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Numerical examination on bootstrap tests for difference between
two distributions using Kolmogorov-Smirnov statistic

JLHBE R - RERRTEMFRE  #&3 #4C (Hirohito Sakurai)
Graduate School of Engineering, Hokkaido University

AR - ¥R & #Z (Kunihiko Takahashi)
Institute of Mathematics, University of Tsukuba

®m =

AR TIE, T—F ATy T KD 2 SOREANFOEEEREEZIRET 5.
REHERICIE Kolmogorov-Smirnov #istB% AW, FORESHEOELMELLT, 5
BEOVY YTV T ERERT . EHIC2HDT— — ROIEREDBDTT INT Y
ZIIEESEEEL, FNEOREDY A X, RSO Z BUERNCITS .

1 FLC®HIC

B F(z), Gz) b EWICINIC i E N/ 2 OEA X = {Xi,..., Xa},
Y = {Yi,..., Yo REDOVT, 2005 HNEL L EWV S REH

Hy: F(z) =G(z) forallz (1)

ERET BRI, QEATEL MENS. 2L, Xy, X M F N, Y R G
T5%. (1) ORERERS /VF AR Uy JREDHT S, Kolmogorov-Smxrnov Hat g

T(X,Y)= sup_|Fu(z) = Gn(a)l )

# AV % Kolmogorov-Smirnov BE AT T, K-SKRELMET) 3FHTHS. TCT,
Eo(z), Gm(z) 3 BB HABRZERL,

Fu(z) = EI{X <z}, Gnlo)= %ZI{Y]- <z},

THB. 12FL, [{} 3 EBEKTHB.

O SHBEMEID, XDOX S HHEEOMBECHLTHATESTHAS. fIRE, H
ZEDHBEMEHC W K DO DERHIEDZ L DT — ﬁngofﬁﬁb‘&)ahﬁﬁﬂéh'cm%
B MEECBOTS, TOEOHRNBDONIHELZHENHINETS. TT
—fic, AEBEAZRB LD LT RELOHKNCKD, +5 \ﬁﬁ%éwﬁﬁﬁ%@é;au
HWTHBEIDT, bLBIELNTWVWEREDT — — 2 DEREFATZZD0THNL, VI
PN TF—RIC &> TEFDEN A DB N TEZN LWV S T EHHEICKS. TD
ESHIBAICE, BHCBON TV AKBOF —XDATH F &, Filc@ohidkns —&

DR CHELOHOEI VS RERE, 4hbb,

RIER Hy - F=G, MRS H, - F#G (3)
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ZEZ UL KT HA S (Akahira and Takahashi, 2001). & T AWM ETIC, K-S REIC
BIL T, 2 BFOEABDBIRIC BIZ 3188 (n > m) DEMCOVTRHEHHESN T
T EHIC, BEFER 2) ZAVRBEORIAKEICDOVTYE, & b —RITKRD
b ETHRINICEHT 20 EH#TH 3.

T TAMX T, n > mDFPED K-SREDBUEN R B R FAREC L XBNLE TS,
Tz, BEMETR (2) DRBEBOL & TOH (LT TR, BESTH L ER) OERIEE L
T, 7=F A SYTHEEZRAVIFED K-SREFERIZRTS. T—F AFSy T Eh
&, HEHEER (BRI, ILAAE (1972) Z8W) ICEWVEER LIRS T LA TR, E5icid,
B OFIaZ BELT X 3R50 5 5.

BUERE (3) 27—k A+ 7 v T EDOBUSN 5 #-> TV 3 XHRIC IS, Preestgaad (1995) R
Jing (2000) X E A5 %. Praestgaad (1995) Tld, 1 KytT — X DIFAD (3) DRER, T —
FAR Ty TREEBNEXBREIC X DREIL TWVB. —%, Jing (2000) Tld, Praestgaad
(1995) DT —k A+ v TREZR BRITT — X DRFITHIRL é Sic, BAMN k(> 2) @
DFEDOREREL ®->TVB

ETAT, 7—FRF+S /7&%&%@@@&5%&&1@%?5%306 (X, Hall and Wilson
(1991) THREENTVB L S, NRERSHERBTZELS5HVYTUVS ) 2iTbh
ISV, Fhi, UTOBHDESTHS. BLADEHNE, 7T—F AR Sy THIC
KO TREMFR (2) DR|AGEAMT 22 L TH 3. LHhL—cid, BERDEDSY
nld, RIERFHCTHEET 2REALHF LI RE>TWVWEDT, 2hh & i h - A
CEIOTRONDT —F X5y 7RSI, (2) DRESHOSENIELUE T EX
SN (TE - HER, 1996). U 7=h¥> T, AR THR S BERE (3) DRAIC L, RIER3ID
BEZ S ERBT 3L 535V I U FRiThaFUS 5 .

CTT,7—bRASYTHIC KB 2 BOIHEDEEERERIT O BEIC, REDHD
U WS h 2R EMR A HEICIT,

(A) HIREZ L IBLDY T VHE VYT 25 F %51 (Efron and Tibshirani,
1993)

(B) 2iFAZEREL , BEUIBBADN S VYV TV RHIT 551 (GF - AE, 1996)

M 5. LU /2 Prastgaad (1995) *® Jing (2000) T, WEFhd (B) DAREIC Kb VY
TIWeRETETVS.

TOTAMTIE, £Y, LD (A) ISHIST 2REERBRT 5. X, T - FIEE (1996)
ERBREEZFICTEY, LFEED (B) DAEMIET B, Prastgaad (1995) DAL ETFEIE
TEHERRET 3.

AWMXDBBUILITOED THB. 2.1 TR, £, LT (A) IcisT 3 REERIEERT
%. R 22T, (B)ICHIET B Prastgaad (1995) DRESEEBEIL , TOEEER
RRY 5. 3HTIR, 2WMOREIEIC K BREDY A X, B A%, 2 BEOEAEN 7 NS
YABBERY I ab—va it KO RETT B, BIRIC, 4HiTIR, 3SHOBENSBON S
HR, BIUSHOFELR L LS.
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2 KHBEODTFIIUXL

AETIE, ARIL T 2 MEDT — k Ak T FREERIRET 3. 218, BXU 228 T
. ZNEN TR (A), (B) IS AT B REERBNB. LIFCRET 5 FiEz 8
TBL, E1DEITKED.

£ 1 REFHEOTH

HEL TV LB (il - RERE
(A) X Algorithm 2.1*  Algorithm 2.2

) (pf‘fsi’éﬁén 129355) Algorithm 2.4*  Algorithm 2.5%

« I AREICTREYT 2L

2.1 B REFARIT—F ALY TIKRE

Efron and Tibshirani (1993) Ti&, 2 BORTHDOT —F AT v TEEERERITON
Blc, RERHIERMTZVS TV TEELT, FIRAREAD 1% A% L IR BIFA
e UYL EREXREHERBRL TS, AETIRTDAHEE, 2 HOTHENFL
WAHED &V S RERIE (3) DBAICEAT S L2 RET 5. MEDFNE%Z Algorithm
21ICFELH 5. ‘ :

Algorithm 2.1 ((IBHET—+ X+ 5 v TRE)
1. BEKEZRETS.

2. *qu*gz& r = {551, ceey wn}a Yy = {yla R 9ym} 0:56%7 ﬁi%%{'%o)%ﬁ{ﬁ tobs =
T(x,y) Z5tHT 5.

3. = {&1—3,...,2, — 7}, BRU fl} = {y— 0., ym — JY EFET B, L,
5=2?=1$i/n»37=2?=1yj/m'6‘366 |

EDHREE nDVY VTN ot = {ab,... 20} &, yDORES m®DVB}Y TV
y*t = {y, ...y} BIEEAETIL , ¢ = T(z*,y*) b=1,..., B) EFRT 5.

5. FiE47% BEZEDIEL,

Hy, : reject 'f/\Loo< ,
{0 reject, if ASLpoot < @ )

Hy : accept, if KS\Lboot >a

I & D RIERIIOEH, FIRERET S, 72720, ASLwa = Spey [{t™® 2 tors}/B
1R BK¥E (achieved significance level) TdH 5.
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KT, Algorithm 2.11ICX T B EEEZIRET 5. Algorithm 2.1 T, IRERFOEIES
T—RICRBMEE B7201C, 2HDOT — X DEATEN BT 5 L S L 8BEITo. L
L,2BDT—2DORENREZIBEICE, BBDORENEFEL A2 L5 45FHBLIT-TH
ARETHA 5. Algorithm 2.2 Tld, (il - REDO™AZRET 2REEEZRT.

Algorithm 2.2 (I - REFET—+ X+ 5 v T1RE)
Algorithm 2.1 DFME 1, 2, 5 AL, FMES, 4 ZLULTFD X SICEHET 5.

3 & = {(z1 - F)/sz,..., (@0 — D)/82}, BET G = {1 —9)/5yr- -, (Um — §)/5,} &
HETS. 1L, 5. = VL@ =2 (0= 1), 8 = /ey —9)*/(m - 1) T
H5.

£ FNEREEnDUIY T o = {o,.. . o} B, f DEAKEE mDUYLTIL
v = (b, ..y} RIEEARTHIL , % = T(z®,y*) (b=1,..., B) REET 3.

22 (UE- - REFBREBAT—MAFSyTIRE

AHITIX, 1EITERT (B) IcIGT 545, 34dbb, 2 DDFAEARZESL , BAL
TBADNSDIY TV T RITI FEE#HHRTS. £, Preestgaad (1995)1C &k 3 EHE
% Algorithm 2.3ICF L ¥ 5.

Algorithm 2.3 (B&7 —k A+ 5 v TRE (Prastgaad, 1995))
1. BEKEZRETS.

2. A ¢ = {z),...,2.}, ¥y = {y1,-- -, Um} CETE, REFFHBOERE t, =
T(x,y) Z3tHT 5.

3. 290)mmt¥$m’y%ﬂ%bv w= {$17"'1x‘n1y11"'7ym} tj:5<-

4 WHSRKEEINENTN L mDIUYY T ad = {235, ... 220}, y*o = (¢, ...,y
ZEEABTTHEL , ¢ = T(x*®,y*) (b=1,...,B) 25tEI 3.

5 FMa4% BEIEDEL, (4) L AL T, RERFOEH FINERET 3.

R, Algorithm 2.3 IC X9 ZEEEEZRET 5. iT - HE (1996) TRRSENTWVB &S
i, BRIRBAT —F AN Sy TREDBELD Y, 2 DDEARRAT BT, T—XD
WERE, R MEL REOBMADREEZITOITLICKD, EMCTIRH BN, RESH
BOBOITOEMZHNET X S HENEND 5.

ZITIITR, T—2DMNERE, BLUTMBEL REOHADRAEEITS REEZER
9 %. HiEZ Algorithm 2.41C, #%#&% Algorithm 2.5IC X & % 3.

Algorithm 2.4 ((IBRBEET—F A+ 5 v TRE)
Algorithm 2.3DFME1, 2, 5EFERRICL, FHE3, 4 BLULTDO L SICEET 3.
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3. & = {xl_a—;w-'amn_j}a BC‘:G:‘}’: {yl_gr-'?ym—g}%%ﬁ—ﬁbv W' = {Il—

E, T —Z, 0 =Ty Ym— T} EBL

4 D DEREEINFNEFNRLE MDYV TVt = (=, ..., 22} vt = {uit, ..,y
FEEAETTHEL, ¢ =T(@b,y*?) b=1,...,B) Z2i#ET 3.

Algorithm 2.5 (ILE - REFARRBAT - X+ Ty TRE)
Algorithm 2.3 DFIE 1, 2, 5 IXFERKICL, FIE3, 4ZUTDKICEET S.

3. & = {(21=8)/5e,, (@n —B)/ss}, BEO G = {1 =9)/5y: -+, Um =9/} 2
BL, " = {(z1— %)/S,- > @n — T)/S2s 01 = T)/Syr - - Ym — F)/ 5y} £BL.

4. @B AEEREFNEN R E mDUYY Tt = (&, ..., a0} vt = {1 ... uim
FEESETHEL, =T, y?) b=1,...,B)Z2FET 3.

3 REDYAX, RHHOKENRE

AT, 2 BOBEMDH F, GH, ZNEFNESSH N(O,1), N(u, 0%) DHEDT —
F Z k5w IRE Algorithm 2.1~2.51C K BREDY A X, i h%ze> al—Yavic &k
DHETS. 2T, BEAEQIZ, o= 0050100 2 DREEEX, FREHAS L
BAEINZENEN R & m (n>>m) DIEAZRMIIC 1000 HREEEES. 12IEL, 2O
B (n,m), BERURTHDINT A—=Z (u, 0°) &, LUFDOITANTOEBEOERER, BBE
ICBOT, REFHEHR (2) DRENHEDELIETTS 12Ic, B =2000BD VYTV T %

L =

172.
o 1 = 1000, m = 20,50 (23&D)
o (u,0?) DEAGDLE

— Model (a): 62 =1, p=0.0(0.1)1.0 (115@H)
— Model (b): ¢® =2, p=0.0, 0.2, 0.5 (3:&Y)
— Model (¢): 6> =4, p=0.0, 0.2, 0.5 (3:&Y)

UTTRET, BREEDREDY A RICET BREEITS. £ 213, Model (a) DHED
REDHARXRELDIELDTHS. VYT TERRALTHSHE 2D 117TEE 217H
(Algorithm 2.1, 2.2) FIDLLEE, 35 KU 3~517H (Algorithm 2.3, 2.4, 2.5) BIDHBZITS &,
KERZZRONED - Thbb, ORI, THHEARICHL TIT o I MERES
(8 - RERSEOMRIELN A o7z, LU, RESHOELEDENC &> T, XD
& S ST EANBREIN:. SL4DEADL VY YTV T T BREE (Algorithm
2.1, 2.2) Tl&, & B _LONKER B/ NHTTS ZDICHL , 2BDT — 2 ZREEL THDL Y Y7
U2 HF BIRGERE (Algorithm 2.3, 2.4, 2.5) Tld, & B LOKEZHERT B EANRO NI
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R, BREEDRHNICHET 2512, 2 DT — 2D BN EL WIS L Z 5 Thy
BEEICHTITITY. £, K1, 2, TNThHEKEH 5%, 10%T2HOT—2D5
AEFELWIRE, 9755, Model (a) ICH T 5RINNDERZX LT FT7THS. I
U, BXIOHE L BlllE, ZhEThRIEHE pDETHS. K1 (i), (ii), BIUTK 2 (i),
(ii) IS T 2 RH N DFMSEIE, ThEThES, 4, BXUXKS, 6Ic5X 3. CTORAIC
(&, Algorithm 2.1~2.5IC X059 % 5 DORM AN 2 DD TNV —Ficimhh T3, &
K BNT, BREADBE K K> TV A, Algorithm 2.3~25IC X > THELN RS
HRTH O, ThE DL TICHBDH, Algorithm 2.1, 221 K> THON-RHE IR T
HB. TTTERI~EXI10D1, 217H, BLU 3~5THICERT 3 ¢, REDY A XDIFE
ERRRIC, BTNV —TICHET 2REFECLIRBNBZIZERICTHS. WX, TORE
I, FIHEARICR L TITo I M EFEPAE - REFABROMREIBER I b o1z,

—h, 2BOT— 20BN R ZBE, Tib B, Model (b), (c) I T BRHESIDER
ZTI7CELHBL, K3~K6DK S5, K3, 4,5, 6lcnd 2RO {#
&, ZNENE7,8,9,10ic5Z 5. TOFPFITIX, Algorithm 2.1~2.5CXH5T 3 5 DD
HAEN 3 DD TNV —FIcihh B LV S8R/, FRICHBNT, BEAHD 1 H
B> TV, Algorithm 2.3~25IC &> TELNILDTHB. TTTET~FE
10D 3~51TEICEBT 5L, TDI3IDOREKIC X ZBRENIZEIRLCTHS. Lizh>
T, Algorithm 2.3~25C X > THONTRHE/HIRRIIZTELZD, 1 DOMBDO K SICR
Z 5. TORKRHAODOEOEIERIE, Algorithm 2.2IC X >THELNIEDTH Y, BRHEAH
1 FEhERIE, Algorithm 2.1IC K> TROENIZEDTHS.

2HDT — 2D BN RITBZIBE, BLOEANS VYTV T RITIREETR, 4
AEARICHL TREOREZITS C LOFRAMYEEICEN TV, FIXE, K5 (i) DF
&, FIEAIC L THEBRBEDH 21T Algorithm 2.1 X 38, 1 =0,0.2,05T
(3 0.018, 0.039, 0.198 T&H 543, {ififl - REFAEEZITS Algorithm 2.21C KBBRHE N, Th
F1h 0.545, 0.640, 0.839 £ 5 %. Ko T, FLDEANS VYTV U T R2ITS5REEDR
A, VYTV T BhIC, (BRI TEL, (I8 - REOWAOHER 7S
KLU TITOINETHAS.

% 2: Empirical level of bootstrap tests in simulation study for Model (a)

a=0.05 a=0.10
m m

20 50 20 30
Algorithm 2.1 0.014 0.011 0.034 0.028
Algorithm 2.2 0.014 0.011 0.032 0.031
Algorithm 2.3 0.071 0.060 0.126 0.115
Algorithm 2.4 0.070 0.060 0.125 0.114
Algorithm 2.5 0.072 0.060 0.126 0.115




Power Power
1

Algorithm Algorithm
0.8 2.3~2_5\ 0.8 2.3~2.5
0.6 yd 0.6 Algorithm 2.1
0.4 A Algorithm 2.1 0-4

e

o'~ Algorithm 2.2

o
[\

- /'/ «—Algorithm 2.2

2 0.4 0.6 0.8 1 # 0 0.2 0.4 0.6 0.8 ik
(i)m=20 (if) m = 50

1: Comparison of empirical powers of 0.05 level bootstrap tests for Model (a)

% 3: Empirical power of 0.05 level bootstrap tests for Model (a) with m = 20

u

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Algorithm 2.1 0.026 0.057 0.109 0.186 0.298 0.436 0.572 0.719 0.816 0.881
Algorithm 2.2 0.021 0.057 0.113 0.176 0.297 0.439 0.588 0.726 0.830 0.898
Algorithm 2.3 0.084 0.138 0.222 0.358 0.508 0.644 0.777 0.878 0.937 0.972
Algorithm 2.4 0.082 0.137 0.222 0.359 0.507 0.647 0.773 0.878 0.941 0.971
Algorithm 2.5 0.083 0.136 0.223 0.359 0.507 0.647 0.773 0.879 0.938 0.971

% 4: Empirical power of 0.05 level bootstrap tests for Model (a) with m = 50

7

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Algorithm 2.1 0.031 0.098 0.245 0.462 0.689 0.845 0.935 0.976 0.994 0.999
Algorithm 2.2 0.034 0.108 0.248 0.471 0.713 0.861 0.945 0.985 0.996 0.999
Algorithm 2.3 0.100 0.253 0.468 0.693 0.867 0.956 0.984 0.998 0.999 1.000
Algorithm 2.4 0.103 0.254 0.471 0.695 0.865 0.958 0.983 0.999 0.999 1.000
Algorithm 2.5 0.103 0.254 0.471 0.696 0.866 0.958 0.984 0.999 0.999 1.000
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Power Power

1 1
0.8 Algorithm ) 0.g 5 E0rithm

23~25~, & o

0.6 Y '\ 0.6 Algorithm 2.1
0.4 | / Algorithm 2.1
0.2 / “—Algorithm 2.2 0.2 «<— Algorithm 2.2

0 0.2 0.4 0.6 0.8 1K 0 0.2 0.4 0.6 0.8

(i) m = 20 (ii) m = 50

i M

2: Comparison of empirical powers of 0.10 level bootstrap tests for Model (a)

#& 5: Empirical power of 0.10 level bootstrap tests for Model (a) with m = 20

94

u

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1.0

Algorithm 2.1 0.057 0.098 0.164 0.279 0415 0564 0.705 0.807 0.885
Algorithm 2.2 0.060 0.099 0.166 0.275 0.421 0.584 0.720 0.835 0.898
Algorithm 2.3 0.139 0.212 0.338 0.487 0.619 0.759 0.867 0.932 0.969
Algorithm 2.4 0.141 0.214 0.341 0.487 0.620 0.756 0.867 0.932 0.969
Algorithm 2.5 0.140 0.214 0.342 0.487 0.620 0.756 0.866 0.932 0.969

0.938
0.951
0.982
0.982
0.982

# 6: Empirical power of 0.10 level bootstrap tests for Model (a) with m = 50

n

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1.0

Algorithm 2.1 0.060 0.158 0.372 0.596 0.797 0.911 0.964 0.992 0.999
Algorithm 2.2 0.067 0.177 0.378 0.616 0.815 0.920 0.975 0.995 0.999
Algorithm 2.3 0.197 0.356 0.590 0.793 0.918 0.976 0.994 0.999 1.000
Algorithm 2.4 0.200 0.358 0.591 0.791 0.919 0.975 0.995 0.999 1.000
Algorithm 2.5 0.201 0.358 0.589 0.794 0.918 0.975 0.995 0.999 1.000

1.000
1.000
1.000
1.000
1.000




Power
1
0.8
Algorithm 2.1
ot Algorithm 2.2
0.4l Algorithm
2.3~2.5 B
0.2 L :
n:::::::::j _______________
0 0.2
(i) m =20

Algorithm
2.3~2.5

0.4 » .
0.2 e '\
G " Algorithm 2.1
0 0.2 0.5
(i) m = 50

B4 3: Comparison of empirical powers of 0.05 level bootstrap tests for Model (b)

2 7. Empirical power of 0.05 level bootstrap tests for Model (b)

m = 20 m = 50
I 7
0.0 0.2 0.5 0.0 0.2 0.5

Algorithm 2.1 0.026 0.045 0.172 0.013 0.063 0.393
Algorithm 2.2 0.047 0.103 0.295 0.102 0.222 0.660
Algorithm 2.3 0.156 0.222 0.482 0.269 0.407 0.838
Algorithm 2.4 0.155 0.221 0.484 0.266  0.407 0.840
Algorithm 2.5 0.153 0.221 0.486 0.264 0.409 0.840

Power Power

1
1 Algorithm 2.2
0.8 0.8 :
Algorithm 2.2 .;\lg?jlzt}gm
0.6 Algorithm 0.6 ' »
2.3~2.5 Lt
0.4 | - 0.4 . e
0 2.,_ ———————— -~ /, _______________ 0.2p-7 e " Algorithm 2.1
- onoommmme o il Algorithm 2.1 S
0 0.2 0.5 0 0.2 0.5 1
i m=20 (ii) m = 50

B4 4: Comparison of empirical powers of 0.10 level bootstrap tests for Model (b)
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# 8: Empirical power of 0.10 level bootstrap tests for Model (b)

m =20 m =50
© ©
0.0 0.2 0.5 0.0 0.2 0.5
Algorithm 2.1 0.046 0.083 0.256 0.025 0.109 0.511
Algorithm 2.2 0.104 0.164 0.421 0.186 0.344 0.784
Algorithm 2.3 0.251 0.338 0.591 0.387 0.565 0.895
Algorithm 2.4 0.251 0.336 0.593 0.386 0.564 0.897
Algorithm 2.5 0.251 0.337 0.593 0.388 0.564 0.896

Power Power
1 1 Algoiithm 2.3~25

/

0.8 o.8y—  __-- -

Algorithm 2.3~2.5 =TT

°-e | 0-6f -~ Algorithm 2.2

-4 Algorithm 2.2 ____----"" * 0.4

0.2p---F"TTT Algorithm 2.1 0.2f Algorithm 2.1 .- -

o 0.2 o5 M — 0z Rl
(i) m =20 (i) m = 50

5: Comparison of empirical powers of 0.05 level bootstrap tests for Model (c)

# 9: Empirical power of 0.05 level bootstrap tests for Model (c)

m = 20 m = 50
© u
0.0 0.2 0.5 0.0 0.2 0.5
Algorithm 2.1 0.037 0.043 0.108 0.018 0.039 0.198
Algorithm 2.2 0.203 0.253 0.410 0.545 0.640 0.839
Algorithm 2.3 0.425 0.468 0.600 0.825 0.852 0.950
Algorithm 2.4 0.424 0.467 0.602 0.824 0.850 0.949
Algorithm 2.5 0.423 0.466 0.602 0.827 0.849 0.950
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Power Power

1 1
0.8 i 3~ R N

W 08 -mm g Algorithm
0.6 0.6 - 2.3~2.5
Algorithm 2.2 IS Algorithm 2.2

0 4 -_——_J_(___.,—"‘— 0 4
0.2 Algorithm 21 . 0.2 Algorithm 2.1 -

0 0.2 0.5k T 02 T M

(i) m =20 (i) m = 50

B 6: Comparison of empirical powers of 0.10 level bootstrap tests for Model (c)

# 10: Empirical power of 0.10 level bootstrap tests for Model (c)

m = 20 m = 50
u 7
0.0 0.2 0.5 0.0 0.2 0.5
Algorithm 2.1 0.052 0.077 0.173 0.037 0.079 0.301
Algorithm 2.2 0.332 0.377 0.539 0.750 0.781 0.917
Algorithm 2.3 0.603 0.633 0.741 0.932 0.943 0.984
Algorithm 2.4 0.600 0.633 0.742 0.932 0.942 0.984
Algorithm 2.5 0.598 0.634 0.742 0.931 0.944 0.985

4 FEHESHBDERBE

AFHTTIE, REFEHRICIE Kolmogorov-Smirnov #igHE (2) Z AV, T ORI DI
B LT 5 BEDT —F RSy FEREALIZBAD 2 DORBERASRORBEEREE
FRERUT. 3ETIR, 2 BOTF — X OEABHED TT VTV A EGHERIEEL, 28D
BEMIHEHNERIFEOREDREDY A X, RO 2 BB T Te.

LENEERE LT, SBHOTFT—2Hh5 VYT IV T TEHELDE, 2HOT—2%
BEUTERNS VY TS BEEDAD, BB EOREDY 1 X2 #FFL , HhDR
HANEL BREVSBENEBLNTWVS. LA ->T, &L 2807 —20SHEKREIL /2
X S BHHCHES BAICIE, Algorithm 2.3~25ZHV3RETHA 5. LA L, HTHH
HREL X B D0, H 1 EOBBEZMR 20 E WV SIFEICIE, Algorithm 2.2 DEMAEE
xbh &>, £, EBOF— R BAICERAT 25812, 20T — 2O REH—MHEMME
HENEVATEEEASH D, 2O X SKEIBAEICIE, Algorithm 2.5, E7zid Algorithm 2.2%H
VWHEEWVWTHAS.
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3HDOEUERIBETE, 2 BOBER STV IERICELh IR TL M ThhTwhikwy. 5
®iE, FIZE 2 HOBERSHD, EEERDHLEROUTH2EHHEN 3 X/2id 4Dt
57, BEINREIN—2SHDPAIC, EOBBOERBHT ST LN TE 300 REFTDOLE
NbBLEXD. Tz, Prastgaad (1995) TR URNFXREZLRRINTED, COFE
ESERREL - FEMOUE - B LETHA 5.

LT ATHER, IEAZRET 5 HETE, (ERE, (i@ - REABOFRAEIH
RTEhEhofe. TORICDVTORFHISEROFETHSLEXS. THIT, FERDK-S
BREL VYTV T EZBERAL IDBEDOREL DREDY A X, B D HBZTW, 2
HOTHHEOBEEEREDBESICHAVSN TV S 1D (A), (B) DAED, AMEONSR
&I HRERE (3) DF/ERICLBEHATENIEI ZREFTT E T L L SEBDOBRFIFAETH S L
EXB.

DIETIE, 2 BOEABD D TT VNT Y ARBEDORE 2T 120, BRI, 2 B
AEBRECHEEOREDY A AORERERE, X11ICE LS. TR/, 3T LR
(2, Algorithm 2.2, 2.4, 2.5 T, FHEARIC L TITo I EREOAE - RERBOHR
BRONah otz iz, BLOEENS VYTV VT T BREHE (Algorithm 2.1, 2.2) T
&, % B LOKER @ PNHET ZDICHL , 2HDT—2ERBAEL THEIY TSIV T TS
RBETE (Algorithm 2.3, 2.4, 2.5) T, HH LDOK¥ER T 2RIV A SN 3. Praestgaad
(1995) *® Jing (2000) Tid, 2 HDOEABNFEL VIBEICDWVTE, TOREDY 1 X, Kt
FNCBT 2 EUERNZEENIBHS M TN TWaW. LD ST, 2BOEAEMNRICIBEICD,
ERU 72 & 575 2 BEDEEREN T VNSV AR E L AR RN BETH S S.

# 11: Embpirical level bootstrap tests for Model (a) with n =m

a=0.05 a=0.10
(n=m) (n=m)
20 30 50 100 200 20 30 50 100 200

Algorithm 2.1 0.012 0.006 0.010 0.006 0.005 0.024 0.019 0.024 0.014 0.011
Algorithm 2.2 0.013 0.009 0.012 0.006 0.006 0.029 0.026 0.025 0.016 0.015
Algorithm 2.3 0.039 0.055 0.049 0.049 0.043 0.104 0.092 0.114 0.093 0.076
Algorithm 2.4 0.042 0.055 0.051 0.048 0.041 0.102 0.091 0.116 0.093 0.076
Algorithm 2.5 0.041 0.052 0.051 0.048 0.041 0.102 0.092 0.116 0.093 0.075

e P )
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