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Distribution of units of an algebraic number field

AWARFETEE JLM B2 (Yoshiyuki Kitaoka)
Department of Mathematics, Meijo University

F2REKEL LEOEERY op, HERE of LT 5, MYV VDR ETO/HTH
Do bolbITHITERLE LBV THY EREDHEFTNAENERT Fu—Fih5
Do BBZHERIZLELIZDIRBOMEEZ R - TWTHBMBEBICRX 225K L A
D E 2 ®E LD ray class field 2B E L-DTH B3N ZOIAKRET S AN |1z BT
IEWETERNILE2RDTERLEZLICES, #oT I I TOT Fu—F L% L
PTEMESTCES ZL L LF OBAFTA n XL E(n) := {umod n | u € o}},
I(n) = [(op/n)* : E(m)]. LiBE I(n) #W~BZLTHB, THILF O BFEHN n O ray
class field O F _EDFERRE D53 U8845r T 5, Lenstra ix F ORAFT N p TUTFD
Rt 223 b OOMAH Dirichlet REEE boT & AT LE,

F OXRTHR K &, Gal(K/F) D}(BEOEE C 25218 I(p) BEBIH D
DLHEZ LN %FY. p D Frobenius automorphism A% C 121X\ 3,

o T LRORA FTALSNIER S 1D RUTFORL DRFE L 2K LORA 7
ThHRRERD,
MEDOLEIH e THRBRE LB ZTIRENENT,

REEFCKZBEEL KIZQ ko7t kThy op IXERBLKET D, K
X F O QEDHuTBEALIZR->TWRY, e Gad(K/Q) ¥ ERICEET 3. K, T
K iZ o} ORTO n RBEFM LUK ET 3,

E(n) := {umod n | u € 03}, I(n) := [(or/n)* : E(n)]

LB, 57 5L
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Lemma 1 Let g(z) be a polynomial in Z[z] such that
Wi(g(z)) := {¢*™ | € € of}

is a finite group. We fiz a primitive polynomial g(z) of minimal degree. Then it divides
2% — 1 for d := [(n) : (n) N Gal(K/F)].

BRI g(z) EZZTOHDE Ld:=[(n): (n) NGal(K/F)] icxfL

h(z) := (z* - 1)/g(z) (€ Zlz]), b1 = #Wi(g())

LB, K OFAF TN P D Frobenius automorphism ((K/Q)/P) 2 n i2i2d L &
POFILHD FORATTARKE p Z nRETHEVIZLITHL (pt2dK B
{R3E)

Lemma 2 If a prime number p ({ 2dK) corresponds to 7, then 8, divides h(p).

Lemma 3 Let m be a natural number and p a prime number corresponding to 7 and we

take a prime ideal P, of K lying above p and put p = P N F. Then we have
m | 6,9(p) and
m;(p) | I(p) <= | 419(p)
! /e9®) = 1 mod Py, for Ve € o}

BRY LHZ LIXBER OIS,

Lemma 4 Let m be a natural number and p a prime ideal of F corresponding to n and
we take a prime ideal P of K lying above p such that p := ((Km/Q)/Pm) is identical

with 7 on K, and let p be a prime number lying below p. If p{ m moreover, then we have
m___;ll(P) | I(p) <= /&%) — 1 for Ve € o}.
STER¥ & %
s9/9®) — 1 for Ve € o} and for p

Pl RAOLOICL 3 (FEERIILE), EEL, piX px =n ZWKiz3 C ORE
BERTHD, £5TDHL.

£(p) := doh(p)/d: | I(p)



159

Distribution of units

THY g(z), 01, h(z) T F O Q LoXuT7Ea F R e DI STV B D §y, £(p)
X K iZf&->Tn3,

TNODZERXERL, K, Tn THESHhS K OB2ELBE, BRE m Ioxt
LT

Hn(n) = {p € Gal(Kn/Q) | pic =7 and /e"*® =1 for e € 0}
L &

Proposition 1 Let m be a natural number. Denoting a prime ideal of F (resp. K, ) by

p (resp. p, ) and a prime number lying below them by p, we have

#{p | p < z, pt 2mdK, mh(p)/6, | I(p), and p corresponds to n }
= [{o € Gal(K/F) | on = no} : Gal(K/F) N (n)]™* x
alp | PS5 p12mdK, and ((Km/Kp)/Pm) € Hn(n)

! for some ideal P, of Ky, lying above p,
2337>Y Chebotarev DEHRH 5

Theorem 1 Let m be a natural number. Denoting a prime ideal of F by p and a prime

number lying below it by p, we have

#{p | p < z, pt 2mdK, mh(p)/6, | I(p), and p corresponds to n }

~ [{o € Gal(K/F) | on=no}:Gal(K/F)N (n)]"l%f—’:'%Li(x).

/. ROTFRICES,

Conjecture. Let § be a natural number. Setting

k(n;68) := [{o € Gal(K/F) | on = no} : Gal(K/F) N ()]~ Z M[mKiff.Iam 77)’

and denoting a prime number and a prime ideal of F by p,p (p | p) we have

#{p | p < z, p{ 2dK, I(p) = 6h(p)/81, and p corresponds to n }
~  K(n)Li(z).
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-t shi ) —< o FREERETHIEIK = F BEZREDLE, Fhid e
Gal(K/F) DL XiZELV, %#%FiX Lenstra DERICMEFSIND, LOXIIEREL
T L¥ 2if Conjecture IZE A #ERDOIERIIFIEEROMELRKE TH D,

k(m;6) >0 ZWMRBT=DICRDZ L 2E D,

(Km : K] = [Ks : K|[K. : K], Ka N Ky = K, [Ky : K] = (b),

AL, m=ab i (b,2adK) =1, ##/= L r = dimg(of ®zQ) THY ¢ iX #4147 —DH
&Tﬁ) %, 1760'(', Ka bt Kb i‘lﬁﬁ?:ﬁéﬂﬁ’(‘b o= 7172 H3 (72,2dK) = 1, N I (2dK)°°
445

[Ksab : K} = [Kyya 0 Ky)[Koas : K], #Hjsas(n) = #H.ya(n)#Hy(n),

[{o € Gal(K/F) | on = 10} : Gal(K/F) N (n)]x(n)

p(a)#H. a(n) p(b)#H. ()
2 KoKyl % 2 [Kow: K]

al2dK (b,2dK)=1

S~ B@#Hna(1) 77 (g - £Hsl),

a|2dK [K7la : K’l] de ﬁr(p(ﬁ)

DB, AL, p=p»rmH TH3,

#H,(n) ZBEMHITRD D Z LB LIIRVBIZ LA LLTORK p IZx L (deg 9(z))/p(p-
1) UTFTHBZ LIIKRD L HI2bh Y, k() BMRNEKT 52 EBDN 5. €, €, &
K OEABME L {y;, =5 |1<i< R} B F OEXEELT S (1 DFROEVIX
L) REpBED ¢ bHEIORNWET D, EDLE A:=(a;5) &

T
a-ally

TEDD, AL, T KD10ERTHD, £H5TDL g(z) =Y 197 Tg ZED
94(0) = Tio g ThpctH AR LIRS &

#Hp(n)
= ) #{b modp|first R entries of g4(c)b =0 mod p}.

¢ modp
g(c)#modp
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&2V, Bilp 2 A OUEEF SR TNITEAREZRVELT

cl, 0
A= mod p
0 A

EHEKD, TTTsiZc? Amodp IKBIFTBEHEETHY c it Ay mod p PEHETIE

72<
g'(c)1, 0
= d
4l ( 0 (c—Ao)-l(g(c)—g(Ao))) e

&72Y g(z)h(z) = 24 -1 *HH L g(c) = Omodp,pt d %25 ¢g'(c) £ Omodp T
ga(c) #Z 0mod p 2 #H,(n) < (degg(z))/p(p — 1) Bbh Y IO 2 E 3,
k(n;6) > 01 '

(@) # Hoy,a(m)
a% [Koya: K,] #0

23D #Hﬁ 75 [Kf’ : K] (p“'2dK ) LFMETH B, RiT

Theorem 2 k(n;d) is positive.

FICVL ODHID LN Z ERBH B 6y, H(n) PREIZEEBE~DOH 0 7 EORE
DBLEL TWTEREESH S, FIIEHTBWT L% K %81 Q LoXvuTrihke Lp
% Gal(L/Q) DFET n=px 35L& & :=d(p,L/F) & bo(n, K/F) & DEBURIZ L >
IRBHDIZH 5, —MRIT ray class field ZHD B DIIKRETH B4 §oh(p) /6, \CHtET 5
EIZOWTRDD N LR NS S H,

Z oglz) 1T F ¥ Q EXuTH kot xizBENIChb»Y, Bic F REDL %1
Gal(F/Q) # (n) 25 h(z) =1 ZH TRIINIT h(z) =z-1 L7223, #£>T F ORAF
TV MF LB ray class field i F @ Hilbert 3 (Gal(F/Q) # (n) DH4) * Hilbert
B|EL QG +¢t) DA (Gal(F/Q) = (n) DHEE) 2 &H (6o, 6, & ER+HIT) Th
LGRZ oMY KT DRATTNPBEEEZF> THEET S LV ) DR FME (+ Th.2) T
HD, TOFPEFEL LTHAEBICH LV LOBRNWI LERB LTS L bhh3,
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