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§1. Introduction

We consider here the Cauchy problem on [0,T] x R
D'u= Y ca(®)DiDSu+ Y cja(t)DiD2u+ f(t, :z:)

(1) j+lal=m j+lal<d
D't’u(O,:c) = u’j(m) (.7 =. "")m_ 1)’
where Dy = —i0;, D = —(0z,,--*,0z,), and 0 < d < m — 1. We shall write
in short

p(t, 7€) =1"— Z cja(t)TI€®
jt+lal=m
for the principal part and

pat )= 3 craltyrie

, j+lal<d
for the lower order terms. We shall assume that the principal part p is hyperbolic
- with respect to 7, that-is, for any ¢ € R¢, £ € R? the roots in 7 of the algebraic
equation p(t, 7, £) = 0 are all real. We name them Aj(t, §), according to the rule

Al(t, 6) Z A2(t)£) 2 e 2 Am(tyg)’

thus p(t, 7,£) can be written
p(t’ T, E) = H (T - Alt:(t, E))
k=1

We recall that the functions \;(¢,£) are homogeneous of degree 1 in £.



There are many results on this problem. As to the C*°-wellposedness, we
mention that T. Nishitani [N1] considered the case when the multiplicity of the
characteristic roots is at most double. F. Colombini and N. Orrd [CO] assumed

that the characteristic roots vanish of finite order at ¢ = 0 and satisfy

L3 NGO+ NP
? Y TGO -NGOP

< oo near t=0.
k,j=1,k#j v

Moreover, K. Kajitani, S. Wakabayashi and K. Yagdjian [KWY] dealt with the
case of characteristic roots vanishing of infinite order. Concerning the Gevrey-
wellposedness, F. Colombini and T. Kinoshita [CK] considered the Cauchy prob-
lem in the case when the characteristic roots are Holder continuous in t. F.
Colombini, H. Ishida [CI] and H. Ishida, K. Yagdjian [IY] assumed that the

characteristic roots vanish of infinite order at ¢ = 0 and satisfy for some 5 > 1

$, (¢)28/(3-1) i": XL (£, €)1 + N5 (¢, 612
$1(t)? Ak (t,€) — Xj(t, €)I?

<oo near t=0,

k,j=1,k#j

where ®;(t) = fot ¢£dt and ¢ (t),- - -, Pdm(t) are real-valued functions such that
(i) ¢x(0) = ¢ (0) =0, ¢} (t) >0ift € (0,T] for any k=1,---,m.
(i) @1(t) > da(t) > -+ = dm(t) for t € [0, T).
(iii) |Ak(t, €)| < Ckdr(t)|€] PCkr > 0)fork=1,---,mand (¢,£) € [O,T];ng\O.
(iv) k(6,€) = A3(t, €)] = cn(B)IE] (e > 0) for k < j and (£,€) € [0, T] x R\O.
Then they showed the wellposedness in the Gevrey classes of order 1 < s < 8.
We see that in most results concerning the higher order case m > 2 the roots
are assumed to coincide only at isolated points, and then a precise behaviour is
assumed at those points. In this paper we try to give a global assumption valid
in more general cases, even when this happens at an arbitrary set of points (also
infinite or dense). To this end we introduce the sets 0%, Q, defined as follows:

forany0<o<l,k=1,....m—1,

95(6) = {t € [O’T] : |Ak(t75) - A’C+1(t’€)| < 0'}

and

Q. (8) = U Q5 ().
k=1
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3)
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These sets enclose, for each £, the points ¢ where the roots coincide; thus we

can regard the measure u((2,), which is a function of o, £, as a measure of the

defect of strict hyperbolicity of p. Here u(A) is the Lebesgue measure in R; of

the set A C [0,7]. We denote by AC([0,T]) the space of absolutely continuous

functions on [0, T] and by G*(R™) the space of Gevrey functions g(z) satisfying
la|

sup;ex |Dgg(z)| < Ckpy'|a|!® for any compact set K C R®, a € N™.
Our first result is the following:

THEOREM 1. (Gevrey-wellposedness). Assume that the coefficients ¢ja(t) of
P, pa belong to C°([0,T]) and the characteristic roots of the principal part
A1,--+,Am belong to AC([0,T]) and that there exist constants C > 0,a>0
and b > 0 such that forany0 <o <1,|¢|=1,k=1,---,m—1

#(Q(8))< Co®,

[ PO Kl o,
[0 ’

TN Akt €) — Akya (2, €)|
Then, when the degree d of the lower order terms satisfies

0<da<™etd)
T T a+bdb+1 o
the Cauchy problem (1) is wellposed in the Gevrey classes of order

a+1

b ?
Le., for any data u; € G*(R") and f € C°([0,T}; G*(R™)) the Cauchy problem
(1) has a unique solution u € C™ ([0, T7; G*(R™)). Moreover, when the degree

d of the lower order terms satisfies

1<s<1+

m(a + b)
a+b+1’

then the problem is wellposed for

m
< -—
1ss< d+ a(d — m)

Remark 1. In the cases mentioned above, when A1 (t,£),- -, A (¢, £) van-
ish of infinite order, assumption (2) can be dropped (one is forced to choose
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a = 0). Thus by Theorem 1 we see that the Cauchy Problem (1) is wellposed

in the Gevrey classes of order

' 1 m
< i - — ¢
1 < s < min _{1+b’ d}
" 'Remark 2. M. D. Bronshtein [B], S. Wakabayashi [W] proved the Lipschitz
(or Holder) continuity in ¢ of the characteristic roots of hyperbolic polynomials
with 'smooth coefficients (see also [M]). Thus if we assume that c; o are smooth

for j + |a| = m, we can drop the assumption that A; belong to AC([0,T]).

Remark 3. It is well-known that the lower order terms do not influence
the C'°-wellposedness for strictly hyperbolic equations (the multiplicy of the
characteristic roots is equal to 1) and the lower order terms of order d =m — 1
give the Gevrey- wellposedness of order 1 < s < m/(m — 1) for weakly hyper-
bolic equations (the multiplicy of the characteristic roots is equal to m) (see [B],
[C], [CDS], [CJS], [OT], etc.). As the parameter a in (2) becomes greater, the
typeof p épprqaches to strictly hyperbolic type. Especially, when d = m—1, the

- second Mexponent in (4) is equal to m/(m—1—a). Taking 0 < a < m—1, we can

obtain an interpolation between C* and the Gevrey classes of order m/(m—1).

'Example A. When the characteristic roots are
o o 1
Ak(t, g) = kth{l + sz.(tT/E:f)} . €

forsome 0 < a <1, a < h < a/(l-a)and k = 1,---,m, we find that
AL, -+, Am belong to AC([0,T]) and also C*([0,T]) and vanish of finite order
at t = 0 and satisfy (2) with'a = 1/h and (3) with b = 1/a — 1/h, since

. Col/h ‘ '
w(Q8) <C / dt < Co'/",
0

AL(t ' (t : T B
/ l k( ,€)| A 'A’H—l( ’é)ldt S C (—h/l 1),dt < Ca.l/h—l/a.
7Nk Me(t€) — Aeta(t, € Cot/n \th/a—

Applying Theorem 1, we get the wellposedness in the Gevrey classes of order

(6) | 1<s< 2 (1+a)

—Q



According to [CK] or [OT], if the characteristic roots belong to C*([0, T]), the

Cauchy problem (1) is in the wellposed in the Gevrey classes of order
1<s<1l+a.

For the second order polynomial P(t,7,£) = 72 — A(t)¢? where A(t) > 0, if
A(t) belongs to C?*([0,T1), we also know the Gevrey order (7) (see [CJS], [D1]
and [N2]). We remark that (6) approaches to (7) as h tends to infinity and s
can be taken arbitrarily large as h tends to a (the characteristic roots oscillate
more sldwly). This example implies that the oscillation and the degeneracy of

the characteristic roots influence on the wellposedness independently of their
regulality.

Example B. [CI] and [IY] gave an example of the following kind:

1
A(t,6) = {km(—t—h){“sm"’(exp%)} €
0
for some v > 0, h > 0 and k = 1,...,m. They proved the wellposedness in
the Gevrey classes of order 1 < s < 1+ 1/v. Notice that A;(t,£),-- -, An(t, £)
belong to AC([0,T]) and vanish of infinite order at ¢t = 0 (see Remark 1) and
satisfy (3) with b= ;
DL+ X (6] T YN

/[o,T]\ng(e) [A(t, &) — )\k:l(t,ﬁ)l #=C 1/(log o=14C)1/h (exp F‘-) dt < Co™.
Thus we can apply Theorem 1 and we get the same Gevrey order 1 < s < 1+1/7.

Our theorems can be applied also when the vanishing order of characteristic
roots is different from the order of contact between the roots. For instance, if

the characteristic polynomial is
p(t, 7,8) = 7% — 2t%7E + (2* — t2P)¢2 where 0 < a < B,

we easily obtain A1 (t,£) = (t*+t#)€ and A2 (¢, £) = (t* —t#)¢ which implies that
'Ak(t, £)I < 2ta|£| (k = 1a2)’ IAl(t,f) - ’\2(t7£)| 2> 2tﬁ|€| for (t,f) € [0’ T] X RE‘
Since A1 (¢, £) and A2(2, §) satisfy (2) with a = 1/8 and (3) b = 1 —a/, applying

Theorem 1 we have wellposedness in the Gevrey classes of order

1<s<1+ 'B—H-
B—a
In the favourable case of analytic characteristic roots, more generally from

Theorem 1 we also obtain the following results:
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COROLLARY 2. (Gevrey-wellposedness). Assume that the coefficients ¢j,alt)
of p, pg belong to C°([0,T]) and the characteristic roots of the principal part
A(t,€), -+, Am(t, €) are analytic in t and vanish at t = 0 and that there exist
constants C > 0, ¢ > 0 and 0 < a < 8 such that for any (t,£) € [0,T] x R

I)‘k(t,ﬁﬂ < CtaKI for k= ]-a cee,m,
l)‘k+1(ta§) - )‘k(ta 6)' > Ctﬂlﬂ for k=1,---,m— L.
Then, when -the degree d of the lower order terms satisfies

m(B—a+1)
26—a+1"’

0<d<

the Cauchy problem (1) is wellposed in the Gevrey classes of order

1<s<1+4+ —@i—l-
g —a
Moreover, when the degree d of the lower order terms satisfies
m(B—a+1)
d ,
Z 28—a+1
then the wellposedness holds for
pm
1<
=%<Bdtd-m

In Corollary 2 and Examples A and B, the characteristic roots coincide only
at t =0 or at a finite number of points. We give a final example to emphasize
that our results allow the characteristic roots to coincide at an infinite number

of points.

Example C (see also Example A). When the characteristic roots are
) 1
Me(t, €) = kt*sin® (575 ) - €

for some even number h and k = 1,- - -, m, we find that A\1(¢,£),- -+, Am(t,£) are
absolutely continuous in ¢, more precisely Lipschitz continuous in ¢ and vanish
at t = (r§)Y/A-P) (j = 1,2,--- ), they satisfy (2) with a < 1/h and (3) with
b > 1—1/h. Applying Theorem 1, we get the wellposedness in the Gevrey
classes of order 1 < s < 2h/(h — 1) (see (7)).
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§2. Sketch of the proof

When s = 1, the Cauchy problem (1) is wellposed in the class of real
analytic functions. Therefore we can suppose that s > 1 for the proof. By
Fourier transform with respect to z, the Cauchy problem (1) turns into

{p(t, D, £)i = f(t,€) + pa(t, Dy, £)a
D]a(0,£) = #;(¢§) (5 =0,---,m—1).

Let 0 < 0 <1 and ¢(r) be a non-negative function such that ¢ € Cs°(R),
¢(r) =0 for |r| > 2 and ¢(r) =1 for |r| < 1. We define

- w(t, &) = ol¢] mz_1¢(0'1{/\z (t, %) - )\z+1(t’ %) }),
=1 :
l"k(t’E) = Ak(t,§) +ikw(t1§) fOl‘ k= 11"°am

Moreover we denote by q(t, 7,£) the polynomial of degree m in 1

(8)

Q(t, 7, f) = H (T - I‘k(t7 f))
k=1
Now we set the energy density

2
B8 = ; la(t, De, )il?,
where qi(t, 7,£) is the polynomial of degree m — 1 in 7 defined. by

(¢, 7€) _
a(t,7,8) = T — (e, f)( v #(T I‘k(t»g)))'

We denote by ’ the derivative in t. Differentiating E(t,£) in ¢ and dividing
by 21/ E(t,£), by (8) we have

Nl + [ X d d - A
\/E'SC( max DR Pl tl d )\/E+Ifl-_

1Sk<m-1  |Ag — Appa| +w [Tt Ik = Akga| +wm=1

Thus, Gronwall’s inequality yields the estimate
LA Nl + M|+ |o’ d
E(t,§) Sexp{C/ ( max Nkl + Ny | + o] +w+ 1l )dt}
0 \<kSm-1 |Ag — Akt1| +w k—l I’\k — Ag41| + wm-1

T P
{VEGD+ [ 17, 0lat}.




(21)

m—1

=0
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We remark that there exists C > 0 such that for any (t,£) € [0,T] x RZ\0
. > - m_l . 4
- C7Y(ole)™ el IDlal < VE®§ < C ) lel™ T IDja.

LEMMA 1. Let b > 0. Assume that \1(t,£), -, Am(t,€) belong to Ac([o, T])
and satisfy (3). Then there exists C > 0 such that for any 0 < o <1, [§| =1
andk=1,---,m

C ifb>1

(8, 8)]dt < < Co'?,
/nz(e)un!:*(e)l k{8, )it {Calf" if0<b<1
where Q2 (¢) = Q™(¢) = ¢ and Q5 (€) fork=1,---,m — 1 are defined in §.1.

LEMMA 2. Let 0 < a < m—1. Assume that Ay, -+, Ay, satisfy (2). Then there
exists C > 0 such that for any 0 < 0 < 1, [§| =1

/ - odt | gotl-m
Jonea© ITic' et €) = Aera (8,6 ~
where Q,(£) is defined in §.1.

Consequently, it follows that

m—1
S 1el7|Dia(t, €)) < Co' ™ exp{C (07" + o® || + * ¢ |1y}
Jj=0

m—1 ' T ,\.
x {Z 1€177 |4, +/0 I§I1‘"‘|f(t,§)|dt}.
=0 |

When
Q< m(a+b),
“a+b+1

the third term is smaller and this choice gives immediately

I + |€]1—7@+D) 4 |gYimma-Dtdti-m < 3\g|arh

Hence, there exists p > 0 such that for any (t,£) € [0,T] x RZ\0

. . ; - m_1 m—1 . T 1—-m)(a+1l A~
S 61410102, 8)] < Coxp{alel i H{ T 6l la @1+ | 161“FRE2 e, lar}
; . . j=0



54

In virtue of Paley-Wiener theorem, {Dfu(, t); t€[0,T], 5=0,---,m— 1} is
bounded in the Gevrey classes of order (5). Thus, taking into account that u is
a solution of (1), we find u € C™ ([0, T]; G*(R™)). This concludes the proof of
Theorem 1 in the case when d < m(a +b)/(a + b+ 1).

On the other hand, when

m(a + b)

d>a+b+1’

the dominant terms in

I&Pb + léll—'y(a-i-l) + |€|'y(m—a—l)+d+l—m

are the last two (the first one is smaller). In this case we choose

m-—r

'Y=m

and proceeding as above we conclude the proof of this case and we get (4).
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