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Duality and Symmetry Breaking

Izumi Ojima
RIMS, Kyoto University

1 Introduction: Problems and Results

The superselection theory of Doplicher-Haag-Roberts (DHR) [1] and of Doplicher-
Roberts (DR) [2] in algebraic quantum field theory (QFT) [3] gives a general
scheme for understanding the relations between a symmetry and its observ-
able consequences in relativistic QFT. It tells us that, if the internal sym-
metry of the theory under consideration is, i) described by a gauge group
G of the 1st kind (i.e., global gauge symmetry), and is, ii) unbroken, the
basic structure of the standard QFT can be recovered totally from the data
encoded in observables 21 which are defined as G-invariant combinations of
field operators (i.e., % = F¢: fixed-point subalgebra of the field algebra §
under G) and constitute a net O— A(O) of local subalgebras of observables
satisfying the local commutativity (i.e., Einstein causality). This implies, in
particular, that the Bose/Fermi statistics of the basic fields is automatically
derived without necessity of introducing from the outset unobservable field -
operators such as fermionic fields subject to local anticommutativity vio-
lating Finstein causality, which shows that they are simple mathematical
devices for bookkeeping of half-integer spin states. While all the non-trivial
spacetime behaviours are described here by the observable net O— 24(0O),
the internal symmetry aspects are encoded in the superselection structure,
which also originates from the observable net as explained later. We focus
here on internal symmetries, in use, as tools, of the basic ingredients related
to spacetime aspects (such as local commutativity, relativistic covariance,
etc.) in algebraic QFT.

Before going into the details, it may be appropriate here to answer the
question “Why Symmetry Breaking and Duality?” First, the duality means
here the group duality between a group (and later, a homogeneous space)
and its representations, which gives a key for understanding the superselec-
tion structure. Next, the reason for considering the symmetry breaking is
that the symmetry arising from DHR-DR theory is always unbroken exclud-
ing the situation of spontaneous symmetry breakdown (SSB), which poses
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a question about the “stability” of this method as remarked by the late
Moshé Flato (1996). Indeed we know that many (actually, almost all) of the
“sacred symmetries” in nature can be broken (explicitly or spontaneously)
in various situations: e.g.,

e SSB’s of chiral symmetry in the electro-weak theory based upon SU(2) x
U(1), electromagnetic U(1) in the superconductivity, and the rotation
symmetry SO(3) in ferromagnetism, etc.,

e Lorentz invariance is broken spontaneously in thermal equilibria with
T #0°K (1.0. ’86 [4]),

e supersymmetry is shown to be unbroken only in the vacuum states
(Buchholz-1.0. "97 [5]).

So, the problem as to whether this theory can incorporate systematically the
cases of SSB or not is worth examining seriously, and if the answer is yes,
what kind of superselection structure is realized in that case is a non-trivial
interesting question. This sort of investigation is expected also to give us
some important clues for getting rid of another restriction of global gauge
symmetries so as to incorporate local gauge symmetries.

The essential contents and necessary ingredients are briefly outlined as

follows:
1. From field algebra § to observable algebra :

e General description of a symmetry under a gauge group G is given by
an automorphic action 7, G A §, of G on the field algebra § (which
is technically taken as a C*-algebra satisfying certain set of a.xmms to
characterize a relativistic QFT).

e The algebra 2 of observables is defined as the fired-point subalgebra
2 = FC consisting of G-invariants.

e Notion of superselection sectors:
Historically the term “superselection rule” has been understood as a
restriction on the validity of quantum mechanical superposition prin-
ciple: eg., c19p + oy is “meaningless” with wave functions p
and ¢y for proton and neutron. In its presence, a “superselection
sector” (also called a “coherent subspace”) is defined in the state vec-
tor space by a subspace where any superpositions are “meaningful”.
According to [1} we adopt here a more precise characterization of a



superselection rule in reference to the above triplet (F,G,®2l), as mutu-
ally disjoint irreducible (or more generally, factor) representations .
in Hilbert spaces $3, [(7,%,), for short] of 2, in 1-1 correspondence
with mutually disjoint irreducible unitary representations U, of G in
Hilbert spaces V.

2. From 2 to §7:
The most non-trivial step in DR theory is the opposite direction to the
above:

A= (F,G),

to derive § and G (both are unobservable!!) starting from the information
on the observable algebra 2 (achieved partially in [1] (’74), completed by (2]
(’90) in the vacuum situation).

Mathematically, this is a kind of Galois extension of a C*-algebra 2
by the gauge group G (of 1st kind) as a Galois group, G = Auty(F) =:
Gal(F/AU) [i.e., a subgroup of the automorphism group Aut(F) fixing A
pointwise], in which, however, we do not know either of § or G before-
hand!! Actually, the information on G is supplied by the DHR selection
criterion (1] for physically relevant states of 2; it defines a C*-tensor cat-
egory 7 consisting of local endomorphisms p of 2, which turns out to be
isomorphic to a category Rep(G) of unitary representations of a compact
group G, on the basis of a non-commutative and abstract reformulation of
Tannaka-Krein duality found and formulated in [2]. Namely,

e selection criterion = C*-tensor category 7 (C End(%)),

o« TX Rep(QG) TemnaigKrein v = Endg (V): compact Lie group C SU(d)
where d is determined by 7,

e F=12 (82; 04 G = Gal(F/A), T¢ = A, where O, is a Cuntz algebra
Od
[6] of d-tuple of isometries.

3. Broken vs. unbroken symmetry?

Through the construction of a field algebra § due to [2] (DR construction,
for short), the symmetry described by G is always found to be unbroken
(=unitarily implemented in a factor representation), without suffering from
any spontaneous breaking. What is known so far about the structural feature
signalling SSB in the D(H)R scheme is found to be the wiolation of the
Haag duality: A # 2% [7]. Then, the C*-tensor category 7p arising from the
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selection criterion is to be constructed in End(2%) instead of End(21), which

yields a representation category Rep(H) = 7o with H (C SU(dp)) being the

Tannaka-Krein dual of a compact Lie group of unbroken symmtry. Then

repeating the DR construction to the pair of 2A¢ and H, we obtain a field
algebra § := A4 ® Oy, A4 = FH . For the discussion of SSB along this line,
(v

the definition hasd%een proposed of the “largest” gauge group I of internal
symmetry as the Galois group I' := Gal(F/9) in [8]. As is easily seen,
however, the meaning of “largest” remains empty without examining the
uniqueness problem of the so-constructed § (i.e., not only whether unique
or not, but also in which sense, etc.), and such important questions have
remained untouched so far as

i) Is the choice § = ¢ ® Og, consistent, universal and stable (also,
o

do
against what)?

ii) If i) is settled then we can ask how to define a bigger group G(O H),
broken spontaneously.

iii) Identifying physically relevant quantities such as order parameters
to distinguish “degenerate vacua” and Goldstone bosons in the above
mathematical scheme, we should clarify which kind of sector structure
is to be found in the theory with SSB.

In view of prevailing occurrence of SSB, what we are concerned with is
these problems in order to incorporate SSB systematically in the superse-
lection theory. For this purpose, we need to specify the precise meaning of
SSB in the present context in the following form:

Definition 1 A symmetry described by a (strongly continous) automorphic
action T of G on the field algebra § is said to be unbroken in a given
representation (m,$)) of § if each factor subrepresentation (o,%s), o(F)' N
o(F)" = Clg,, appearing in the central decomposition of (7,%) admits a
covariant representation of the dynamical system G A F in the sense
that there exists a (strongly continuous) unitary representation (Uy,$Hs) of
G verifying the relation o(74(F)) = Us(9)o(F)Us(g)* for Vg € G,VF € §.
If the symmetry is not unbroken, it is said to be broken spontaneously.

Note that the above characterization of unbroken symmetry can be re-
formulated equivalently as the pointwise invariance of the spectrum of centre
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of 7(F)"” under G. Therefore, SSB means in short the conflict between the
unitary implementability and a factor representation with trivial
centre. The situation with SSB is seen to exhibit the features of the so-
called “infrared instability” under the action of G, because it does not
stabilize the spectrum of centre which can be viewed physically as macro-
scopic order parameters emerging in the infrared regions.

Since the above definition of SSB still allows the mixture of unbroken and
broken subrepresentations of a given 7, we need to decompose the spectrum
of centre of m(F)"” into domains each of which is ergodic under G (central
ergodicity). Then, 7 is decomposed into the direct sum (or, direct integral)
of unbroken factor representations and broken non-factor representations,
each component of which is stable under G. Thus we obtain a phase diagram.

Aside from physical significance, this leads us also to some interesting
mathematical notions and tools, such as

e a homotopically fibered category of endomorphisms, unifying finite-
dimensional inductions of group representations from unbroken re-
maining H to broken G,

e extension of Tannaka-Krein duality for homogeneous spaces G/H,

e a category €98 consisting of crossed products of Cuntz subalgebms with
bundle structures,

e 3 functor from €8 to category of field algebras, and so on.

Finally, we state the (partial) answers to the above questions i)-iii) on
the basis of a joint work (S. Maumary, T. Nozawa and I.O., in preparation):

to ii) Similarly to the above H, we can construct a bigger compact Lie
group G := Endg(V 014) D H with i : T := Tp N End(2%,2) — T,
where End(2%,9) is a subcategory of End(2?) consisting of endomor-
phisms of 2¢ stabilizing 2 globally and of morphisms belonging to 2.
If I' = Gal(F/2) := Auty(F) is compact, we have I' = G.

to i) Definition of field algebra, §F: = A4 ® Oy4,, is consistent with the
do
action of G in the sense that the result of constructing § starting from
(g(A%), gHg™!) with Vg € G is isomorphic with that from (¢, H). If
' = G C SU(d) holds, equalities

3:2{‘10@;{0@:%‘1%@:9(%‘1) ® 04 F=2
d

gHg™
dg ()
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hold, which shows the stability and universality of Doplicher-Roberts
construction method extended to the situation with SSB. If I' = Gal(F/!

is non-compact, A @c{' Oq is to be replaced by A x5 G where § is the
o

d
coaction of G on .

to iii) For a compact pair H C G, the pair (7,7p) describes a natural
extension of Tannaka-Krein duality to the homogeneous space G/H,
which yields also the finite-dimensional version of Mackey induction
and of Frobenius reciprocity (in a homotopical sense).
== Order parameters and Goldstone multiplets.

2 Basic Formulation

Now we try to explain some details of the discussions in the introduction.
A net, 2 : £ 3 O — 2A(0), of local observables in the Minkowski space is
defined [3] for K := {double cones (a+ V,)N (b—V,);a,b € R4} with 2A(0)
for O € K being W*-algebras satisfying the following 1, 2, 3:

1. Isotony: O1 C O = A(0;1) C A(O2), owing to which quasi-local
observable algebra 2 (denoted by same letter ) is defined by 2 :=

U Ql(O)”'” as a C*-inductive limit.
Oek

2. Poincaré covariance: Poincaré group PI_ = R* x L_T,_ (consisting of
spacetime translations and Lorentz transformations) acts (strongly
continuously) on 2 by *-automorphisms « : 'P_T,_ — Aut(A) s.t. for

(a,A) € P]
Q(g,A) (A(0)) =A(AO + a).

3. Local commutativity: [A(O;),A(0O2)] = 0 for spacelike separated @, Os.
With @ := {y € R%;(z — y)2 < 0 Vz € O}: causal complement of

O € K, this is written (symbolically) as A(Q’") := W”-H c
1
2(0) (RHS meaningful in a representation Hilbert space of 21).

4. Algebraic description of symmetries acting upon a field algebra F:

i) Consider an action of G on field algebra § by algeblja.ic automor-
phisms. For instance, if some basic multiplet {F*} of fields is
available, the action would be given in such a form as 7,(F*) =



105

>0 7(g™1)5F7, verifying the conditions Tg, 0Ty, = Tg,g,, Te = idg,
ie., 7:G — Aut(F) is a group homomorphism.

ii) Existence of unitary operators, G 3 g — U(g) s.t. U(g)F'U(g)* =
>_;1(g71)sF7, depends on representations: SSB means the ab-
sence of such U(g)’s, but algebraic transformations 7, still mean-
ingful.

iii) Internal symmetry (gauge symmetry of 1st kind) is characterized
by the commutativity Tya(, A) = @(a2)T4 for Vg € G, Y(a,A) €
Pl.

iv) The fized-point subalgebra TG = 2 is regarded as net of local
observables describing experimentally measurable consequences
of a given theory.

Remark 2 If all the characteristic features of a given theory of QFT
can be encoded in A, notions involving § and G may become mathe-
matical tools for convenience. Actually this has not been fully attamed
especially in theories with local gauge invariance.

. Mathematical definition of states w on 2 is given by normalized posi-
tive linear functionals on 2, i.e.,

w(c1 Ay + cAs) = cuw(A))+cow(Ag) for VA;, Az € A, Ve, e € C,
WAA) > 0, w(1)=1,

among which physically meaningful states should be selected out by
certain criteria. For instance, a vacuum state wq is defined by transla-
tion invariance wooa, 1y = wo and spectral condition: Spec(U.,(R*)) C
V., where U,,: unitary representation of translations R in GNS repre-
sentation (Hyg, Twgs Qwo) (8-t wo(A) = (o [Two (A)Ruwe)s Two (A) Qo =
H,,] defined by

Uwo (@) Ty (A)Qwo = Two (a(a,l) (A))

which satisfies

Two (a(a,l) (A)) = UWO (a)wwo (A) UWO (a)*
and is written by Stone theorem as U, (a) = €'¥#%" and hence Spec(U., (R*)) =
Spec{P,} C V,.

If G leaves a state w invariant, GNS representation (7, ., ) of §
provides a unitary representation V,, of GG similarly to the above U,,.



Superselection sectors of (F,G,2) can be understood [1] as mutually
disjoint irreducible representations (m, Vy) of 2 in 1-1 correspondence with
mutually disjoint irreducible representations (U, V,) of G, appearing in an
irreducible vacuum representation (,5)) of § on § = ®7eé(57 ®V,) as

(™A) = eeaé(m,(ﬁ) ®1ly,), U(G)= 729@(1}_')7 ® U,(Q)).

where G is the group dual of G consisting of all mutually disjoint irre-
ducible unitary representations of G.

Remark 3 GNS construction shows that a Hilbert space and of unitary rep-
resentations of a group are secondary notions not of fundamental importance
for quantum theory, but simply a mathematical device for convenience, in
contrast to an algebra and its automorphism group.

3 From Observables to Fields: DR Construction

3.1 Selection criterion for physically relevant states

To go over from the observable net A to the field algebra F acted on by
an internal symmetry group G, the selection of physically relevant states
[1] becomes crucial. In the case of “charged” sectors generated from the
vacuum wqg by certain localizable charges, candidate states w are known to
be characterized by the condition that there exists O € K s.t.

w(A) = wp(A) for VA € A(0),

which means that the state w is different from the vacuum wg only within
a local region O (and its causal shaddow). This condition is also known to
be equivalent to the existence of local endomorphism p € End(2), local in
the sense of

p(A)=A for VA € A(0’),

such that w(A) = we(p(A)). In this situation, the double cone O € K is
called a support of w or p. In terms of the GNS representations mo and =,
corresponding to wg and w, respectively, we have m,, = mg o p.
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3.2 Sectors as local endomorphisms

Such an endomorphism p is known to correspond to a choice of a unitary
representation of G. To see it, suppose that we have attained the field
algebra § and a group G so that ¢ = 2 and 2’ NF = C1 hold. Then, a
Hilbert space V,, in § is defined by

V, = {¢ € §;vA = p(A)¥},

because of Yiy =: (P1|¥9)1 € A NF = C1. The stability of V, under
G is verified by 7,(¥)A = p(A)74(¢) following from ¢ A = p(A)y, and the
unitarity of the representation 7|y, := 7, of G is also easily checked:
(P1|9a)1 = Tg(Withg) = Tg(¥1)*Tg(¥2) = (Tg(Y1)ITg(¥2))1.

Consider a category 7 with such p’s as objects and morphisms TeAd
from one such p; to another p, defined by the relation |

Tp,(A) = pa(A)T.

Then the above correspondence extends further to the level of intertwin-
ers between representations of G: For Vi € V,,, we have Ty € Vo, be-
cause (T9)A = Tpy(A)Y = po(A)T%, and hence, 7,,(9)T% = 74(T%¥) =
Tg(T)1g(®) = Ty, (9)%, namely,

Tv,,(9) = 7, (9)T.

Thus, the map p — (V,,7,) establishes the equivalence of categories T
(defined as a full subcategory of End(2) divided by the unitary equivalence
w.r.t. spacetime translations) and Rep(G) of unitary representations of G.
This equivalence holds actually as C*-tensor categories involving the tensor
structures of both. Sectors of the theory are then given by £, := V,{y, in
the vacuum representation of §. _

Thus, once § and G are constructed s.t. F¢ =2 and &' NF = C1, then
the sector structure is fully understood as above. But how can § and G be
constructed? ‘

3.3 Crdssed product with Cuntz algebras

We need intermediate steps intervening between (2,7) and (§,G) which
involves certain technicalities. While we do not fully elaborate on these
subtleties here, let us just mention a few basic ingredients [3]:

1. Haag duality: 2%4(0) := A(0')’ = A(0), which enables various impor-
tant quantities to be identified inside of the local net 2A. :
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2. Property B (following from local commutativity and spectral condi-
tion): A net 2 satisfies Property B if given such O, 0,0, € K that.
O, O, are spacelike separated and that O, O C O; and such a projec-
tion 0 # E € A(0), there is an isometry W € A(0,) with WW* = E
This endows T with stability under direct sums and subobjects (al-
lowing the Cuntz algebra O —5 to be embedded in local observable
algebras).

3. Assumptions on T of its being specially directed, and of the existence
of conjugates (details of which are omitted here). This last condition
is equivalent to the finiteness of statistical dimension.

Under these assumptions, one has at hand a strict symmetric C*-tensor
category 7 equipped with associative tensor operation 7 x 7 3 (p,0) +—
po € T defined for objects and T(py,p;) x T(01,02) 3 (S,T) — S x
T := Spy(T) € T(p101,p902) for morphisms, and the symmetry e(p,0) €
T (po,op) interchanging the ordering. Then, according to the techniques
developed in [2] one can find the “prototype” of § in the Cuntz algebra Oy
which reflects only the internal symmetry aspects of § and G but which
forgets all the spacetime aspects coming from 2. The above assumption
3 implies the existence of R € (¢,p?) C 2 playing the role of determinant
so that the gauge group G to be determined next is a closed subgroup of
SU(d). Here the Cuntz algebra Oy [6] is defined as a unique C*-algebra
generated by d-tuple of isometries {s;}1<i<a, 8}8; = 6i1, _; si8f = 1, with
natural actions of U(d) and its subgroups, G C SU(d) C U(d) ~ O4. OF
denotes the fixed-point subalgebra of O; under G.

Then, § can be recovered from 2 and Oy by taking their crossed product:

F:=2A® O4.
o
As a linear space this is defined as the solution of universality problem
A --» F
! i

Q?H(')d

Its multiplication structure is determined essentially by the relation 1® .
0;
P)(A ® 1) = (p(A) ® ) for A € A, ¢ € Oy, in addition to the correspond—

ing formula with v replaced by ¥* which heavily depends upon the above
determinant element R € T (¢, p%).
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The statistical dimension d = d(p)[= Ind(2 : p(2))'/?: Jones index]

is determined by d(p)1 = Rj o R, = Rj o R, in terms of the intertwiners
R, € T(¢,pp), Ry, € T(¢,pp) which obey

RF®l,01,®R = 1,
R*®1;01; @R = 1;
with R = &(p, p) o R. These are the existence conditions for conjugate p to

p with ¢ contained only once in pp.
Next how can G be determined?

3.4 Determination of G: Tannaka-Krein duality
The identification of G is done by
G = End® (V),

where Endg (V) denotes the group consisting of natural unitary transfor-
mations from a functor V to itself, i.e., u € Endg(V) consists of a family
of unitaries u, € U(V,) in Hilbert space V,, parametrized by p € 7, s.t., for
Vmorphism T € 7T (p,0)(C 2) defined by Tp(A) = o(A)T, commutativity
Tu, = usT holds:

P Vo - Vo
T\ T, O [T
o Vo — Vg,

Then the relations arising in this formulation justify the identification u, =
Y,(u) with v € G and 7, as a unitary representation of G corresponding
to local endomorphism p € 7. The essence of Tannaka-Krein duality is
contained just in this formula: Here V : T — Hilb is the embedding functor
of T into category Hilb of all finite-dimsional Hilbert spaces constructed in
use of Cuntz algebras (details omitted). Then V(T) ~ Rep(G) reproduces
the usual Tannaka-Krein duality. Considering a bundle of Hilbert 2(-modules
over 7 (viewed as a graph), G can be identified also as a holonomy group.

4 Spontaneous Symmetry Breaking

As stated in Seé.l, we need to give up the Haag duality, 2 = A4, to treat
the situation with SSB. Instead, we can assume, without loss of generality,
that the essential duality 29 = A¢ is valid.
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1. Finite-dimensional induction for compact pairs H — G:
Any representation (1, W) of H can be extended to a representation
(7,V) of G by taking a direct sum y|g = 7 @ 1 with a suitable
representation (n', W’) of H (for proof, see pp.14-15 of [9]).

2. Stability and consistency of field algebra construction in SSB:
In use of the above result, one can verify the stability of the crossed
product construction of the field algebra under the change of Cuntz
algebras as the isomorphism between § due to the original DR con-
struction from the dual net 2% and the crossed product of A¢ with a,
Cuntz algebra Oy for any d > dp:

F=2%Q 0, 2% ® 0,29 ® O,
05’0 Of' '05"

(up to some minor point in the last equality ;). While the relation
9(A%) = A? = FH for g € G requires g € Ny, the normalizer of unbro-
ken H in T = Gal(F/2), the equality g(%?) ® Oy4=g(A¢ @ O4) =
osHs™? oF
§ can be verified even for such g € G that g ¢ Ny, which shows the
consistency of the construction method with the action of G bigger
than H (how to determine the spontaneously broken G is explained
next).

While the relation Gal(%%/) = Ny /H was verified in [8], the
analysis of SSB there was restricted only to Ny in order to avoid
g(2%) # A% In the physically interesting situations involving Lie
groups, however, the reductivity of a compact Lie group H — T im-
plies that Ny /H is abelian and/or discrete with a vanishing Lie brack-
ets, which does not seem to be relevant to the physically meaningful
contexts.

3. Duality for homogeneous spaces and its endomorphism version:

For a compact group pair H «— G, the definition of Repg/y and the
mutual relations among Repg, Repy and Repg /H can be described in
terms of a homotopy-fibre category Repg over Repy with Repg /H 88
homotopy fibre: Over 7 € Repy a homotopy fibre (h-fibre for short)
is given by a category 7/Repg (which is called a comma category
under 7 [10] whose objects are pairs (v,T) of v € Repg and T €
Rep(n,7|n) and whose morphisms ¢ : (v,T) — (v, T') are given by



¢ € Repg(7,7) st. T'=¢oT:

n
T T\ ,
_ - —
7|H lH 7 IH (1)
ig 1 Tim
Yy = = = v
¢

(To be more precise, the comma category 7/ Repg is to be understood
as /iy where the functor iy : Repe — Repp is the restriction of
G-representations to the subgroup H of G.)

The h-fibre over the trivial representation n = ¢+ € Repyg of H
is nothing but the category of linear representations of G/H due to
Iwahori-Sugiura [11], to which any other h-fibres can be shown to be
homotopically equivalent.

The version in terms of endomorphisms dual to the above h-fibre
category is given as follows:

End(2%) DT — Repy
End(2¢,2) DT = {p € T;p(A) C A} «— Repg

| T/T «— Repg/u

The h-fibre category over p € Tp is given by p/7T [or, more precisely,
p/D with D being the functor T 3 o +—— & € Tp extending endo-
morphisms from 2 to A% with the object set {(¢,T);0 € T,T €
(p,5) C A%} and with the set of morphisms {¢ : (0,T) — (¢, T");¢ €
T(0,0') C U,T" = ¢poT € (p,6') C A4}(: semidirect product of T
and %), where 6 = oo jéi( ) ° Jaud(o) gives the extension of endomor-
phism o € T of A(O) to A%(O) for O =suppo and jé((c))’ Jad(o) are
the modular conjugations of von Neumann algebras 2(0)’ and 2A4(0),

respectively: 24(0) jgﬂo) 2A4(0) c A4(0) ) A(0)" = A(0).

Corresponding to 7 <y To 4H ilb, we have an embedding map

H = Endg(V) < Endg(V oi) = G, as a result of which the bigger
group G suffering from SSB is determined.

) For any u € H = Endg(V), Vp € Ty, Ju, : V, = V, s.t. for VT' €
(p1,pg) Vr o up, = up, o V. Then, for any 0 € T, i(0) =6 € Tp and
VS € (01,02) i(S) € (i(01),i(02)) C A C A, Vics) © Ui(y) = Ui(oz) ©
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Vi(s), which means j(u) = uy.) : T — U(Vj(,)) is a natural unitary
transformation from the functor V o i = *(V) to itself, belonging to
End® (V o Z) =G.

Then, for each o € T, we obtain v, |g = 7,05 = 7i(e), Which states
that for each H-representation of the form 7, (o € T), there is a G-
representation 7, whose restriction to H is Ni(c) = Yol|r- This is just
the categorical dual formulation of the finite-dimensional induction in
1. (The structures of Goldstone multiplets and order parameters can
be clarified in use of this result combined with the next items 4 and
9, which will be reported elsewhere).

. Cuntz bundle category €B:
Bundle structures: OF ® Oy =T'(G x 0y), Spec(3(OF ® Oy)) =
o§ H o§

G/H.
Associativity (as algebras): (O @ 00) @ 0B ~ 00 g
02 0M o2

(0B Q(D) 0(5)) valid for such subalgebras O of Cuntz algebra O, that
o

oM 5 0@ c 0¥, 0B 5 OW c O6) and 3G® c SU(dy),GW ¢
SU(ds) s.t. 052 c 0,05 c 0@,
Functoriality of crossed product: 2 (X()} (=) is a functor from €8
Od

to local nets if 2 is a local net.

. Generalization of “sectors”: So far, only discrete sectors are recognized
as genuine ones. In SSB case, order parameters describes continuous
family of disjoint states (of §) parametrized by G/H and in thermal
situations, (inverse) temperatures 3[=(3")] discriminate also disjoint
KMS states (of 2). We can also formulate variety of non-equilibrium
local states (Buchholz-1.0.-Roos ’01 [12]). They need to be unified
in a similar way to the unified treatment of discrete and continuous
spectra of self-adjoint operators.

. Open problems: Is I' = Gal(F/2A) compact or non-compact?

The difficulty consists in the fact that all the relevant important
information is contained between 2 = §''(c §¢) c 24 = FH.

If I' = Gal(3/2) is non-compact, but still a semi-simple Lie
group, then we can take advantage of the Iwasawa decomposition, I' =
KANT, with K: maximal compact subgroup, A: maximal abelian
subgroup, N*: nilpotent subgroup (e.g., if ' = KA, it is an affine
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group of the form ax + b). If the appearance of non-compact Galois
groups is unavoidable, the essence of DR theory needs to be extended
to such contexts.
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