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KER#EEKRYE  H#H HE— (Jun Ichi Fujii)
Departments of Arts and Sciences (Information Science)
Osaka Kyoiku University

L. Atteia-Raissoul [3] 1Tk - T (EIfRH) Banach 25/ E D) MhiF BRI DRBFSEESAHT
BAINz. FEKNIZIE., ETHEMFEE 20D T, BEMAANEEHELTEEREINSD
DTHDcf. 6]l ZOFHETIX IRRIENIC 2 DOBFREN - AT 2 FBIEF 2 F%H
UTHEOREREE L TESNDHDOTH S0, TOIEREHITONTIIRHLZ[NE
<, HEMNELITE > TNBDIE., C<BENZBEITBERNI NN o7z. £
Z T, {ERFREEDONAR-LHEREHR (8] ZFIH L T, Hilbert 24 H LD r4iFBIEFEED
—fERAS RN EEZ Tz, —EFESE Vo EEDLNEDT, ZZITHET S,

£7, ERRTEEERALTH S, B(H) OEERRNO 2EHEELT, m At
fERAZTY THD LT, RONEEHZTIETHS:

monotonicity: A; < Ay, B; < By imply A; m B; < Ay m B,.
semi-continuity: Al A B,|B imply A, m B, |l Am B.
transformer inequality: T*(A m B)T < (T*AT)m(T*BT) (%54 3T1).
‘normalization: AmA=A.

transformer inequality 5. KX <ITESNS :
homogeneity: a(A m B) = (aA)m(aB) for a > 0.

COREROS S, MBIEAIIE R EEEE R > TWaRWAT, transformer in-
equality DAELITHERNMNETH D, LnhL., IEEMBEITIE %GC%X 5NBDT. £
FF¥15 & # 5 T homogeneity & DRI X vy TOEL B Z ENASICEKEINS, &
DIERAFRFEIIZDONTIZ,

representing function fm(z)=1mz



166

&> T, VEAFEFABRKED 14 1RENDE, ZOBPFTROIONS

1+¢

Am B=AY2f, (AY?BAYV?) AY? = aA+ bB + / (¢4) : B——dpm(t)

(0,00)

(272U, pid. a= pm({0}), b= pm({o0}) E/RDRERREE) .
ZOMPTROIBSAE LT, ABEROEEEEHEL W,

S TEHTIC BN T EFE AR KTOREEENERICR D, #REEEREDNS
ZERENTDH S, UL L#HEE Hilbert ZZHTH., PRED EZHEIRD 2 BIEE Hilbert
EEicR D, B L3foREEbRNL., ERATOFED hROP—2hLIRTS
NTHL, EHIIHIEEE-STNS, EiITNX. ERERZHOMEFTICOWTIZ
HEDFTEFSEERBBNOT, ZOREBEALEREL L.

BRICTOEEM T, ROV FRAIEMTH S [7,11]: H LOTICHER/R (E50H)
HFLBERL f D, (effective) domain &3,

dom f={ze€H| f(z)<oo}

DZETHY, dom f=H OLZE, R Labhs. X5i2, f A, proper &id.
dom f # 0 DT & %FW, lower semi-continuous H L <%, closed &i3. KD
epigraph 2MAES EBRHO>TNH I L EFS:

epi f={(z,0) e HxR| f(z)<a}

Zh T, gRKtRkk. I =T'(H) #. FIZART. proper 7% lower semi-continuous
78 H EOMABEREHEDIES Y SAET S, 2O FTADOHBEKIE. WAAREKT
WWHEZLELTBD. ZOFTEYEERTZILITT S,

DU 5 AT AS MBI EETTHB IS,

Example.
0 (ze0)
00 otherwise

LBRENE. CNBARTIREWATH S,

1. indicator 1¢(z) = C: closed convex set

2. fa(z)= % (Az, x) AeB(H), A>0.

L. f(yz) = |72 f(z) &S EBKT. quadratic THH, HETH 3.
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ZDYT S ANDEERFERE L T EREMRBDOT, EHfE L>TWWSAY), Legendre-
Fenchel conjugate f* SIEINDHDMNH5:

f )= sup Re (z,y) — f(=)

ZHud. &< Legendre transform EFEEN TS HDTH DA, Fenchel 23F DI
SHEICDONTHITELWERZH LD, BETREROLD ITHENTWS, L
MU, AIZ&>Tid. Young-Fenchel conjugate EF > Z&bH 5B, ThidE A,

f@)=zP/p 725 ) =lylYq
ERB5HEKD,
Young’s inequality: f*(y*) > Re (z,y)-f(z)
EEEINS Z LITHEINDDTIIRNWES S0, ZOX IR OFFOEEIL.

(1*) f < g implies f* > g*.

2%) (ffa)=fFa

) (af)(ay*) =af*(y*) (a>0).

(4*) £ ls.c T TH f*:ls.c. (lower semi-continuous)
(6*) f*=ferl

T&H 5. lower semi-continuous TRWEKDRBE f ITDWTIX, M =c f &85,
Z 2T, BIEDBATLIX. epiclf =cl (epi f) &3S X SIT. epigraph DEA@E E 57z
BN LTHB., LnL. BRBEEHINDDIE, ETHRLE, EERARN SHN
NHEHEAT

JA D & &, fa= fa
EixpZ EERNT, PhIH 28D (L] THEIENGNBEAS,
PMAIIZHEZATTB IS, HBRXITTIL, KD Epi-convergence E-lim & ki
B HERSINVAEE 2> T\ 5:

epi (E-lim f,) = lim epi f,

f=Elim f, <> f* = Elim f*
n—o0 n—o00
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ERRKITTTH, Ih2HRL T, UMosco [9] 1. RO SZHALT-:
Mosco IUR f = M:}im fo =

(i) Vz € H, 3z, € H with s-Lima:,. =z and f(z)= ll)m fa(zn),
(ii) f(z) < lin_l’inf fa(zn) for w—_l)im Tp =TZ.

Zhd., ROMEZEHRFL TS
f=M;limf,,4=)f*=M;limf,’:

FHCBERDERY 554, Mosco JBRT 5 Z &390 5 (cf. [4]). ZhS5DBEHE2Y
BIZL T, Atteia-Raissouli I3, F{fIYEy%

fmg = (f* ;Lg*)

& (BIRETIRZZWAY) E, BFEY frg 3. BR-MTEHE L TEDE 3. H
CHETOWS DD EES ZLNTES (10 ZZELEZIRHEVHETEL,
PORDOBFE, dom f = dom g DHFAITEBEBINTVBREIFT. ThANDED X
SRBPEITEBTEDINEZIFHATH S, TZT. —ROEEYBEZEL WO T, 7
id. XTI ([1, 5) IR SN TRONTHARWMNCERLE. T5&.

inf-convolution f * g
frg(@) = inf f()+9(2)

EIEINTVAENH -/ (epi-sum EETNBZEHbHB)., Zhid, AFFIOK
DYNGEY

parallel sum (A: Bz,z) = . +;m£ . (Ay,y) + (Bz, z)

ZHS> TWBARLRUIDLZES S, Livd, IEERARICHRT 2 MIABEROEA,
fa*gp = fan

LB LD

A:B=(A"1+BY)", @IV ARB = 2(A: B)
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CHEETIUL, §<o05, L2308 2(f«f)#f THB &3,
o e WA Sf(2) .z
fofle) =2 int S = ()
NEHMNBL, X512
lc, *1¢, = 1¢y40, ¢ r
THENE, ZOVSANDEETTSERNWI EE TN, Z2T
cAfxg=(f*xg)" =(f"+g°)

LB ZLIIHERTEDDT, of(z) = f(Tz) £ET2EE, 2(f: f)=Ff £BBESIT
R ERETIE, INBEROETIFE

(F:9)@) =7 2((f* +9)) @) = § (F +4°) (20).

=000 =3 (F5L) @0 = e
EEETNITI WA, /R Atteia-Raissouli FEFITE D5 LISM ATREHEA R E NS
WEEmICEL 7=,
ERRDOBFE LD UESH, WFFNIROL S [HFM 2E->T0waDT. TN
TRHECEETED L, ARSMABEKOALFFDERTH D Z N0 5:

t€dom f,s€dom g D& X
A(f:9)(x) < f(2z - 5) +g(s), < [(t)+g(2z—1).
X512, £(0) = 0 (tesp., g(0) = 0) 725 |
£:9() < 70(20) (resp, f:(a) < 5(2))
242, f (vesp., g): quadratic 725

f:9<g (resp., f:9g<f)

51T, ZOWFFNHIEARESFEE. monotonicity, semi-continuity %73,
FEBHEIC DUV TIZ. Mosco IROMEEDIHINTVBDIEINS T THEN, X512,
rf(z) = f(Tz) ITDNWT,

rfa = frear

WHMNMBDT, transformer inequality ASRD X S IZERILTE S :
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transformer inequality: r(f:g) < (rf) : (19)
homogeneity: (af:ag) =a(f:g) for a > 0.
quadratic preserving: If f and g is quadratic, then so is f : g.

Z 2T, THALMREE D transformer equality V3. (rf)* =z-1)- (f*) 55, homo-
geneity 1 (3%) @ (af)*(ay*) = af*(y*) DERI T ENTES., ZOX. ERREY
DFE LZVBRENERS TS,

DEDXSiZ, WHfMEEHEL. TOWEIIMEATEA, BHO TH1) ITEROH
HIWIhEd., PLERNKETH S, T, MBEEEO—K&@mE T BRI,
dom fNdom g # 0

DIREZBL Z&ITT 5, a¥as,. ZOREERZEL & Tf1) TT S proper Tz
D, TNTEBETERLIRINSETH . AR-THEEROBRITRE. Y&, fo
EAFFIDIFI] THDZEZEZRLTNRBENS, I3, —BROHEMIE -, £
TORED T T, EARKTY m iCxd 5 MBI%TY o, &

(fomg)(2) = f (@) + by(a) + |

(0,00)

(146f + 329) @) ybm(®)

95, ®iZ. f, g: quadratic D& &,
(fomg)(®) = af(z) + bo(z) + / (¢£) : 8) @)Lt

ERBDT, ZHMEARTEHOZERIRICR>TWS, EBE, f(x) = f(sz) =
s2f(z) (s> 0) &b,

(o t’tg)(z)nt ((lzt)zf (1+t)2 )() =(tf: g)ﬂ

1+1¢

Eirs, ZOFEHTED., EAFEFYER. monotonicity, semi-continuity, trans-
former inequality, homogeneity, quadratic preserving Z#i/-9 Z 133 <icH
M3, ZOBEOEHEFHEL. BITOHSOBEAICKEETH S, FHHDOEBENDR
ZL <725 TWBDIE. normalization D= TH 5, FEEE.
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= (m)=i( uf) (b)) (22)

= (A0 (ph)) o)
2

] : 2z) =
= ((l—éﬂf)*y Ter_tx) - (%Hf) (1+t )

CkoT. HANBERERD. RENHERRMERNS fonf = f HEBNS,

BHIC, ERAREYLEOMEEERE L TB IS, £0EDIZIE. £7 quadratic func-
tional f MEAZBEITHERARN SE NN DDITRZ > TNINHERL TH BEND
%, ImEZE WZEficxtd 3 indicator B quadratic TH DAY, AR TIIZVWDT
VERFRMN S I3EX BN, —BIZ. quadratic Z2r4FBIEK f 1. £(0) =0, f(z) = f(-=z)
&7z,

0. EERMELNESRN, £z, FEKEL TOEREZE, KT locally bounded
EFEATHELS &

sup f(z) < oo < f is continuous at 0
fl=ll=1

A, WIERBE EFERRICRDILE. COFRGURENOFRERS. 512, ERL
TS ZEMAINTRZEM] L7227 DiTid, B & U THRREEDR DAL DB ENSH S D
T, PEEKEL T,

fo+9) + flo - y) = 2(f(@) + fw))

EVWOWEZFS TOWABKRENRH D, ZDEE, f%, PL functional 2IFERZ &1iZ
5, §5&

49(z,y) = f(z +y) — f(z —y) +if(z +iy) — if(z — iy).

HEGHENRBFE R ETRD DT, f= fa £725 A > 0 DEFEENRDON S,
YERFR G m 2 5B MN/= MBI 0., 13, locally bounded, PL functional &
WOWEIIMREST D, Z0HE %, LBPL preserving EEATHE IS, §5&,
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I'y: locally. bdd. PL functionals in I’
¥: monotonicity, semi-continuity, homogeneity, transformer inequality,
normalization % #7=9 LBPL preserving 72 BIs g 24k
ELREE, EHBRESE 2 EOMIZ 1 : 1SR DL Z &85,

F /=, Atteia-Raissouli Oqziﬁﬁfiiéﬂ FLEA% % quadratic 72 HDITR D72 513,
CZTEBRBLEVHE—HT 5, B TIA S, EHINSERO@RNC
5DFPEDIIIMNENT &, HERFANSEND SNDDOT, —iRXSF)0HEISE

L7zZ &iTia5,

SEH
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