — b)),

where k;,l; € Zt, r; >0, a;; > 0 (i = 1,2), and a;; > 0 (i # 7). The following theorems
hold, which generahze Theorems A and B, respectlvely

Theorem 1. System (8) is permanent forallk € ZJr

Theorem 2. (Saito et al [4]) System (4) is permanent for all ki, l; € Z+ (i =1,2) if and
only if | o
o ToQ11 — T1021 > 0 and Tl‘azg — T9Q19 > 0

hold.

As seen in the comparison between Theorems A and B and Theorems 1 and 2, we can
see that the delays k, ki, k2, [;, and I, have no effect on dynamics of the discrete population
models (3) and (4) from the point of view of permanence, that is: delays are ’harmless’ on
the permanence of these systems. That fact leads to the following question: what other
forms of (3) and (4) can have properties that delays don’t have any effect on permanence?
In this paper, to answer this question at least in part, we will try to generalize systems (3)
and (4) and try to generalize Theorems 1 and 2 further.

2. Generalization of Theorem 1

In this section we will generalize Theorem 1. We consider the nonautonomous delay
difference population model

z(n+1) = z(n) f(n, z,), n=0,1,2,---, | (5)
where z,(s) = z(n + 5) for s = —v, v+ 1,---,—1,0 (v € Z*). The initial condition of
(5) is given as ~

z(s) >0,s=—v,—v+1,---,0; z(0) > 0.

Define X ={¢: {~v,—v+1,-+-,0} = Ry} and f: Z* x X — Ry. For each ¢ € X, the
norm of ¢ is defined as ||¢|| = max{|¢(s ||s =-v,-v+1,- '—1,0}, where | - | is any

norm in R.
The assumption of the functional f is done as follows:

(C1) There exist constants 0 >1,1>8,>0,K,>0,and Ko > 0‘(K2 > K;) such
that for all sufficiently large n, '

z(n+s) €[0,K1], s=—v,-++,0 = f(n,z,) > b,

z(n+ s) € [Ka,00),8 = —v,-++,0 = f(n,z,) < ds.

(6)
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(C2) For each z > 0, there exists an 1 > {(Z) > 0 such that for all sufficiently large n,

llzall <2 = f(n,zn) > U(2). (7)

(C3) There exists an M > 1 such that for all sufficiently large n,

T, € X = f(n’xn)SM- (8)

(C1) assumes that the growth rate for small population is positive, while there is a self-
crowding effect creating a negative growth rate at high population levels. (C2) states that
the negative fluctuation effect on the growth rate is limited for a limited population density.
(C3) assumes that there is an upper bound for the growth rate. These assumptions (C1),
(C2), and (C3) are natural ones for population models because equation (3) and equations
which will be mentioned later satisfy (C1), (C2), and (C3).

The following is the main result:

Theorem 3. Let f satisfy (C1) — (C3). Then system (5) is permanent.

(Proof.) It follows from (C1) and (C3) that there exists a sufficiently large number
N > 0 such that the following (C1)’ and (C3)’ :

(C1)’ There exist constants 6, > 1, 1 > 4, >0, K, > 0, and K; > 0 (K; > K)) such

that for all n > N,

x(n+s) € [O,Kll, §= =V, 70 = f(nvzn) >617

9
z(n+s)€[K2,oo),s=—V,---,0=>f(n,a:,.)<62. ()

(C3)" There exists an M > 1 such that for all n > N,
T, € X = f(n,z,) < M. (10)

We need to show that there are two positive constants (independent of z(0)) n; and 7,
such that n; < z(n) < 7, for all large n (depending on z(0)).

We first show that we can choose 7, = K;M*+!1. From the latter of (9), we see that
there is an Ny > N such that

We only prove (V) < K, since we obtain from (10),
.'B(No + 1) < z(No)M < KgM S 2

if (No) < Kj. If not, we have z(n) > K, for all large n. Hence, from (9) and (5) we
obtain for all large n,

z(n +1) < z(n)d,.

This implies z(n) — 0 as n — +o00, which contradicts z(n) > K, for all large n.
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We will show that z(n) < 7, for all large n. Otherwise, it follows from (11) that there
exist N; and Ny ; Ny > N; > N, such that

(V1) < Ky, o(N2) <mp, x(N2+1) >0

z(n) € [Ky,mp) for n=Ny+1,---,No.
Since (9) holds, we have for n > Ny,

z(n+1) <z(n)M < z(n — M2 << o(Ny) M-, (13)
When n = N, on (13), we obtain from (12) ’
o < $(Ny + 1) < o(N) MMM < KoMNe+1i-N
which implies v +1 < N + 1 — Ny since 72 = KoM¥*! ans M > 1. Thus we get
Noy— Ny > .
Therefore, £(N; + s) € [K3,00) for s = —v,--+,0. By (9) we then have
f(Ng,zn,) <82 <1

(12)

and hence
.’,C(Nz -+ 1) = I(N2)f(N2, .’BN2) < IE(Nz),

which is a contradiction to (12).

Let m = Kil(np)**! where I(n) is defined as in (7). We will now prove that z(n) >m
for all large n. Since z(n) < 7, for all large n, we have from (7) that there exists an N>N
such that for all n > N,

f(n,zn) = U1p). | (14)
Then, by the former of (9), we see that there is a large Ny > N such that
z(No) > K; .and  z(No+1)>m. ~ (15)

We only show that z(Np) > K, since we have from (14) that z(No +1) > z(No)l(mp) > m
if £(No) > K. If not, we have z(n) < K; for all large n. From (9) and (5) we obtain for
all large n,

z(n+ 1) > z(n)é;.

This implies z(n) — 400 as n — +oo, which contradicts that z(n) < K; for all large n.
Assume that there exists a large N3 > N such that z(N3) < 7;. Then, it follows from
(15) that there exist N; and Np ; Np > Ny > N such that

o(Ny) > K1, z(Np) >m, a(N2+1)<m
z(n) € [m, K1) for n= Ny +1,- ., Na.
Since (14) holds, we have for n > Ny,
s(n+1) > s(m)l(m) > (n — Di(m)? > -+ = s(N)l(n) M.

(16)
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Letting n = N,, we obtain from (16)
m > z(Nz +1) > 2(N)i(nz) V1M > K i(mp)Veti-2
which implies v +1 < Nz + 1 — N since m; = K;l(n,)+!. Thus we get
Ny — Ny > v.
Therefore, (N, + s) € [0, K;) for s = —v, - - - ,0. By (9), we must have
2(Ny + 1) = (Ny) f (N, z7,) > z(N2)6y > z(N,),

which is contradiction to (16). This completes the proof.

3. Corollaries of Theorem 3
(I) Consider the Ricker difference equation with a finite number of delays

z(n+1) = z(n)exp [r - f:ajx(n - kj)] (17)

Jj=1

where 7 and a; are constants with r > 0, a; > 0, and 7=10; > 0, and k; € Z* (j =
1,--+,m). Define

f(n,z,) = exp[ — ila,-x,,(—kj)].
Then (C1) — (C3) are satisfied. By Theorem ;, the following holds:
Corollary 1. System (17) is permanent fo.r allkje Z* (j=1,--- ,m).
It is clear that Corollary 1 generalizes Theorem 1.

(II) Consider the nonautonomous Ricker difference equation with a finite number of
delays

z(n+1) = z(n) exp |r(n) — Y a;(n)z(n — kj)| - (18)
Jj=1
Here r(n) and a;(n) are functions with

0 < p1 <liminfr(n) < limsupr(n) < p,,
0 < oy < liminf a;(n) < limsup a;(n) < a4,

where p;, ps, a5, and ay; are constants with Yit1o1; >0,and k; € Z+ (J =1,---,m).
Let

m
f(n,z,) = exp[r(n) - Zaj(n)x,,(—kj)].
Jj=1
Then (C1) — (C3) are satisfied. By Theorem 3, we get the following:
Corollary 2. System (18) is permanent for all kiezZ* (j=1,--- ,m).
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Remark 1. Corollary 2 generalizes Corollary 1. The result, biologically, means that sys-
tem (18), in which the birth rate r and the coefficients a; of the density dependence terms
depending on time n, becomes permanent if only the birth rate and the density dependence
are eventually positive and eventually bounded above, even if they are negative when time
n is not so large.

(III) We will consider some other equations that are different from the Ricker type
population models. Bellows [1] used the following equation to model the population of an
insect: :

Az (n)
1+ [Bz(n)]”
where )\, 3, and « are constants with A > 1, 3 > 0, and v > 0. Now, take some delays into
consideration on the system as follows:

z(n+1) = n=0,1,--,

z(n)
14 [E8, Biz(n — k)]

z(n+1) = n=0,1,---, (19)

Az(n) |
n+1 n=0,1,---, - 20
“n ) = T T Beln - R | )
where ; and +; are constants with 8; > 0, ¥, ; > 0, v; > 0, and k; € Z* (i=1,---,m).
Applying Theorem 3 to systems (19) and (20), we have the following:

Corollary 3. Systems (19) and (20) are permanent for all k; € Z* (i=1,--- ,m).

~ Furthermore, for the two nonautonomous equations

A(n)z(n)

z(n+1 : , 21
(4 1) = T3 5m, B m)a(n — k)™ @)
A(n)z(n)
1 , 22
=) = T e [B(n)etn — RO (22)
where A(n) and Gi(n) (i = 1,--- ,m) satisfy the eventual conditions
1< A < hmmf)\(n) < limsup A(n) < Az,
0 < B < liminf B;(n) < limsup Bi(n) < Bi,
0 <y < liminfry(n) < limsupy(n) < 72,
0 < 7a < liminfy;(n) < limsup;(n) < Y2,

and Y7, Bi1 > 0, we get the following result:

Corollary 4. Systems (21) and (22) are permanent for all k; € Z* (i=1,--- ,m).
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4. Generalization of Theorem 2

In this section we will try to generalize Theorem 2. We consider the nonautonomous
delay difference Kolmogorov-type population model

{ z(n +1) = 2(n)f(n, Tn, Yn) (29)
y(n+1) =y(n)g(n, zn,yn), n=0,1,--
where we define for s = —v,—v +1,--- ,-1,0 (v € Z1),
Za(s) = z(n + s) and  y,(s) =y(n+s).
The initial condition of (23) is given as
z(s) >0, y(s) >0, s=-v,—v+1,.--,0,
z(0) > 0, y(0) > 0.
Define X ={¢: {-v,~v+1,---,0} = R%} and f,g: Z* x X — Ry. For each ¢ € X,
the norm of ¢ is defined as ||¢|| = ma.x{|¢(s)| Is =-v,—v+1,--- ,—1,0}, where |- | is

any norm in R2.
The assumptions of the functionals f and g are the following from (H1) to (H6):

(H1) There exist constants di5 > 1, 1 > 8 > 0, Ky > 0, and Ky > 0 (Kz; > Kf)
such that for all sufficiently large n,

z(n+s) € [0,Ky], s=—-v,--- ,0 = f(n,z,,0) > &y, (24
x(n+s)€[Kgf,oo),.s:—u,w-,0=>f(n,z,.,0)<62f. )

(H2) For all sufficiently large n,
T, Yn € X = f(nr Ty, 0) > f(n7 Ty, yn)' (25)

Furthermore, for each Z > 0 and % > 0, there exists an 1 > [ 7(Z,9) > 0 such that for
all sufficiently large n,

lzall < Z, llunll <5 = £(n, T, 9m) > 1(Z, 7). (26)
H3) There exists an My > 1 such that for all sufficiently large n,
f
Tn,Yn € X = f(n,Zn,yn) < My. (27)

(H4) There exist constants §;4 > 1, 1 > 85y > 0, K3, > 0, and Ky > 0 (Kp9 > Ky,)
such that for all sufficiently large n,

y(n+s) € [0,Ky,), s=—v,--- ,0 = g(n,0, Yn) > by,

28
y(n+s)€[Kzg,oo),s=-—u,---,0=>g(n,0,y,,)<62g. ( )

(H5) For all sufficiently large n,
Tn,Yn € X = g(n7 0, y'n) 2> g(n, Tn, yﬂ)' (29)
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Furthermore, for each Z > 0 and § > 0, there exists an 1 > l,(Z,§) > 0 such that for
all sufficiently large n,

Hxn” <1z, Hyn” <y = g(n’ xn,yn) > lg(j’g)' (30)

(H6) There exists an M, > 1 such that for all sufficiently large n,
Tn,Yn € X = g(n, Tn, Yn) < M. (31)

" In the assumptions of f, propositions (24), (26), and (27) are similar to and correspond
with (6), (7), and (8), respectively. (H1) assumes that the growth rate for small population
in the absence of competitors is positive, while there is a self-crowding effect creating a
negative growth rate at high population levels, even in the absence of competitors. In
(H2), (25) states that the existence of y is negative to the growth of z. The relation (26)
assumes that the negative fluctuation effect on the growth rate of z is limited for limited
population densities of of species x and y. (H3) assumes that there is an upper bound for
the growth rate of . Assumptions (H4), (H5), and (H6) are the ones in which f in (H1),
(H2), and (H3) are replaced by g. When system (23) satisfies (H1) through (H6), we call
it a competition system.
We obtain the following:

Theorem 4. Suppose (H1) — (H6) hold. Let n, = Kog MY, ny = KyoMY!, and
(z(n),y(n)) be any solution of (23). Then for all large n,
z(n)<n, and  y(n) <y
Assume further that there is a 6y > 1 such that for all sufficiently large n,
(i) ||zall < b0, lnll <y + 00 => F(n,Zn,Yn) > do,

(i) ||Znl| < 7e + 80, |lgnll < 80 = g(n,Zn,yn) > o.
Then system (23) is permanent.

(Proof) We will first prove the former of Theorem 4. We need only show that z(n) < 7,
for all large n since the case where y(n) < 7, for all large n can be shown similarly.

It follows from (H1) — (H3) that there exists a sufficiently large number N > 0 such
that the following (H1)' — (H3)' hold : '

(H1)' There exist constants d;; > 1, 1 > df > 0, Ki5 > 0, and Kaf > 0 (K25 > K1)

such that for all n > N,

2n+s) € [0, Kufly 5=~ 0 = f(m,2,0) > by,
z(n+ s) € [Ka5,00),8 = —v, -+ ,0 = f(n, z,,0) < dof.
(H2) (the former) For alln > N,
Zatn € X =5 f(n,70,0) 2 (1,7, 1), o)
(H3)' There exists an M; > 1 such that for all n > N,

(24)

Tn,Yn € X = f(n,xn, y‘n) < Mf (27,)
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From (25’) we have for all n > N,
z(n+1) < z(n)f(n, ,,0). | (32)

Thus, we can see by the same arguments as in the proof of Theorem 3 that there is a large
Ny > N such that ’

2(No) < Kz; and  z(No+1) <n,. (33)

We will show that z(n) < 7, for all large n. Otherwise, it follows from (33) that there
exist N; and N, ; N, > N; > N such that

T(N1) < Kyp, X(N2) <oy z(Nz+1) >,
z(n) € [Kop,m:] for n=N;+1,--- N,
By (27’) and (33) we have for n > Ny,
z(n+1) < z(n)Mj < z(n — )M} < --- < g(N)MpH M,

(34)

When n = N2,
e < Z(Nz2 +1) < (M) MM < Ko MYs+1=M,

which implies N, — N; > v since 7, = Ksz}"” and M; > 1. Therefore, z(N, + s) €
[Kaf,00) for s = —v,--- 0. By (24’) and (32) we have :

x(Nz + 1) < :z:(Nz)f(Ng,a:N,, O) < .'II(NQ),

which is a contradiction to (34).
Next, we will show the latter of Theorem 4. An approach similar to the proof of Theorem
1 is adopted. Let

Ne = 60’}'(771:, ny)u-H and 7, = 6019(77::, "7y)v+1-
We prove here that
z(n) > 1, for all large n. ' : (35)

The proof that y(n) > 7, for all large n is similar. Since z(n) < 7, and y(n) < 7, for all
large n, we have from (26) that there exists an N’ > N such that for all n > N,

f(n7 Ty, yn) 2 lf(nzs ﬂy) (36)
From (i) we see that there is an N}, > N’ such that
sV 286 and (N} +1) > (37)

We need only prove z(Ng) > d since it is easy to get T(Nj+1) > 7, if £(N}) > & by (36).
If (37) is false, then we have z(n) < & for all large n. From (i) we obtain for all large n,

z(n+1) > x(n)&o;

This implies z(n) — +00 as n — +o0, which contradicts that z(n) < & for all large n.
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If (35) is false, then from (37) there exist Nj and Ny ; N3 > Ny > N’ such that
z(Ny) 2 do, z(N3) 210, z(Ny+1) <7 (38)
z(n) € [, 0] for n=N;+1,--- Ny

From (36) we have

T > (Nj + 1) > s(Nj)ly(ne,my) 2 (Ng — 1l (0, m)°
| > e > (Nl (7, my) VM, |
which implies ;Né — Nj > v since 7, = Jol 1Mz, my)* ! and 0 < s (7, ny) < 1. Thus,
z(N} + s) € [0,60] for s = —v,—v +1,---,0. By (i), we have
z(Ng +1) = o(N3) f (N3, @wy, yng) > ©(N3)0 > (M),
which is a contradiction to (38). The proof of Theorem 4 is thus completed.

. A corollary of Theorem 4 and future work

We apply Theorem 4 to system (4). Let

f(n, Tn,yn) = explr1 — a11%n(—k1) — @12¥n(—k2)];
9(n, T, Yn) = exp[ra — ana(—h) — a22yn(—l2)l.
Then (H1) — (H6) are satisfied. By Theorem 4, the following holds:
Corollary 5. System (4) is permanent if
roay; — riag€® ) >0 and T — rzaue”(’““? >0
hold.

We can see that there is a gap between the conditons of Corollary 5 and Theorem 2.
Theorem 4 has not generalized Theorem 2 and has room for improvement, because it is
considered that conditions (i) and (i) in Theorem 4 are too strong. They should be made
weaker for the permanence of (23), which is left for future work.
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