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Abstract

Integral means inequalities are obtained for the fractional derivatives
of orderof p+ A (0 < p < n; 0 < X < 1) of functions belonging to
certain general subclasses of analytic functions. Relevant connections
with various known integral means inequalities are also pointed out.
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1. Introduction, Definitions, and Preliminaries

Let A denote the class of functions f (z) normalized by
f(2)=z+ Zakzk

that are analytic in the open unit disk

U={z:z€Cand |z| < 1}.

Also let A (n) denote the subclass of A consisting of all functions f (z) of
the form: -

f()=2z- i arz® (ax 2 0; n‘éN:={1,2,3,...}).

k=n+1
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We denote by 7(n) the subclass of A (n) of functions which are univalent
in U, and by T, (n) and C, (n) the subclasses of 7 (n) consisting of functions
which are, respectively, starlike of order a (0 £ a < 1) and convez of order
(0 £ a < 1)inlU. The classes A(n), T(n), Ta(n), and C,(n) were investigated
by Chatterjea [1](and Srivastava et al. [9]). In particular, the subclasses:

T:=T(), T*(a):=7Tu(l), and C(a):=Ca(l)

were considered earlier by Silverman [7].
Next, following the work of Sekine and Owa [4], we denote by A (n, ) the
subclass of A consisting of all functions f (z) of the form:

f)=2= Y Mgzt WeR; 20, neN). (L1

k=n+1

Finally, the subclasses 7(n,?), T2(n,?), and C, (n,9) of the class A (n,9)
are defined in the same way as the subclasses 7(n), Ta(n), and Cq (n) of the
class A (n)

We begin by recalling the following useful characterizations of the function
classes 7 (n,?) and C, (n,?)(see Sekine and Owa [4]).

Lemma 1. A function f(z) € A(n,¥) of the form (1.1) is in the class
T2 (n,9) if and only if :

| Z(k—a) axS1—-a (nreN;0ZSa<l). (1.2)
k=n+1

Lemma 2. A function f(z) € A(n,9) of the form (1.1) is in the class
Ca (n,9) if and only if

ik(k—a) a,;§l—sa (n€N;-0§§<1). ' (1.3)

k=n+1

Motivated by the equalities in (1.2) and (1.3) above, Sekine et al. [6] defined
a general subclass A (n; B, ?) of the class A (n,9) consisting of functions f(z)
of the form (1.1), which satisfy the following inequality:

Z B,,a,,§1 (Bk>0; HEN)

k=n+1
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It is easy to verify each of the following classifications:

Ak, 9) =T (n,9) = T* (n,9) = T (n, 9),

A(n;%,ﬁ) =T*(n,9) (0Sa<l),
and

A(n;k—(lk-r_fl,ﬁ) =Co(n,9) (0L a<1).

As a matter of fact, Sekine et al. [6] also obtained each of the following
basic properties for the general classes A (n; Bi, ).

Theorem 1. A(n; B, ) is the convez subfainz'ly of the class A(n,?).

Theorem 2. Let

i(k—1)9
@)=z and f(x)=2-12
By

(k=n+1,n+2,n+3,...; n€N).

Py (1.4)

Then, f € A(n;Bx,9) if and only if f () can be expressed as

f(z) =Mfi(z)+ z Mefr(2),

=n+1
where

M+ D M=1 (M 20; A 20; neN).
k=n+1 ' A

Corollary 1. The eztreme points of the class A (n; B, ¥) are the functions
f1(2) and fx(2) (k2 n+1; neN) given by (1.4).

Applying the concepts of extreme points, fractional calculus, and subordi-
nation, Sekine et al. [6] obtained several integral means inequalities for higher-
order fractional derivatives and fractional integral of functions belonging to the
general classes A(n; By, ). - Subsequently, Sekine and Owa [5] discussed the
weakening of the hypotheses for By, in those results by Sekine et al. [6]. In this



paper, we investigate the integral means inequalities for the fractional deriva-
tives of f(z) of a general order p+ A (0 < p S n; 0 < A < 1) of functions f(z)
belonging to the general classes A(n; By, 3).

We shall make use of the following definitions of fractional derivatives (cf.
Owa [3]; see also Srivastava and Owa [8]).

Definition 1. The fractional derivative of order X is defined, for a function
f(2), by

L 4 [ 1@ 4 (0ga<y),

DAO=ran &) Goo (1.5)

where the function f (2) is analytic in a simply-connected region of the complex
z-plane containing the origin and the multiplicity of (z — ¢ )'\ ! is removed by
requiring log (z — {) to be real when z — { > 0.

Definition 2. Under the hypotheses of Definition 1, the fractional derivative
of order n + X is defined, for a function f (z), by

DI f (2) = - D"f(z) (0<A<1; neNy, :=NU{0}).

It readily follows from (1.5) in Definition 1 that

I'(k+1) Jr

Ak
b= =3 n°

0<A<1). (1.6)

We shall also need the concept of subordination between analytic functions
and a subordination theorem of Littlewood [2] in our investigation.

Given two functions f (z) and g (z), which are analytic in U, the function
f(2) is said to be subordinate to g(z) in U if there exists a function w (z),
analytic in Y with

w(0)=0 and |w(2)<l (z€U),
such that
f2)=g(w(2)) (z€lU).
We denote thié subordination by

f(z)<9(2).
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Theorem 3 (Littlewood [2]). If the functions f(z) and g(z) are analytic
n U with

9(2) < £(2),

then

27 2
/ 'g(reio)ll‘dﬂéf |f(rei9)l“d0 (>0, 0<r<1).
0 0 _
2. The Main Integral Means Inequalities

Theorem 4. Suppose that f(z) € A(n; kPY1By,9) and that

(h+1)Brul(h+2-A-p) Dln+1-p) _ |
. < k=n+1
T(h+1) Tnt2—a—p) = OF (k2nt1)

for some h2n,0S A< 1,and 0 £ q S p < n. Also let the function fry (2)
be defined by

eiht’

funr(@) = 2= g ? " (€ A(mKTIBLT)).  (21)

Then, for z=re? and 0 <r <1,

2n 2= . .
[ioseras [Mo e @F e 05x < 10,
0 0

Proof. By virtue of the fractional derivative formula (1.6) and Definition 2, we
find from (1.1) that

DI f (2) -
o (1_ i e l@=A =Pk +1) )

T2-A-p) e T(k+1-X—p)

k=n+1

27 () Z =190 (2 — A — )—-——k' ®(k)arz*" |
T(2-A—p) e Pl —p—1) %

where

PR ACEY)

< s k2n+1; neN).
ThII=A—p) (0SA<1;k2n+1; neN)
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Since ®(k) is a decreasing function of k, we have
I'(n+1-0p)

'm+2—-X—-p)
0£A<1;k2n+1; neN).

0<@(k)S®(n+1)=

Similarly, from (2.1), (1.6) and Definition 2, we obtain, for 0 S A <1,

Df+'\fh+1 (Z)
_ ZA7A-P < _ eh? T2-X-pl'(h+2) , )
T T(2-X-Dp) (h+1)Byy; T(h+2-X—p) ‘

For z =re¥ and 0 < r < 1, we must show that

27 k! L
_ i(k—1)9
/0 1 Z e L2-X-— p)——-—(k 1),<1>(/c)a,,z dé
k=n+1
2r ethi’
< / 1- de
0 (h + 1)q+lBh+1 F(h + 2—A— p)

(O§A<1; u>0).

Thus, by applying Theorem 3, it would suffice to show that

]
1- k190 (2 — X — p)——lf—q?‘(k)akz
]
k=n+1 (k 1)
gih? T@-A-p'(h+2) "
<1- (h+ 1) B,,, T(h+2-Ar—p) (2.2)
Indeed, by setting
k!
1 — et(k—l)i,rl 2 A p _.___Q k a z 1
k—zn;d ( )(k —1)! (K)a
_ ih? r2-A—-pIr'(h+2) |
._1—(h+]_)'1""1Bh+1' F(h+2—A—p) { (z)} ,
we find that
(h + 1)q+lBh+1I"(h +2—-A—- p) i(k—1)9 k!
{'w( )} N e (h + 2) Z € | (k—p— 1)|<I>(k)akz

k=n+1
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which readily yields w(0) = 0.

Therefore, we have

|w(z)[* .
(h+1)" By T(h +2— A - p) k! .
< : <I> k)ai|z
= T(h+2) k;ﬂ To—p- iRl
h+1)"1B,  I'(h+2 — A —p)
< n( +1
< || Th+2) - ®(n Jrl)k—zn;rl = p_l)'
— lzln(h+1)q+lBh+1F(h+2"A“p) . Fn+1-p) E
T(h +2) T(n+2-XA-p) “ +1(’° p_l). ax

o VBl +2-A~p) T(n+1-p) Z

P(h+1) F(n+2-A-p) % +1(Ic: p— l)’
SEP Y B
W (k—p-1)
Sl Y] BPBuac S 12" <1 (neN), (23)

k=n+1

by means of the hypothesis of Theorem 4.
In light of the last inequality in (2.3) above, we have the subordination
(2.2), which evidently proves Theorem 4.

3. Remarks and Observations

First of all, in its special case when p = g = 0, Theorem 4 're'adily yields

Corollary 2(cf. Sekine and Owa [5, Theorem 6]). Suppose that f(z) €
A (n; kBg,9) and that

.BNHI(hﬁ'z—'A) IKn~+1)
T(h+1)  T@m+2-x

for some h 2 n and 0 £ X < 1. Also let the function fayq1(2) be defined by

<B. (k=n+1)

thd

frir(z) =z — mfﬂ (fr+1 € A(ny kBk,ﬁ)). (3.1)
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Then, for z =re® and 0 <r<l,

2 27
/ D2 f ()" b g/ IDMa @ d0 (OSA<L p>0). (32)
0 0

A further consequence of Corollary 2 when h = n would lead us immediately
to Corollary 3 below.

Corollary 3. Suppose that f(z) € A(n;kBs,9) and that
BoyaSBy (k=2n+1). (3.3)
Also let the function fai1(2) be defined by

eino

. n+1 .
(n + l)Bn+lz (fh+1 € A(nr kBkaﬂ)) .

fn+1(z) =z

Then, for z=re¥ and 0 < r < 1,

27 2
[ ir@Fas [ Mm@l 0sx<18>0).
0 0

The hypothesis (3.3) in Corollary 3 is weaker than the corresponding hy-
pothesis in an earlier result of Sekine et al. [6, p.953, Theorem 6).

Next, for p = 1 and ¢ = 0, Theorem 4 reduces to an integral means inequal-
ity of Sekine and Owa [5. Theorem 7] which, for h = n, yields another result
of Sekine et al. [6, p.953, Theorem 7] under weaker hypothesis as mentioned
above.

Finally, by setting p = ¢ = 1 in Theorem 4, we obtain a slightly improved
version of another integral means inequalities of Sekine and Owa [5, Theorem
8] with respect to the parameter A (see also Sekine et al. [6, p.955, Theorem
8] for the case when h = n, just as remarked above).
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