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On flower-tree dessins and their Belyi functions

FREILKRFE  /ME F Y(Toru KOMATSU)
Tokyo Metropolitan University

1. Introduction

FRTIE, HBBD dessin 25 % 3 Belyi BIMOMRIEICOVWTRRS, HRsk
RICBITHHEKTIL, TR LEONOEFSHF T EE LR, UTCHIHERED
AEADEER LIZOoNWTHHE LIRS,

BIETREROERL LB LMON TV AEMEDRREL ST TVE, =i
ROFEMIZONWTIT 2 ELURTRREEIZT 3, Belyi B¥ L 12, P! 0FRBREE
(FERB%K) T3/R0,1,00 (€ P!) DARSYIEIR S DT B, Belyi M3 : P! — P
LT, 0,1€ P Z%E5 (0o 3B D2VY) My [0,1) D% 4-1([0,1]) 1%, P £
DERERT T 7127 B, ZDYF 7% Grothendieck ? dessin d’enfant (¥ 7= i3 ¥iz
dessin) & PR, E7o, 0,1D# 471(0),571(1) £ XBIL T 2 MHEOH) (21T o,x)
EDIIBLTIFTTIR2EI T 7B, Ok Y, Belyi B B0 HB5 2 B dessin
B7H[0,1]) 1Z, EREZ2HBS T 7 TH B, HiT, DOEKBERTH HEE DAL
28 Z 71, % Belyi B33 3 @ dessin & LT “EH T 3” ¥)% A. Grothendieck
GIIZE>THOA TS, ZZTW) “BRTE3" Lk, Pl ED/S57L LTH
H2bOR[ONIELEIKRYT D, SEIDOERERIL, Figure 2.1(cf. 2%) D X 57
77T 3ETHY, Kzt h B ERT 3 Belyi B0 A ENRRIEOER T
HD, dessiniZBITBZERDOERIL. 75 THER (f. [Di]) THELATWALOIZ L
DEHE, 287 7143, Figure 1.1adD X 3 cycle 235 b D &, Figure 1.1b
D& ST cycle BRNVSDREFEET 5, —MRIT cycle B2V T T T % tree & FEREAR.
dessin IZBWV T H FARIC tree LFEXRZ LIZT 5, DOBEERERTHSB 7S5 701
E£E (diameter) REBEIN DR, TN LEKKIZL T dessin DERY EET 3, Hix
i€, Figure 1.1a, 1.1b D75 7 OEBIZENENG6,7 TH 5,

Figure 1.1a Figure 1.1b
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ARREOERIT BB 4D tree TH Y, TOF (Figure 1.2) 2> flower-tree & FESZ
&ZY %,

Figure 1.2

flower-tree (EE 4D tree 77 7) IZIXFL L SNDZRHB12H Y, EOFLKRIT
BET IR (L% 1OBATEER) B2 Q£ T3, Z0LE, KQENLIBMAE
HTWB 2 (HBVIZA->TWEN) TEDS 7 7DRNEEZERT D,
Definition (Type of flower-tree). We call the graph in the Figure 1.2 a flower-tree
of type {my, my, ... ,m;}. Here {my, my,... ,m;} is a multi-set.
Remark. Both graphs of Figure 1.3 are called flower-trees of type {2,3,4,5,6} due
to the definition. One calls their trees Leila’s flowers [Scl].

Figure 1.3

flower-tree {2 B3 B HF%i%. [AdSh],[JoSt],[Sc1],[Sh1],[ShZv],[Zal],[Za2],[Za3] %
TR ENTWS, #IZ flower-tree D Belyi B2 R 3 38, [Scl] TIiX{2,3,4,5,6}
BzoWT, [ShZv] Tix {m,n,k} B, {m,m,n,n,n} B, {m,m,n,n,n,n,n} B,
{m,m,n,k} B, {m,m,m,n,k}BRE (m,n,kiIFMERZEDEL) IZOVTHA
EnhTwnw3, CLETide<, ARE LM E L TO flower-tree 5 2 5 Belyi B
WZOWTORFEL 72 STV 5 (cf. [Za2],[Zal]). S EIOFFFEBIED 1-2i% G. Shabat-
A. Zvonkin D 3£E#R L [ShZv] TH Y, EBR, FHAEDORRE L LT [ShZv] DFERD
HE—BILEBTNE, ¥, bI 1 OOREREEL LTUTOXLIREEL
FHENRDH B, D, % genus g D dessin ENHRIRE LT D (BRI [Scl] &
fR), HE¥EQ DHxt Galois % Go &£ LT, 0 € Go® (X,5) € D, ~DER%
(X,B)? = (X?,6°) T3 (X,0i1QLEBEINTVS), ZDLE
Proposition 1.1. The action of Gg on Dy is faithful for each g € Z,g > 0.
g = 01X LAF® Proposition 1.2 DR TH Y, g > 1 DHJFITOWVTIiX M. Miyashita
[Mi]| DIERTH B, tree(JED dessin) EENPLRIEEET(C Do) & T 5, ZDLE
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Proposition 1.2 (H. W. Lenstra Jr.-L. Schneps [Scl]). The action of Gg onT is
faithful.

flower-tree £FENORBIERE FT(CT) T3, ZOLERD LS LTFERH S,
Conjecture 1.3 (flower-tree conjecture (fE5%F48), K-L. Zapponi). The absolute
Galois group Gg acts faithfully on FT.

Z @ Conjecture 1.3 2>5 b 53223 & 5 I flower-tree & ¥ @ Belyi B A& Rk
ROWHENETH S,

2. Main results

4 BT % Belyi B33 flower-tree iX {m,m,n,... ,n} B (miX 28, nix! &)
ThY, TROX>27F77ThB,

Figure 2.1

Definition (j-th flower-tree of type {m,m,n,... ,n}). The center of a flower-tree
of type {m,m,n,... ,n} has (I + 2) edges. On the (I 4 2) vertices adjacent to the
center, two of them have m edges and the others have n edges, respectively. We call
the graph in the Figure 2.1 j-th flower-tree of type {m,m,n, ... ,n} if there exists
J adjacent vertices having n edges between two adjacent vertices having m edges.
Theorem A. There ezists a set of polynomials {ci(r, S) € Q[r,S] | k € Z,k > 0}
with a following property: Let I, m and n be positive integers with m # n. For each
solution s of the equation ¢i41(m/n,S) = 0,

l
Bulm,m; 8)(X) = (sX® + X +1)™ (3" ci(m/n, s)X*)"

k=0
is a Belyi function whose dessin is a flower-tree of type {m,m,n,... ,n}. Here
the numbers of m and n in {m,m,n,... ,n} are equal to 2 and I, respectively.

Conversely, every flower-tree of such type can be constructed in this way, except

for (1/2)-th with even l. The (1/2)-th one is obtained by By/5(m, n; 0)(X2).
Theorem A X, {m,m,n,... ,n} R flower-tree DMRIEEZHARLTWB, /=

{Ck('r, S)}zo:O BE‘W%‘\:%‘EJ‘ZET% 60

Theorem B. The generating function of the polynomials ci(r, S) is

1 = x
SXE+ X +1y gc"(r’ X
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In particular,
(k/2] (_l)k_z' k—i—-1

cr(r,S) = m( H (r+3))S"

i=0

ZZT, [2] 13EE x DBEE ST (integer part) & T B, ¢pa(r, S) = 0 DERIZONT
X, ROEERR92 5,

Proposition 2.1. With notations as above, all of the solutions of ¢c;+1(m/n,S) =0
are real numbers, and they are distinct. -

% LT Theorem A ZEHIZTHH DL LTRIBELNT,

Theorem C. Let 8o < 81 < --+ < S[1+1)/2]-1 be the solutions of ¢;11(m/n,S) = 0.
Then the dessin of Bi(m,n; s;)(X) is the j-th flower-tree of type {m,m,n,... ,n}.
Z @ Theorem CIIHEDPRATIITHRTH o2, HAESEK O PHERBEELEDE)
BRI VEATEERRTH S,

PAF 3 #TiX Theorems A, B, Proposition 2.1, Theorem C DFEBADOHEE %R~
AETRIRRICETI2EO00EELRRS, /. 5 ETI Belyi B¥n B45)
PRONDITB,
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3. Sketch of proof of main results

§ 3.1 Elementary property of ci(r, S)
FETIX B e (r, S) DHRICOVWTERT 3, B cx(r, S) € Q[r, S] DEHIT

(/2] (_l)k_i k—i-1

Ck(T,S)=Z(—kT,)w(H(T+j))Si (k € Z,k > 0)
1l

tT5, ToLkE
Proposition 3.1. We have

1 1)
; = Ck(T, S)Xk
(SX?+ X +1) g

In particular,

(SX2+ X +1)™(D " cx(m/n, 8)X*)" =1
k=0
form,n € Z with m,n > 0.
BI%EF {ck(r, S) I RROWHER E W=7 (REBARE),
Lemma 3.2. For each k € Z with k > 1, we have

(2r + k — 1)Scp-1(r, ) + (r + k)ck(r, S) + (k + 1)ck41(r, S) = 0. O
Proof of Proposition 3.1. (3 Y =1/(SX?+ X + 1)" R8> FH B
(3.1) (SX2+ X + l)g—; +7(2SX +1)Y =0

DRTHDZLIXBERHITHH»S, —FH Lemma 3255, dreock(n, )Xk LfRT
H5, B BXCELTO—RREMIFBRATHSDT. 1/(SX2+ X +1) &
D ko k(T ) XF XERMBERVTELY, ZZTEIEKLIT X IOV TOET
HY. rSITHLTR—RIZERLIZRLR2, X =0 0ROZLELOM/EN] T
HBHDT, 1/(SX2+ X +1)" = 32, c(r, S) X*. O

Proposition 3.1 1%, 1/(SX?+ X +1)" % (SX2+ X +1)" L L, SX2, X,1D
SHERERML LTHRAMICHLIEFATE 5, Lemma 3.2 ¥ MA L-EBhIE, KD lemma
CHLHERRBTH S,
Lemma 3.3. Let k € Z be a non-negative integer and 1, € R a positive real
number. Then

(i) ck(r,0) #0,

(i) cx(r1,8) # 0 for any s € C satisfying cp41(r1,s) = 0.
Proof. (i) X, E&EDE cx(r1,0) = (—1)*([[525(r + 7)) /k! # 0. (i) 22T
Ck(r1,8) = Crr1(r1,8) =0 L 72% s € CHFET B LRET B, ZZ T, o, S) =
1#0LVEk>1THD, DL & Lemma 3255 (2r; +k — 1)sck—1(r1,8) = 0.
(l) N s 74 0. IREND 2ri+k—-1>0THADT ck_l(rl,s) =0. L TFRERIZL
Teo(ry, ) =0 &/BHB. ThiTco(r,S) = LIZF/E, %2 T cepa(ri,s) =0 & 723
s € CITH LTI, ck(r1,s) #0. O

§ 3.2 Ramification of the covering £;(m, n; s)
AE T B¥ Bi(m, n; s) 3% Belyi BB CH I E L IEHT 3,
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Proposition 3.4. Let I,m and n be positive integers. Let s be a solution of
ci+1(m/n, S) = 0. Then Bi(m,n;s) is a Belyi function.
ERIZUEV, B

l
Bi(m,m; 8)(X) = (sX2+ X + 1) (D cx(m/n, ) X*)"
k=0

K380,1,00 UANTIIRDIETHDZ L 2MNIDD, LT ZOEHTIX,m,n,s
EEEL. B(X) = Bi(m,n;s)(X) T3, £, KR0,1,00 TOHIKRIRE RS,
%h%'nd)}f—iP= 0,1,00‘:5'5TL'CAP = {SB S P! | ,B(l‘) = P}, Np = ﬂAp LBX.
A=A A TA, ¢T3, #HEF:P - PLICRITERz TORBEER: e(z) &
FEL, Tokx

(3.2) Y (e(z) — 1) = 3deg f— No — N1 — Neo.

z€A
RE deg BIZOWT, Lemma 3.3 56 s #0,¢(m/n,s) #0THH
(3.3) deg B = 2m + In.
Nole2WT. 5 #0,c(m/n,s) £0 £ 9
(3.4) No <Il+2.
X (3.4) DEFRRILIT

!
E 1: (sX?+ X +1)(D_cx(m/n, ) X*) = 0 ZEMERFIRW

k=0
LRMETH D, N IZ2OWT, ¢qi(m/n,s) =0 KU Proposition 3.1 225
1+1

BX) =(sX2+ X +1)™( D _ cx(m/n,)X*)"
k=0

=(sX2+ X +1)™( ick(m/n, $)X*)"  (mod X"*?Q(s)([X]])

k=0
=1.
BEoT e(0) > 142 THY
(3.5) Ny <degfB—-(l+1)=2m+in—-1-1.
K (3.5) DEFRILIT

& 2: (B(X) — 1)/ X! = 0 XEME20
LRMETH B, No L, B(X) BBERTH DD T Ay = {00},

(3.6) No = 1.
—%. R0,1,00 MADFTIZOWT (BEX DB HHIT)
(37 Y. (e@) -1 20

zeP1\A



ThHY. (3.7) DBERMIT
R 3: B(X) i Belyi B3 cdh 3

EFMETH S, BMIZIBIT 5B %IZE L Tkl T Riemann-Hurwitz DA AS
<mohTwna,

Lemma 3.5 (Riemann-Hurwitz formula (cf. [Sil])). Let ¢ : C; — C; be a non-
constant separable map of smooth curves over a field K. Then

201 — 2> (deg$)(202— 2) + D _ (es(P) — 1),
PeCy

where g; is the genus of C;. Further, equality holds if and only if either:
(i) char(K) =0; or

(ii) char(K) = p > 0 and p does not divide e4(P) for all P € C;.

Proof of Proposition 3.4. Lemma 3.5(g; = go = 0) 2%

2degf—-22>) (e(z) - 1).

zeP!

—h5. 32) b B7)ETLY
E(e(m) -1)232m+in)-(1+2)—-2m+In—-1-1)-1

z€P1

=2(2m +in) -2

=2degfB - 2.
HoT, ZOREFRRBIIESTHY K (3.4),(3.5),8.7) RLTEERIT 5.
¥iZ B(X) iX Belyi B3¥TH 3, O

§ 3.3 Discriminant of the equation c(r,S) =0

AETiX RETIT 5 Proposition 2.1 DIEADROEE R T 5, Kz, FERA
ck(r, S) = 0 DHFIRXZ BEHICIRIRT 5. k <4DL & ¢ (r,S) = 0 DARITMBIC
SN50T, UTTiXk>4LT3, FBRc(r,S) D SIZBET3RBROMRE S
hie(r) &L, c(r,S) =0 DREE s;(i=1,...,[k/2)) T3, 0%V

a(r,S) =h(r) [I (5-s).

1<i<[k/2]

CIT, ;i FiIk & r DBFIEFELTNIE (s; = s3(k, 7)) ICEET S, Zol
. HBIK di(r) %
)= I (s0—s)

1<i1<ig<[k/2]

LEBETD, —FH., BEXDi(r) €eQlr] %

(k/2)-1 [k/2]-1
Du(r)= [] r+k-5—-1Y J] (r+35+1/2)
j=1 j=1

T B, ToLx
Proposition 3.6. We have

di(r) = CiDi(r),
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where Cy, = di(1)/Dk(1) € Q% and

dy(1) = (k + 1)k/2-1 if k is even,
T 2671 (k4 D)EY/2 0 otherwise.

5 ck(r, ) /hi(r) 1X SITBL T [k/2] IRD monic RZFHEATH Y, Qr|HRETH
B DT dy(r) € Q[r]. & Q[r] ix Dedekind domain ThH5, $¥% Dedekind domain
(2> monic ZIERIZ OV TDO—EKAZREE (cf. § 6.1) 2ORBLDD,
Lemma 3.7. For each j € Z with 1 < j < [k/2] — 1, we have (r+k—j—1)7 | di(r)
in Qlr].

Proof. E&EM» O
[k/2] — k—i—1
_ o ()RR /2] \\ @i
cx(r, 5)/hu(r) = ZO oo (1L +)s
i= j=k—[k/2]
1< <[k/2-1ThHrEE; € ZITxL T, 2EAr+k -5 — 1€ Qr]iX
cx(r, 8)/hi(r) D Si(i =0,1,...,5;) PHREELZLTH VS, > T, Lemma 6.1
73“5(T+k—31—1)“ldk() O
Qk(r) Db 5 —FDOEFZIZOWT LR FETHEL, FOBIT, cx(r, S) iz
BUILERD X 5 72BEBXAQ(r,S) &2 5, 0LAEDEE L e Z(k > 0)1Zx LT

[k/2] (- 1)’° i k [k/2]-1 [k/2]-1 ’
AQ(r,S) = Z(k Zyi ( II c+))( ] r+i+1/2)s
i=0 Jj=0 Jj=t

LEETH, TDLE

Lemma 3.8. We have
ce(r,S+1/4) = a(r, S).

Proof. BE» DL co(r,S+1/4)=3(r,8) =1, c1(r, S +1/4) =3(r, 8) = —r TH 3,
it\lutmérmgﬁkemk>nkﬁbr

@r +k—1)(S+1/4f_1(r, S) + (r + k)h(r, ) + (k + 1)1 (r, §) =0

MRRILT 5 (BHEBE), 6T Lemma 3.2 & BUEHURMIED D cu(r, S+1/4) = & (r, S)
&i2%, a
cx(r, S) DHBIKE Q(r, S) DHBIRHBZE LN E WS EZER YT S5 &, Lemma 3.7
DFERA L Rk DR T Lemma 3.8 >R AN D,
Lemma 3.9. For each j € Z with 1 < j < [k/2] — 1, we have (r + j+1/2)7 | dk(r)
in Q[r].
ZIER di (1), Di(r) ORI LLB E T 2 BITKRD lemma ZAET D,
Lemma 3.10. deg, di(r) < [k/2)([k/2] — 1).
Proof. ck(r, S) = cx(r,rS)/rik/A L5 &

[k/2] [k/2 - k—i—-1
ci(r,S) = hk(r)z (k 22[,’;/2]' H (1+ ))S’.
Jj=

i=0 —[k/2]

FR cl(r,S) D SITBT BHBIR di(r) i
)= I (su/r—su/r)? = dr)/rkA%2A-D

1<iy <ia<[k/2]
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TH Do cp(r, S)/hi(r) 12 SIZBIL T monic 72 Q[1 /7| M EEATH B DT, di(r) €
Q[1/r]. &=>T deg, di(r) < [k/2)([k/2] - 1). O
Proof of Proposition 3.6. Lemmas 3.7, 3.9 5, Q[r] ®5E& LT Di(r) | di(r), &
5 Lemma 3.10 b&¥ % & deg, Di(r) < deg, di(r) < [k/2)([k/2] - 1) £ 2B, —
. BELY deg, Di(r) = [k/2)([k/2] — 1) Tdh B DT deg, Dy(r) = deg, di(r) =
[k/2)([k/2] ~ 1). #~>T. H2HEEKC, € QX BELEL T di(r) = CiDi(r). LLF
® lemma 75 di(1) # 0 THY, - D(1) #0THBEIDTC, = dk(l)/gk(l) €
Qx. O

Proposition 3.6 DFERA T, fH d(1) DHERB->TWV3B,

Lemma 3.11.
[k/2]

a(1,8) = (1) [[ (S - :
i=1

4 cos?(mj/(k + 1)))’

a1 = | (k+1)F21 if k is even,
k(1) = 26=1/(k + 1)*-1/2  otherwise.

Proof. £/ cx(1,S) PR AR, %5 2 F Chebyshev B DO REEE 543003
(cf. §6.2). di(1) 1. B 1/(4cosi(nj/(k + 1)) B LR ET B, 0

§ 3.4 Solutions of the equation c(r, S) =0

FH T Proposition 2.1 # BT 5 2%, D proposition 55 EH iz WA h 5,
Proposition 3.12. Let k be a positive integer greater than 1, and r a positive real
number. Then c(r, S) = 0 has distinct real solutions greater than 1/4.

Proposition 3.6 2> 5 HBIR di(r) SEREITHIH Y, BiZr > 0 R 5T di(r) # 0
THD, DFY c(r,s) =0L725r>0,s€ CRRALT, de(r,s)/8S #£0. =D
& ERRBI%ERE (cf. [Bl] Chap. II) 22 EHh B KRB B,

Lemma 3.13. There erists a unique set {s;(r) }gk__/f] of analytic functions such that

{s;j(r1) y;/f] is the set of all solutions of ck(r1,S) = 0 for every positive real number
1 > 0. In particular, s;j, (1) # 8;,(r1) for any r, > 0 and 51 # Ja- d
ST osi(r) DEHE G % si(1) = 1/(deos?(mj/(k+ 1)) ERBEIIERBL, D
L&

Lemma 3.14. For each r > 0, the solutions s;(r)(j =1,..., (k/2]) of ck(r,8) =0
are all real, and s1(r) < s5(r) < -+ < spy(7).

Proof. sj,(r1) g R ERB 1< 5; < [k/2], 71 > 0 BEFET B L{EET 5, Lemma 3.11
73)6 ™ ;é 1. &ﬁ'JU: {ui}, V= {’Ui} %mlﬁ’llq = 1,’01 =T~ ?ﬁﬂ:it(z € Z,i Z 1)

i+ vi)/2,v; if 5, ((ui +v:)/2) €R,
(%1, Vig1) ={ E,(Z (uiqui;,-) /112)) ot;Jer(v?il’se, W

TERT D, ZOLE {u)}, {v;}  THERZEMES| (BAHINF T I ERB A F)
THLIDT, BRI u = lim;_oo ui, v = lim;_o, v; BEFEET B, F7-. (i —v) =
(1 — rl)/2"‘1 £V u = . WE., {’Ui} DEBEBMD sjl(v,-) ¢ R('Ui € V) Ths,
ce(vi, S) € Qui][S] C R[S] THZIEM D, si(v) = s;,(vs) & 723 j BFEET B, 72
B, ZRERK : OBFRIERL T3, 2T i3y ITEETS, LS i
Du; € VIZH LT jOMY Fi1X B4 ARTH D, #>T, HHBHj, & b OKE
ROWSIRE Vo C V(fiVo = 00) BFELT £TD v; € Vo IZH LT 85, (s) = 55, (vy).
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SEATREN s;(r) 13 r 1B L TR THE DT
72 (w) = 855(v) = lim s, (vr) = lim s, (ve) = 85,(v) = 5, (w).

ZZTERD lim X limieyy jmoo £ 50 —H. {wi} DEBDD s5(u) ERTH S,
o T s, (u) = sj,(u) £72 Y Lemma 3.131ZFE, &2 T, £TD1<j< [k/2 &
ZTDr >0 LTsi(r)eR.

KIZ 8;(r)(1 < j < [k/2]) DR/DBIRITONTERX D, BEDPD 51(1) < 52(1) <
e < S[k/g](l). ZZ T, 3j1('r1) > 8j2(7’1) VR L) < J2 L T BEET D ERET 5.
s;(r) ER(r >0) THHDOTHEMEDER LY, 1& 1 OMIZ HD¥r, € RBFEL
T 55, (r2) = 8j,(m2) £ 725, ZhidLemma 3.131ZF /&, #-oT, s;(r)(1 < j < [k/2])
DR/PNERIEr =1 DREDHDOBRIFESND, O
Lemma 3.15. For each r > 0, any solutions of cx(r, S) = 0 are greater than 1/4.
Proof. Lemma 3.8 2*5 (1, S) = 0 DEENRLETE (DEHK) THEIEZTREITL,
ETRNWEEs<0(seR)IZXHLT

A (r, s) _ & Hg-lf]'l(?‘ +3j+1/2) iS50
1k TTR—[k/2-1 N Z (k — 2)l! (=s)">0.
EoT, &(r,s) #0. O

Lemmas 3.14, 3.15 2> Proposition 3.12, % L T Proposition 2.1 137 s hvie,

§ 3.5 Difference of dessins of §;(m,n; s)

AETIX Bi(m,n;s) BB {m,m,n,n,...,n} BO flower-tree ¥ 2T H X 5% %
7‘]_—;“#-0
Proposition 3.16. Let [, m and n be positive integers with m # n. For every flower-
tree T of type {m,m,n,n, ... ,n} except for (1/2)-th one, there exists a solution s of
ci41(m/n,S) = 0 such that the dessin of Bi(m,n;s) coincides with T. The (1/2)-th
flower-tree is obtained by a Belyi function B/2(m, n; 0)(X?).

KD lemma % #EHF T 5,
Lemma 3.17. Let s; and sy be two solutions of cy1(m/n, S) = 0. If 81 # 89, then
the dessins of B;(m,n;s1) and Bi(m,n; s2) are distinct.
Proof. s1,8; #HBR ciy1(m/n,S) = 0D 2 2D LT 5, Proposition 3.4 225
By = Bi(m,n; 8;)(j = 1,2) iX Belyi B8 TH Y, £D dessin Z D; £8<. D= D,
THDETDHE, Buy=Bop &2 BB o(X) = (aX +b)/(cX +d)(a,b,c,d €
C,ad — bc # 0) BFEET 3,

B RBRARTHBD T, f5)(0) = {00} TH Y p(00) = 0. 2T c=0. £k,
1 D G (1) THBEES2UETHIRIZOLETTHEDTp(0) =0. &£»
Tb=0. BUEDPD p(X) =aX(ae Ca#0)LRb, 0DHRF;(0) THILE
BERmMTHBIRIE, X2+X+1=00af = (-1x./1-4s;)/25; Th B,
BoT, plof) =of £hiZo(of) =05. plaf) =aof ETBL (o)) =0; TH
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9. af =aaf,0; =aa;. ZO2ROELERT, Fid#iT 5L —1/sy = —a/sy,
1/s9=0%/5, %8%. £oTa?—a=0ThY. a#0»ba=1 #o5T s, =8, &
8%, —H. plaf) =a; LTHLERLERT s; =5, =1/4 L7252, Lemma
3.15 ‘:}Eo J:O—C\ D1=D2 7‘;6‘331=82. O
Proposition 3.6 25 ¢i41(m/n, S) = 0 DRRITMERLY | ZOEEKIX[(1+1)/2)(=
degciy1(m/n,S)) TH %, Lemma 3.17 £V ¢yy(m/n,S) = 0 DRI LMRINS
Belyi BI3X D dessin iX2THRR Y, (1 +1)/2]BTH S, —F., {m,m,n,n,...,n}
B (mix 28, niXlfE) O flower-tree ik | BSAKD & 1% (1 + 1)/2 . | BMBEK
DEXX(+2)/218 FET D, #>T IBHFKRLIE, {m,m,n,n,...,n} WD
flower-tree i Bi(m,n; s) ETCLTE X b D, | BRBEDL XiX, Fi(m,n;s) ETH
SN2V dessin 221 DX T H Y. EThIZEE (1/2) T H @ flower-tree Th 5, EBE. =
D (1/2) % B @ flower-tree iX (FLORKIZBL T) A2 boThHY . £2h
LUAD flower-tree ILRHBRTIIRVY, Bi(m, n;8) IZDWT, 1 DH A, THIKIE
B2UETHIRIZ0 € A EITTHY, 0DHBR Ay THBIBENE m THB AT
(=1£v1-4s)/2s€ AgTH B, Bi(m,n;s) D dessin BEARMHTHD LRET B L0
REEALZY, (~1+vT—45)/28 = —(—1— /T —43)/2s L2, LirLdst
TWICT s € CRIFELRV, #>T, fBi(m,n; s) D dessin IXARBHFTIZRV, —F,
% (1/2) % B O flower-tree B RAFRTH D = L 1%, D Belyi BI%A {m, n,n, ... ,n}
& flower-tree (m X 118, nik (I/2) f8) 245 % 5 Belyi MM OMBIZB LN B 2\
SENLRND,
Lemma 3.18. Let I,m and n be positive integers with m # n. Assume l is even.
Then Bij2(m, n; 0)(X) is a Belyi function whose dessin is the flower-tree of type {m,

n, ..., n}. Heren is (I/2) times in {m,n,... ,n}. Moreover, B5(m,n;0)(X?) is a
Belyi function whose dessin is the (1/2)-th flower-tree of type {m,m,n,... ,n}. Here
m is twice and n is l times in {m,m,n,... ,n}.

Proof. Bija(m,n;0)(X?) (i = 1,2,...) ¥ Belyi I TH 2813 § 3.2 TOXRLF
RICLTIHEASN D, SEEELEEHZB5ZLI2EYD, Ba(m,n;0)(X) D dessin it
{m,n,...,n} B flower-tree ThHHERHH 5, £, {m,n,... ,n} & flower-tree
IIE—OFET 20 T—ET S, f2(m,n;0)(X) 2 {m,n,...,n} & flower-tree M
Belyi @¥TH 2 EN 5. Bio(m, n;0)(X?) iX {m,m,n,... ,n} B flower-tree ¥ 5 %
Do ETC Bija(m,n;0)(X?) = Bija(m,n;0)((—X)?) &Y. dessin it &0 THANKHT
»HY (1/2) B ? flower-tree £ 72 3, O
LAk T Proposition 3.16 iR & iz,

§ 3.6 One-to-one correspondence between dessins and Belyi functions

BIEITIX Gi(m,n; s) A {m,m,n,n,...,n} BO flower-tree 2 TE X 2H%
RLTc, FEITIX ENEND Gi(m,n; 8) B3 £ D flower-tree & 5 % 2 HIzoOv \;CZBHE
5, EDHBIT. B Gi(m,n;s) EBRIZS T (b BEKTEE/L L7c) BA% Gi(r; s)
% €% L T Theorem C Z3EHT 3,

UTleZ(l>1) 3EDERL LAET 2, $or0RE2AET 3, FOEK
T€R(r>0) & 0L LD L e Z(k > 0) IZH L T—# 2IHERK,C, &

=r(r—1)---(r—(k—-1))
1-2---k

r Ck

(+tCo=1) 4%, EORKreR(r>0)¢0TRERKaecCla#0)ictLT
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~FEEL P(r, o) (X) € Q(r, o)[[X]] &
P(r,a)(X) = ircka’“X ¢
k=0

LERT D, TDEE ' _
Lemma 3.19. We have P(r,a)(X) = (1 + aX)" in Q(r, a)[[X]]. For every point
z in the disk By = {z € C | |z| < 1/|a|} the series P(r, a)(x) converges absolutely.
In particular, P(r,a)(z) # 0 for z € B, with z # —1/a.
Proof BFDERIZEENLHALD, FKEK P(r, a)(X) DIRF¥EIX1/|o| TH
20T, BEK {z € C| |z| < 1/|o|} PEAR z T P(r,o)(z) ZAEHFPRT 5, &
oo BRI S0 1-Cl DR 2EHLHAE {z € C| |z] = 1/|of} EDERzTYH
P(r,0)(z) IZERIRT 5, BT, By PRETOR z X LT|P(r,0)(z)| = |1 +az|
Thd, oTze By, v#-1/a 20X P(r,a)(z) #0. O
MK {zeC||z] <1} 2ULTH, ENEEs e R(s > 0) TR LTER
xs:C—UZ% ‘

Xs() ={ ?Zﬁﬁ)/sg ;th;'(\zr:i)se, N

EL. ay(s)=(1—2s++/1—4s)/2s,0(8) = (1 — 25— /T —4s)/2s £ $ B, ED
E¥ErseR(r,s>0) LT

P(r,ay(s)) P(r, az(s)) !
P(r,—1)? OXS(X))(,CZ%C’C(T’ 8)X*)

LEETD, ZZTfogX)=f9gX) &¥5, ZDLZ
Proposition 3.20. For positive real numbers r,s € R(r,s > 0) with s > 1/4, the
map

Bi(r; s)(X) = (

Bir;s): PU - P
z(e C) — fi(r;s)(z)

oo o0

is well-defined and continuous. Moreover, we have

Bi(m/n; s)(X)* = Bi(m,n; 8)(X)

for positive integers m,n € Z(m,n > 1).

Proof. &M s > 1/4 XY |oy(s)| = |ag(s)| = | — 1| = 1. Lemma 3.19 925 C O£
TH A z(€ C) T LT P(r, o1()) (xs(x)), P(r, 2a(s))(xs(2)), P(r, —1)(xs(2)) IXE
HBEINTWVWS, ¥721¢ x,(C) £V 0¢& P(r,-1)(xs(C)) TH 2D TER Gi(r;s) IT
well-defined. ~S ¥ @IITEEER 2 DT, Bi(r;s) 1% {z € C | Re(z) # —1/2s} D&
ATEFETH D, limpecao Bi(r;8)(x) = 00 £V 0o TIZEME, {z € C | Re(z) =
—1/25} ED & 7y IKBEL T, BT OSSR 5 2 S OMBIRE lim, ., o Bi(r; 5)(z),
My —.z,40 Bi(7; 8) (z) RELVWERS,B, £oT Bi(r; s) IXEAEEMR, Lemma 3.19
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P(r, a1 (8)) P(r, () _ P(r, 01(8))(Y) P(r, a(s)) (Y)

Pz %) P(r,~1)(V)? N
_ A+ a6V +aa(s)Y) "
1-Y) Yexe(X)
=(sX?+ X +1).
LRO2TENPE 3ITRIL. xo(X) Z8X/(sX +1) & (sX +1)/sX DEBBIZLT
BT SEIERT D, %o T Bi(m/n; s)(X)" = Bi(m, n; 8)(X). O

S ZTLemma3.13 Tk =1+1& LIcROMATEES s;(r) 2 1 2L WEEL s(r)
t#<, Lemma 3.15 226 > 025 s(r) > 1/4TH%B, EOREreR(r >0) iz
LT, B8 Bi(r;s(r) i2 X B R U OB Bi(r; s(r)~L(U) & W(r) L BL,
Proposition 3.20 2*5 EEDEH m,n € Z(m,n > 1) IZH LT, Gi(m,n; s(m/n)) iIZ X
DEAIAR U OFBIZI W(m/n) & —B$ 5, Z0D L& Belyi B% Bi(m, n; s(m/n))
O flower-tree T'(m, n) ik W(m/n) IC&ENR 3, 9% Y T(m,n) c Wim/n). 22T
W(m/n) IZEUTF D 2 Rk &7 3 (1 + 2) BOPAKAE Wi(m/n) (1 <i<1+2) D0
RELLT(EFZBRVWT) —BEIZRbAN 3:

Wi(m/n) ~ U (homeomorphic) for1<i<Il+2,
Wi (m/n) N Wy, (m/n) = {0} for1<i <in <l+2.

72 Wi(m/n) 1% (142) REBK (s(m/n) X2+ X +1) (T4 ck(m/n, s(m/n)) X*) = 0
DRE 12T 28, ZIZTs(m/n)X2+X+1=00@EatebD% W, (m/n),
Wo(m/n) &3 %, &, T(m,n) B jEBD {m,m,n,...,n} 8 flower-tree Th 3 &
T 5. TDEE, Wi(m/n) & Wy(m/n) DREIC j BOBRIES W;(m/n) 33504 0 H>
SHTVDS (R (I - j) BHTWS), e, Wy N W, = {0}3G; # i) &
T T(m,n) C W(m/n) = UDI W, VS ERLHERY I, 2% Y s(m/n) X2+
X +1=0DF2ZLMARE Wi(m/n), Wa(m/n) ORI j BOBES W;(m/n) 28
HB2bIE, T(m,n)iXj ERD {m,m,n,. .. ,n} B flower-tree TH 3, ‘
WE r REDEEZERAIZEI< L BER Gi(r; s(r)) IBEBRICELL, W) b
BRCEF T 2, £72s(NX?+X +1=00bEBICELT B, R£oT, H3
EDOBE m,n; € Z(my,ny > 1) I3 LT T(my,n,) 23 j &8 D flower-tree 72 & IF.
ETOEE m,n € Z(m,n > 1) IZH LT T(m,n) iX j BB D flower-tree 272 3,
m=n=10LEITIE{m,m,n,...,n} B (m#n) TRRVOTERIZ; BB LW
IFBHIZTTERN, LALERG, s(1)X2+X +1=00DMRL B0 A0 FFESTD
iz S ek(1, 8(1)X* = 0 DAR & LK 0 ZRESAUN j AR D DHEE, BRI jEH
7D flower-tree & FESEIZT D, T L & T(1,1) 2 &EEB D flower-tree 72 51F, T
DEF m,n € Z(m,n > 1) I LT T(m,n) iX j B H O flower-tree Th 3, LT
Lemma 3.13 D% CEE L7z & 512 {s;(r) L0/ Btz o137 & & s(r) = s, (r)
RBIET(1,1)iX (1 — 1) FB D flower-tree & 725, X5 Lemma 3.14 2>H2T D
E@%#T‘ € R(T > 0) LT 81(7‘) < 32(1”) <+ e L s[(l+1)/2](r). ﬁéofﬁﬁd)ﬁ
THIZEETHEIZLY Theorem C AR Eh 3,
Remark. Theorem C i3iBERF TIIFHRDOBRETH o7, BFEMEL% . Strebel 245y
(cf. [St],[Zal]) Z A5 % PAHEEEAICEIE L CIHV =, FEBS Strebel #4453 %
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5T % Theorem C ZEATE 203, ABTiIX LV EFEMRERIC X - TiEH%Z
527,

4. Remarks on main results

§ 4.1 Discriminant conjecture

A#iTIX flower-tree {28895 Shabat-Zvonkin FRIZDOWVWTRN S,
Conjecture 4.1 (Shabat-Zvonkin [ShZv]) . Let my,my,... ,my; be distinct t pos-
itive integers. Let T be a flower-tree of type {my,... ,my,ma... ,my}, where the
numbers of m; are equal to k;, respectively. Then the “discriminant” of T splits into
linear factors of the form

a;my + agMg + -+ + QY

where a; are integers with 0 < a; < k;. Besides, the “discriminant” has a numeric
factor whose prime divisors are less than ky + ko + -+ - + k;.

ERDOEZRTHSD {m,m,n,...,n} B flower-tree D “discriminant” X, § 3.3T
EBH L7 di(r) 25 & dipi(m/n) TH B (“discriminant” O ERRERIZOVTIX
[ShZv] ). Proposition 3.6 2*5. di1(m/n) i U TORERFIZHHEEIND:

mi(-jn (GeZ1<i<[I+1)/2-1),
om+ (2 +1)n (jEZ1<j<[(+1)/2-1),
n.

¥ 7= BEE S OEF (numeric factor) X Cipy = diy1(1)/Di11(1) PEFTH S,
dips (1) OEFIE max{2,1 + 2} = L+ 2 AT TH Y, Dyys(1) PEFiE max{l,2 +
2([(1+1)/2) - 1) +1HS I+ 2 AT TH B, o TI+2B3RKTRITIT, Cpa D
RKEFIZI+2RETHD, [+2B8BEDL = [+ 11XBETHADT, Proposition
311225 dyyy (1) = (14 2)WHV2-1 —F | EE»D

(I+1)/2-1 (1+1)/2-1

D)= [ @+1-4Y II (@+3)/2y

=111 —1)2--- ((1 4+ 1)/2)+D/2-2((1 4+ 3) /2)H+D/2-1
x(5/2)(7/2)%- - - (I +2)/2)¢+1/21 .

THY., Dia(1) DRESFEK (14 2) “F X (1 4+ 2)HV/2-1, Lo T diyy(1) PERFLE
TEHHLHELAW, Cyp ORERTFIXI+2KML 2D, OFD
Proposition 4.2. Conjecture 4.1 is true for the case of type {m,m,n,... ,n}.
7238, [ShZv] TIX {m,m,n,... ,n} BT m,n OBEEIENLEN 2,17 DHEIT
“discriminant” % 3+ B THE LR 1H D, dis(m/n) & £ D “discriminant” &
THEHEFOEBNNED B, FRITFBER cs(r, S) L ENITHIET 5 H D ([ShZv] T
BWrEb0)BNEFEIBTHY. REMITIT diyi(m/n) & “discriminant” iX[R T
HDOTH B,

§ 4.2 Moduli field

A& Tt flower-tree @ moduli field IZ DWW TEET S, —H&D dessin D D
T. #® moduli field # EHET 5, BN dessin iR LT, ThEERTHQLE
£ X7 Belyi ¥ Bp BDEETIERM LN TV, AEEME Q O#exf Galois #
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Go DB Gp %
Gp={o€Gq| D& (83)71(0,1)) R P' L0757 & LTRIE)

¥ L. D®moduli field Mp % Mp =Q°° (Gp iz & 5 QOREMK) L&+ 5, =
DEZTRDEIBERBIMONTNS,
Proposition 4.3 (Shabat [Sh2](cf. [ShZv])). For every tree T, there ezists a Belyi
function for T defined over My.

SEOBE L OBBRIE ZOEREHEZLTNS,
Proposition 4.4. With notations as in the Theorem A, let T be the flower-tree of
Bi(m,n;s). Then Mr = Q(s).
Proof. moduli field DEEA»H Mr C Q(s) THB, ZZT. Gr Do #EEIZ1
DEVEET D, c(m/n,S) € QS| &Y. o(s) Eeyi(m/n,S) =0 DRTH S,
0(s) #s LIRET DL Lemma 31705 T & T° IXRMETII RS, 0 €Gr LRV F
JB. > T, o(s)=stib, £oT Mr=Q(s). O

§ 4.3 Simpler trees :

FETIX SEEK S - flower-tree X Y bMER b DIZONWTERT S, EE1D
tree X5 Y 5 Belyi B%iII X TH Y. EE 2D tree DBAIL X™(m > 2) TH 3,
{m,n,... ,n}(m2* 1B, n % 1ME) B flower-tree ? Belyi BI%IZ §i(m, n;0)(X) T
HLIBEWRGNB, ELT, HE3D treeid {m,1,...,1} B (m 18, 1231 118)
O flower-tree & #7248 Belyi BA¥X -1 (m, 1;0)(X) &3, fE-T. ZThbD
FIIETQ EERS i Belyi BI¥KIZ2Y, My =Q. &> T, {m,m,n,... ,n} &
flower-tree IiX Mr # Q & 72 % non-trivial 72 &b 8 LV tree TH 3 (cf. §5.2, 5.3),

§ 4.4 Remark on Proposition 2.1

AMEZMET. Proposition 2.1 13 & W BICIERATX 2Ry hotz, FEADFH
#Hi%, Lemma 3.2 DW{EREFIM L HEORMBELZ AV S, #5T §3.3,340%
2 72 KT & 7288%1X. Proposition 2.1 DA ICEBRMICIILETIIAR Y, LirLAias
5, §3.3, 34 THONBRII KR REKTEETH S, #lxi¥. Shabat-Zvonkin
T (HBIXTFAR) OBSBRIZEML TS, ¥, Shabat-Zvonkin FAEX K
ETHERBEZ S,
Proposition 4.5. Assume that Conjecture 4.1 is true for a flower-tree T. Then the
extension Mt /Q is unramified at any prime divisor greater than |T|, where |T)| is
the number of edges of T.

Z O proposition X, Conjecture 1.3 Z#EERIIZ (HEMIC) FEAT 3RO BV VE
RiZ231x¥Ths, ‘

5. Some examples

AETII=1,3,5 DBAITONTEAERD Belyi By BEMICHR L, £
35,

§5.1 [ =1 case
co(r,S)=r(r+1)/2—rS=—r(S - (r+1)/2) THBEDT, c(m/n,S) =00
fRIX (m+n)/2n. ZD L & Belyi BI¥K 5i(m, n; (m +n)/2n) 1%

.m+n _ m+n_, m m m+n m m+4+n

)X)"



_m +n ., me, m n
=( - X2+X+1)"(1 nX)
_1_ m(m + n)(2m + n)X3 _ m(m+n)(2m +n)(m — n)X4
6n? 8n?
_m(m+n)(2m + n)(m — n)(2m — n) x5
20n4
+(higher terms of degree greater than 5).
m=3,n=4®0% %0 Belyi Bi% 5,(3,4;7/8) It
207783 ., 6615 _, 945 o 75 . 3325
.7/8) = _ D0 w9 X8 2 x
Bi(3,47/8) = 315X " ~ Tessa  Te3sd 128~ T 2048
o1 . 105, 35 .,
+256X +%X 16X + 1.
Belyi B3%k 5:(3,4;7/8) @ dessin X FRID K 512725,
Figure 5.1
§5.2 [ =3 case
2 3
ar,$) = (5 (r 125+ r+ ig”“ )y

THBDT, cy(m/n,S) =0 ORI

3(m + 2n) £ 1/3(m + 2n)(2m + 3n)
S+ = 6n .

Z® & & Belyi BA¥ G3(m,n; bsi) X

3
Bs(m,m; s4) = (82 X%+ X + l)m(ch(T—:—,si)Xk)"
k=0

m(m +n)(m + 2n) (2m + 3n)(4m + Tn)
60n4

=1+

:tm(m + n)(m + 2n)(2m + 3n)4/3(m + 2n)(2m + 3n)

36nt
+ (higher terms of degree greater than 5).
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42

m=6n=50,& s_=2/55, =14/5Th V. FNEhD Belyi Bkt
Bs(6,5;5-) = —%% X% - 95%;2;?223225 X% — 95;,3‘;22?2200225 X

42375168 24 _ _ 189395712 23 333170496 22 1355726592 21
+3814697265625 X 3814697265625 X<+ 762939453125 X+ 762939453125 X

418456368 20 _ __40672368 19 25308492 18 __ _439828488 17
+152587890625 X 152587890625 X7+ 30517578125 X 152587890625 X

_ 532950759 16 __ 1093413024 15 2431836 14 __ 1090584 13 311256 12
30517578125 X 30517578125 X=+ 1220703125 X 244140625 X2+ 48828125 X

747792 11 2277396 Y10 _ _1848 9 594 8 __ 396 6 __ 2376 y5
+9765625 X+ 9765625 X 390625 X° + 78125 X 3125 X 3125 X°+ 1’

. — 1763096987542411214848 27 154557203453393190912 1-26
'B 3 (6’ 5’ 8+) - 476837158203125 X+ 95367431640625 X

+198539295345210580992 X25 — 391722893443639296 X24 _ 4998654854 74688256 X23
95367431640625 3814697265625 3814697265625

603290237030478144 22 271566393255641088 21 85939889011842096 1~20
+ 762939453125 X*+ 762939453125 X<+ 152587890625 X

__2375662344135696 X19 __ 664637272536468 X18 + 9713161164849912 X17
152587890625 30517578125 152587890625

897045969994713 16 1860215453002368 y~15 _ 953832057156 114
+ 30517578125 X*+ 30517578125 X 1220703125 X

295991404632 y-13 111732794712 12 10583005104 y~11 32321456244 y 10
244140625 X"+ 48828125 X*+ 9765625 X7+ 9765625 X

__ 5057976 Y9 __ 70686 8 484704 7 4 47124 y6 282744 yv'5
390625 X 3125 X° + 15625 X'+ 3125 X®+ 3125 X +1.

Belyi BI% 35(6, 5, 2/5), Bs(6, 5; 14/5) O dessin iF FEID & 5 172 5,

Figure 5.2

{m,m,n,n,n} B flower-tree ® moduli field IZ DV T&KHI43 B,

Proposition 5.1. For every real quadratic field F, there exist infinitely many flower-
trees T' of type {m, m,n,n,n} such that My = F.

Proof. EDEH¥d € Z(d > 1) 122V T, A {du? | u € Q} REDEIL b 72
PREDTFTRETHD, HIC3/2<dul<2L72Bu € QNEMICHEET S, *
Duy € QITH LT my/ny =3(2 - dul)/(2du? —3) LB L S ITEDESE my, 0, €
Z(ml, n; 2 1) %Hﬂ_zb 60 Dk % 3(m1 +2n1)(2m1 +3n1) = d((2m1 +3n1)u1)2. %O
T {m1,m1,n1,n4, 1} B flower-tree T @ moduli field My i3 Q(Wd) TH 3B, a

§5.3 1l =5 case
f(r,8) = 12083 — 180(r + 3)5% + 30(r + 3)(r + 4)S — (r + 3)(r +4)(r +5)
EBL L c(r, ) = —r(r+1)(r +2)f(q,5)/720 T3, H#RC,ECP? %



C: f(r,S)=0,
E: y?= 13— 2475z — 5850,
ET5L UTOREEER ¢, BFEET S:

p: C > E
16S 4 —30S
(’I", S) = (.’E, y) - (15(,',,_|__3 - 3)1 120( r+S +3))a
v: E — C

160 2(z + 45)
@y = 8=y Y Beryrsn)
IDEE Yop=ide, potp =idg TH D, - T HIFEEr e QITHLT, 3K
X f(r,5) e QS| B QLEFAMTHEZ i, Y(P)=(rs)(s€Q) LR2ZHMRE LD
Q-FERP=(2,y) e EQ)BHEETHZLLAETHD, 2Fh, AR (EiX
EDOMLDOEED) ricxf LT f(r,S) = 023 Q LAt WS REIX, AR E D
Q £ Mordell-Weil # E(Q) DHEEIZ X %, BHEM Y 7 b Simath S &2 FAT 5 L.
EQ)~ZPZ/3Z THHENGND, ZITHEEBITREHI, 4§ BL4B8RDIS L
LTS b0 C(Q)&ERDTIZR., EDOFIESCL={(r,5) e C(Q) |r > 0}
THBEVWIHIZLTHD, BT, EQ DE2THOANLBEELTSr (0FY, 3K
Xf(r,S)BQLAKLZ2ELI2reQ,r>0)ELND LITRLZRN, FIZIX,
Py = (75, —480) € E(Q)yors 1A LT $(By) = (=5/2,1/4) & Cy. BLED X 5 Rz
EBLRBL, ROERZHD,
Proposition 5.2. The function (5(33,124;69/248)(X) has the minimal degree
among Belyi functions whose dessins are flower-trees of type {m,m,n,n,n,n,n}
(m # n) and which are defined over Q.
Proof. P, = (—221/9,5408/27) € E(Q) ¥ 3 & (P,) = (33/124,69/248) T 3.
B5(33,124; 69/248) (X) DWBIE. 33 x 2+ 124 x 5 = 686. KA 686 AT L2 3
{m,m,n,n,n,n,n} & flower-tree IXIWMm L FRETHHD T, TN HLELETHINIT
+5THD, EBE. 0<m<(686—-5)/25320<n < (686 —2)/5 L2BEVIHR
REE m, iz LT, f(m/n,S) B QEENTHIEEXLZNITL, O

ENTIX, 2FBIT/PEVREEZFOLDIXMMANE W) LEMAED, FXIX,
m = 2008145,n = 1653242 D & &, (35(2008145, 1653242; 2227251/3306484) (X) &
V) Belyi BA¥ T, £O®REIX 12282500 TH B, ZDOHFEBITOWVT, ERRICHARS
DIIRERETH D, Eix, AR F 28T 55 B (naive (Weil) height &
canonical height) £ 5 Z L2 K> T, FERIIMEIZR S, FEHIIKRELUTOLS T
HD, T WEP/DNEVQ LEHE STz Belyi B3 5(m, n; s) BEET B2 51F,
FEEr=m/necQn “BX"I/h&L2Y, £ f(r,S)=0DFEEHEsc QD
“BE” b/NEW, ZDEE, piZk>T P=p((r,S)) ® “F&”(naive height) /)
SWERSMND, T T, E_EDKD naive height & canonical height D ZED#&xHE
X (BELADRIEOBRNEDRITKDIHIEET) ERTH D (cf. [Si2]) Z & izEER
T5BL. P=p((r,S)) ® canonical height h(P) b/N&EVy, E(Q) DA T, canonical
height RHBE LV /NS HLDIIELFRETH Y (ZOBEEKITZENREEL 2 A
BIZHEETE S, LT, o DRI LTy OBHPES Cy ITA> TV b Belyi
BB ORE 2m + 5n &R, KEE LT 5,

T, RRBRFETROL S RT LB 5,
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Proposition 5.3. For every positive rational number r € Q(r > 0), the equation
f(r,S) = 0 has at most one rational solution.

RO lemma(GEHAKE) ZBET 5. P = (75,—480) L B & Py € E(Q)iors TH

D, EDOMEIIITHD, ZDL &
Lemma 5.4. If (P) € C, for a point P € E(Q), then ¥((—1)*P + joP,) € C,
for each (ji, j2) € {(0,1),(0,2),(1,0),(1,1),(1,2)}. O
Sketch of proof of Proposition 5.3. EDHEEr € Q(r > 0) ITx LT, HFEK
81,82 € QEHBX (1, 5) =00 L ¥ B, E(Q PR P(i=1,2) % P, = ¢((r,s:))
8L, DL &, P L P,® canonical height DZEDEXE |h(P,) — iz(Pz)| ITR&
<72\, Mordell-Weil # E(Q) © B if§¥rank; E(Q) 8 1 THZH L ho[n] =n2h
Mo, ri+akR 6, A(P) = h(P,) THB, 0L i canonical height DK
ErankzE(Q)=1%BWES L. P+ P, £/ P, — P, 2 torsion point iZ72 3%
Z‘!gﬁﬁ‘éo Lemma 5.4 & N P1 = P2 b 7’2 j 81 = 82. T ﬁi‘i‘ﬁ&:“ik% < fi‘/‘ﬁ‘:
DWTiX, E LD KR T canonical height 2% 2 X W /NEWERBE L DIZHONWT, £
oD Y TORY HERD r> 0T I L EEIDNITR, O

Proposition 5.3 D% & LT
Corollary 5.5. For positive integers m and n with m # n, the set of three flower-
trees of type {m, m,n,n,n,n,n} does not split completely into three Gg-orbits.
Corollary 5.6. Let m and n be positive integers with m # n, and T a flower-tree
of type {m, m,n,n,n,n,n}. Then the moduli field Mr of T is a cyclic cubic field if
and only if (m + 4n)(2m + 3n) is a perfect square in Z.

Corollary 5.6 D5tk % 73 P T Belyi A OREBB/N2 b DIX. (m,n) =
(37,2) DRFT EDRKIT84 TH B, £, EDFFD moduli field iZMF (conductor)
232700 =32.7-43 D IRKEHETH 5,

[ShZv] IZBWT, (m+4n)(2m + 3n) BELFEF (FIXiE, m=t2+6t-3,n=
22 -4t +2¢t € Zt>4)LTB)THY, o f(m/n,S) ¥ Q LEHTHIIT
Mr i3 3RXKEETHD L ERLTVWS, £ L T Hilbert DEEMEEERLZE- T,
f(2+6t—-3)/(t2—4t+2),S) NQ LML 2Dt c ZITEREHB L LTS,
L 2>L 72228 53 Proposition 5.3 IZ &> T, Hilbert DEE#MEEE 24 5 LE X2
BEEINPD, B m=t2+6t—3,n=12 -4t +2 LEBHRILTIHLE LR,

6. Fundamental lemmas

§ 6.1 Relation between coefficients and discriminant

ATt Lemma 3.7(Lemma 3.9) THW=SERX DL & HBIRXDOBIKIZHS
WTIRR%, R% Dedekind & L., F 22 DOB&E LTS5, f(X) % d KD monic
2 FREZEAL T35, 3EX f(X) ¥ F ORKBAB F O o; BIZE 5T

FX) =TI (X — ;) L REAEENT L &, f(X) DHBIR disc(f) %
disc(f) = H (aj, — aj,)”

1<j1<ja<d
LEETD, ZDLE
Lemma 6.1. Let f(X) be a monic polynomial of the form f(X)= ?=o g: X* with

9i € R, and p an integral ideal of R. If g; € p for every i with 0 < i < i, then
p® | disc(f).
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Proof. monic 2% f(X) = 3¢ ¢, X! OUBIR disc(f) 1iZ. UTFTEBEESNB1T
Bl M ZFRW5 & dise(f) = (—1)%4D/2det(M) LEREND (cf. [Co] §3.3), ZZT
det(M) ix M OFFFIRET B, MiZ (2d—1) x (2d - 1) 75T

(94 94 g g 0 o0
0 9a Ga G g 0 --- 0
0 -~ 0 g4 G9i @1 g O
0 - 0 gd gd-1 e 91 9o
M=| hy hg ha hy O 0o |,
0 hg hi ha hi O 0
0 0 hg hi ho hy 0 0
0 0 hy hg he hy O
\ 0 0 ha has -+ hy Ry )
hi =igi(i=1,2,...,d) LEEBEND, ZDLE, ITHIRDOEEDID
d-1
(61) ‘ H(gi_l,gi_z,... agO,hi,hi—la- .. ,h1> |det(M)
=1

B, (r,re,..., 7y e R1<i<s) TERIND RDideal T35, £/, K
(6.1) DR} PBiEIT FTFIM D (2d— ) SN2 X BbDTH B, 4. h DEH
DB (Gi-1,9i-2- -+ > 905 hiy hic1y - h1) = (Gir Gi-1,- - 1 90) THY

d-1
H(gz‘agz’—la ..., 90) | det(M).
i=1

TIZT, Hdideal pAg(0<i<ip) ERTELROIT

p I <giosgio—la'." )g0> | toT l <92,91,90> I <91,90>-
P> T, pio | det(M) | disc(f). 0O
§ 6.2 Chebyshev function of second kind
AfTiX, Lemma 3.11 THV /=% 2 f& Chebyshev B DRI OV TR AR
%, %5 1% Chebyshev %k & 13\ 3>® 5 Chebyshev ZIHR cos(k arccos z) DETH Y
—7J5. # 27%& Chebyshev BI$k & 13 K4k sin(k arccos z) IZl7=#D Z & TH B, Uk(z)
DREH (cf. [BoEr] §2.1) i%
1 Ocos((k+1)arccosz)  sin((k + 1) arccos z)
T k+1 Oz ~ sin(arccosz)
r = cosf LB &, Uk(z) = sin((k + 1)8)/sinf. F3X exp(v/—10) = cosf +
V=1sinf = z + V22 -1, exp(—/-16) = z — V22 -1, exp((k + 1)v/-16) =
(x+V22 -1 2 PiIcEET R L
Ue(z) = (z + V22 — 1)kt — (z — /22 = 1)k+!
T eV D) —(e-var 1)
TDEE Uy(z) BRROBEEIZE-TEX BN D,

Uk(fL‘)
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Lemma 6.2. We have

1 oo
———— =Y U(2)y*
o= 2 U
yi-2zy+1 &

Proof 1 =+ V22 -1, 20 =2 - V22 -1€ Q(z) T3, 112, =1 ICEET S L

1 1

¥ —2zy+1 (y—21)(y — z2)
_ 1 ( 1 _ 1 )
T1— 22 Y—2T1 Y—I9

-1 e

= T S e

T — Tq =0

@ ghtl _ ghtl
- ; Ty — Iy v O
Uk(z) = (2§t —2511) /(21— 29) 12\ 21,2, DRBTRETH B DT Ui(z) € Q(z).
E 21,20 B Qfz] LETHBHNDT Uk(z) = ¥+ iy + 2k b Qlz] LET
HY, Uk(z) €Qz] 22T HEARL] +2] € Qz|(j > 1) 2EBHBT S, EBEID
214+ 2y =2z, 21" + 2} = (21 + 22) (2] + 7)) — (2] 4+ 2 7Y) TH B, KPR
BIZEY, j 212U T o] + 2} = 2727 + (lower terms of degree less than j) 434
2%, > T
(62) Uk(z) = (2} +25) + (&1 + 257°) +---
' = 2%z* + (lower terms of degree less than k).
WX z=cos(mj/(k+1)(FEZ)LTBEL
21 = cos(mj/(k + 1)) + v=1sin(mj/(k + 1)) = exp(nv/=1j/(k + 1)),
= exp(—mv/-1j/(k + 1))

ERBOT i = bt = (1), F j=1,2,... k2512, # 2, THBDT,
cos(mj/(k-+1))(j = 1,2,... , k) 1 Up(z) DIRIZ B k BORTH B, £>T R (6.2)
b= A W

k
U(z) = 2* H (z — cos(mj/(k + 1))).
j=1
Lemma 3.11 ICEAT 2Tk y=sX,2=-1/2s¢ 35, 1/(y? - 2ry+1) =
/(X2 + X +1). Znr &
ck(1, 82) = Up(—1/25)s*
= ;.‘=1 (—1—2scos(mj/(k + 1)))

L72%, P€>T, 1/4cos®(mj/(k+1))(j=1,2,...,[k/2]) iX c(1,5) = 0D TH
%o Elz1/4cos’(mj/(k+1))(5=1,2,...,[k/2]) IFHERAR Y. deggcr(1,S) = [k/2]
T¥H 5D T Lemma 3.11 D ¢ (1,5) DRESIE YB3,
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