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Abstract
Let $\Gamma_{\alpha}(H\mathrm{c})$ be aweighted Fock space over acomplex Hilbert space $H\mathrm{c}$ with
weighted sequence $\alpha$ . In this paper we define $S_{\alpha}$-transform of vectors in the weighted
Fock space and then the vectors in $\Gamma_{\alpha}(H\mathrm{c})$ and operators on the weighted Fock
space are characterized on the basis of Bargmann-Segal space. As an application
we discuss aregular property of solutions of normal-0rdered differential equations.

1Introduction
The white noise calculus initiated by Hida [12] has developed into an infinite dimensional
analogue of Schwartz type distribution theory with wide applications ([13], [14], [23], [27],
etc). The $S$-transforms([1], [8], [9], [21] [33]) and the operator symbols ([3], [4], [19], [20],
[26] $)$ in white noise calculus are characterized as entire functions on an infinite dimensional
vector space having particular growth rates. Since those characterizations depend heavily
on the nuclearity of the space of test white noise functionals, elements in the (Boson) Fock
space or bounded operators on the Fock space have not been characterized in asimilar
manner. Some partial results are found in [7].

Recently, in [10], the $S$-transforms of vectors in different Fock spaces are characterized
by means of the Bargmann-Segal space ([24], [34], see also [2], [11]). The idea used in
[10] was naturally extended to characterize the symbols of operators in several classes
of operators on Fock space in [18], and the characterizations have been widely applied
to study expansion theorems ([4], [27]) and (nonlinear white noise) differential equation
which is ageneralization of normal-0rdered differential equations ([5], [6], [7], [16], [30],
[31] $)$ involving the quantum stochastic differential equation of Ito type formulated in [17]
(see also [25], [32]). For white noise approach to quantum stochastic calculus we refer to
[15], [28], [29].

Main purpose of this paper is to characterize vectors in weighted Fock spaces and the
operators on the weighted Fock spaces on the basis of Bargmann-Segal space. This paper
is organized as follows: In Section 2we introduce the Bargmann-Segal space after [10].
In Section 3we review the basic construction of riggings of Fock space (see [8], [21], [22])
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In Section 4we define $S_{\alpha}$-transform as aunitary isomorphism between the weighted Fock
space and the Fock space, and characterize vectors in the weighted Fock space by means
of $S_{\alpha}$-transform. In Section 5we define $\alpha$-symbol of operators on weighted Fock space
and its characterizations are investigated. In Section 6we study Wick exponentials of
operators on weighted Fock space. In Section 7as an application we discuss aregular
property of solutions of normal-0rdered differential equations.
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invitation to RIMS Workshop (November 20-22, 2001) and the warm hospitality during
his visit. This work was supported by KOSEF, 2002.

2Bargmann-Segal Space

Let $K$ be aselfadjoint operator on $H=L^{2}(\mathrm{R}, dt)$ such that the Schwartz space $S(\mathrm{R})$

is densely and continuously imbedded in $\mathrm{D}\mathrm{o}\mathrm{m}(K^{p})$ for any $p\geq 0$ and is kept invariant
under $K$ . We assume that $K\geq 1$ .

For $p\in \mathrm{R}$ we put
$|\xi|_{K,p}=|K^{p}\xi|_{0}$ , $\xi\in H$,

where $|\cdot|_{0}$ is the norm on $H$ generated by the usual inner product $\langle\cdot$ , $\cdot\rangle$ . Then, for $p\geq 0$ ,
the set $D_{p}=\{\xi\in H;|\xi|_{K,p}<\infty\}$ becomes aHilbert space with norm $|\cdot|_{K,p}$ . While, for
$p\leq 0$ , $D_{-p}$ denotes the completion of $H$ with respect to the norm $|\cdot$ $|_{K,-p}$ . Note that $D_{p}$

and $D_{-p}$ are dual each other. Then we have

$D\equiv \mathrm{p}\mathrm{r}$

$p arrow\infty \mathrm{o}\mathrm{j}\lim D_{p}\subset H\subset D^{*}\cong \mathrm{i}\mathrm{n}\mathrm{d}\lim D_{-p}parrow\infty,$ ’

where $\cong \mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{s}$ atopological isomorphism. In particular, by using the harmonic oscillator
$A=-d^{2}/dt^{2}+t^{2}+1$ , we construct the Gelfand triple:

$\mathrm{S}(\mathrm{R})\subset H\subset \mathrm{S}’(\mathrm{R})$ , (2.1)

where $S’(\mathrm{R})$ the space of tempered distributions. From now on, for simple notation, we
use $E\equiv S(\mathrm{R})$ and $E^{*}\equiv \mathrm{S}’(\mathrm{R})$ . The canonical bilinear form on $E^{*}\cross E$ is denoted by the
symbol $\langle\cdot$ , $\cdot\rangle$ again.

By the Bochner-Minlos theorem, there exists aprobability measure $/\mathrm{Z}1/2$ on $E^{*}$ such
that whose characteristic function is given by

$\exp\{-\frac{1}{4}\langle\xi, \xi\rangle\}=\int_{E^{*}}e^{i\langle x,\xi\rangle}\mu_{1/2}(dx)$ , $\xi\in E$ .

For atopological space $X$, $X_{\mathrm{C}}$ denotes the complexification of $X$ . Define aprobability
measure $\nu$ on $E_{\mathrm{C}}^{*}=E^{*}+iE^{*}$ in such away that

$\nu(dz)=\mu_{1/2}(dx)\cross\mu_{1/2}(dy)$ , $z=x+iy$ , $x$ , $y\in E^{*}$ .

Following Hida [13] the probability space $(E_{\mathrm{C}}^{*}, \nu)$ is called the complex Gaussian space
associated with (2.1)
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The Bargmann-Segal space [10], denoted by $\mathcal{E}^{2}(\nu)$ , is by definition the space of entire
functions $g:H_{\mathrm{C}}arrow \mathrm{C}$ such that

$||g||_{\mathcal{E}^{2}(\nu)}^{2} \equiv\sup_{P\in \mathcal{P}}\int_{E_{\dot{\mathrm{C}}}}|g(Pz)|^{2}\nu(dz)<\infty$,

where $P$ is the set of all finite rank projections on $H$ with range contained in $E$ . Note
that $P\in P$ is naturally extended to acontinuous operator from $E_{\mathrm{C}}^{*}$ into $H_{\mathrm{c}}$ (in fact into
$E\mathrm{c})$ , which is denoted by the same symbol. The Bargmann-Segal space $\mathcal{E}^{2}(\nu)$ is aHilbert
space with norm $||\cdot||_{\mathcal{E}^{2}(\nu)}$ . Let $\Gamma(H\mathrm{c})$ be the (Boson) Fock space over the complex Hilbert
space $H_{\mathrm{C}}$ (see \S 3). For $\phi=(f_{1l})_{1l=0}^{\infty}\in\Gamma(H\mathrm{c})$ define

$J \phi(\xi)=\sum_{n=0}^{\infty}\langle\xi^{\theta n}, f_{n}\rangle$ , $\xi\in H_{\mathrm{C}}$ ,

where the right hand side converges uniformly on each bounded subset of $H_{\mathrm{C}}$ . Hence $J\phi$

becomes an entire function on $H_{\mathrm{c}}$ . Moreover, it is known (e.g., [10], [11], [18]) that $J$

becomes aunitary isomorphism from $\Gamma(H\mathrm{c})$ onto $\mathcal{E}^{2}(\nu)$ and is called the duality transform.

3Riggings of Fock Space
Let $H$ be aHilbert space with norm $|\cdot|$ . For $n\geq 0$ let $H^{\otimes n}\wedge$ be the $n$-fold symmetric
tensor power of $H$ and their norms are denoted by the common symbol $|\cdot|$ . Given a
positive sequence $\alpha=\{\alpha(n)\}_{n=0}^{\infty}$ we put

$\Gamma_{\alpha}(H)=\{\phi=(f_{n})_{n=0}^{\infty};f_{n}\in H^{\hat{\theta}n}$, $|| \phi||_{+}^{2}\equiv\sum_{n=0}^{\infty}n!\alpha(n)|f_{n}|^{2}<\infty\}$ .

Then $\Gamma_{\alpha}(H)$ becomes aHilbert space and is called aweighted Fock space with weighted
sequence $\alpha$ . The Boson Fock space $\Gamma(H)$ is the special case of $\alpha(n)\equiv 1$ .

For aweight sequence $\alpha=\{\alpha(n)\}$ we consider the following four conditions:

(A1) $\alpha(0)=1$ and $\inf_{n\geq 0}\alpha(n)\sigma^{||}>0$ for some $\sigma\geq 1$ ;

(A2) $\lim_{narrow\infty}(\frac{\alpha(n)}{n!})^{1/n}=0$ ;

(A3) $\alpha$ is equivalent to apositive sequence $\gamma$ such that $\{\gamma(n)/n!\}$ is log-concave;
(A4) $\alpha$ is equivalent to another positive sequence $\gamma$ such that $\{(n!\gamma(n))^{-1}\}$ is log-concave.

The generating function of $\{\alpha(n)\}$ is defined by

$G_{\alpha}(t)= \sum_{n=0}^{\infty}\frac{\alpha(n)}{n!}\mathrm{t}^{n}$ .
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By conditions (A1) and (A2), $G_{\alpha}(t)$ is entire. Put

$\tilde{G}_{\alpha}(t)$ $=$ $\sum_{n=0}^{\infty}\frac{n^{2n}}{n!\alpha(n)}\{\inf_{s>0}\frac{G_{\alpha}(s)}{s^{n}}\}t^{n}$.

Then it is known [1] that (A3) is necessary and sufficient condition for $G_{\alpha}(t)$ to have
positive radius of convergence $R_{\alpha}>0$ .

Prom now on we always assume that aweight sequence $\alpha=\{\alpha(n)\}$ satisfies conditions
$(\mathrm{A}1)-(\mathrm{A}4)$ .

Lemma 1[1] For a weight sequence $\alpha=\{\alpha(n)\}$ , we have

(1) There exists a constant $C_{1\alpha}>0$ such that

at(n)cx(m) $\leq C_{1\alpha}^{n+m}\alpha(n+m)$ , $n$ , $m=0,1,2$, $\cdots$

(2) There exists a constant $C_{2\alpha}>0$ such that

$\alpha(n+m)\leq C_{2\alpha}^{n+m}\alpha(n)\alpha(m)$ , $n$ , $m=0,1,2$ , $\cdots$

(3) There exists a constant $C_{3\alpha}>0$ such that

$\alpha(m)\leq C_{3\alpha}^{n}\alpha(n)$ , $m\leq n$ .

Now, we construct achain of weighted Fock spaces over the rigged Hilbert spaces. For
simplicity we set

$\mathfrak{D}_{\alpha,p}=\Gamma_{\alpha}(D_{p,\mathrm{C}})$ , $p\geq 0$ .

For $p\geq 0$ , by definition, the norm of $\mathfrak{D}_{\alpha,p}$ is given by

$|| \phi||_{K,p,+}^{2}=\sum_{n=0}^{\infty}n!\alpha(n)|f_{n}|_{K,p}^{2}$ , $\phi=(f_{n})$ , $f_{n}\in D_{p,\mathrm{C}}^{\otimes^{\wedge}n}$ .

Then for any $0\leq p\leq q$ we naturally come to

$\mathfrak{D}_{\alpha}\equiv \mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}$ $\lim \mathfrak{D}_{\alpha,p}\subset\cdots\subset \mathfrak{D}_{\alpha,q}\subset\cdots\subset \mathfrak{D}_{\alpha,p}\subset\cdots$

$parrow\infty$

. . . $\subset\Gamma(H_{\mathrm{C}})\subset\cdots\subset \mathfrak{D}_{1/\alpha,-p}\subset\cdots\subset \mathfrak{D}_{1/\alpha,-q}\subset\cdots\subset \mathfrak{D}_{\alpha}^{*}$,

where for $p\geq 0$ , $\mathfrak{D}_{1/\alpha,-p}=\Gamma_{1/\alpha}(D_{-p,\mathrm{C}})$ . In particular, by using the harmonic oscillator
$A$ , we construct the following:

$\mathfrak{M}_{\alpha}\subset \mathfrak{M}_{\alpha,p}\subset\Gamma(H_{\mathrm{C}})\subset \mathfrak{M}_{1/\alpha,-p}\subset \mathfrak{M}_{\alpha}^{*}$ , $p\geq 0$

which is referred to as the $Cochran-Kuo-Se\underline{n}gupta$ space with weight sequence $\alpha=$

$\{\alpha(n)\}$ . The one corresponding to $\mathrm{a}(\mathrm{n})=\mathrm{a}(\mathrm{m})=(n!)^{\beta}$ , $0\leq\beta<1$ , is called the
Kondratiev-Streit space [21] and is denoted by

$\mathfrak{M}_{\tilde{\beta}}=(E)_{\beta}$ , $\tilde{\beta}(n)=(n!)^{\beta}$ , $0\leq\beta<1$ .
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The canonical complex bilinear form on $\mathfrak{M}_{\alpha}\cross \mathfrak{M}_{\alpha}$ is denoted by \langle \langle ., $\cdot\rangle\rangle$ . Then

$\langle\langle\Phi, \phi\rangle\rangle=\sum_{n=0}^{\infty}n!\langle F_{n}, f_{n}\rangle$ , $\Phi=(F_{n})\in \mathfrak{M}_{\alpha}^{*}$ , $\phi=(f_{n})\in \mathfrak{M}_{\alpha}$ ,

and it holds that
$|\langle\langle\Phi, \phi\rangle\rangle|\leq||\Phi||_{A,-p,-}||\phi||_{A,p,+}$ ,

where

$|| \Phi||_{A,-p,-}^{2}=\sum_{n=0}^{\infty}\frac{n!}{\alpha(n)}|F_{n}|_{A,-p}^{2}$ , $\Phi=(F_{n})$ .

Now, we define alinear operator $\Gamma_{\alpha}$ from the weighted Fock space $\Gamma_{\alpha}(H\mathrm{c})$ into the
Fock space $\Gamma(H_{\mathrm{C}})$ by

$\Gamma_{\alpha}(\phi)=(\sqrt{\alpha_{n}}f_{n})$ , $\=(f_{n})\in\Gamma_{\alpha}(H_{\mathrm{C}})$ .

Then it is obvious that $\Gamma_{\alpha}$ is aunitary isomorphism between $\Gamma_{\alpha}(H_{\mathrm{C}})$ and $\Gamma(H_{\mathrm{C}})$ . In fact,
for any $\phi=(f_{n})$ , $\psi$ $=(g_{n})\in\Gamma_{\alpha}(H_{\mathrm{C}})$ we have

$\infty$

$\langle\langle\Gamma_{\alpha}(\phi)$ , $\overline{\Gamma_{\alpha}(\psi)}\rangle\rangle_{\Gamma(H_{\mathrm{C}})}=\sum_{n=0}n!\alpha_{n}\langle f_{n}, \overline{g_{n}}\rangle=\langle\langle\phi, \overline{\psi}\rangle\rangle_{\Gamma_{\alpha}(H_{\mathrm{C}})}$ .

4 $S_{\alpha}$-transform
For any positive sequence $\alpha=\{\alpha(n)\}$ and for each $\langle$ $\in E_{\mathrm{c}}$ , we put

$\phi_{\alpha,\xi}=(\sqrt{\alpha(0)}$, $\sqrt{\alpha(1)}\xi$ , $\frac{\sqrt{\alpha(2)}\xi^{\otimes 2}}{2!}$ , $\cdots$ , $\frac{\sqrt{\alpha(n)}\xi^{\otimes n}}{n!}$ , $\cdots$ ).
Then for any $\xi\in E_{\mathrm{C}}$ we have

$|| \phi_{\alpha,\xi}||_{0}^{2}=\sum_{n=0}^{\infty}n!\frac{\alpha(n)}{n!^{2}}|\xi|_{0}^{2}=G_{\alpha}(|\xi|_{0}^{2})$ ,

where $||\cdot||_{0}$ is the norm on $\Gamma(H_{\mathrm{C}})$ , and for any $p\geq 0$

$|| \phi_{1/\alpha,\xi}||_{K,p,+}^{2}=\sum_{n=0}^{\infty}n!\alpha(n)\frac{1}{n!^{2}\alpha(n)}|\xi|_{K,p}^{2}=e^{|\xi|_{K,\mathrm{p}}^{2}}$ .

Therefore, for any $\xi\in E\mathrm{c}$ , $\phi_{\alpha,\xi}\in\Gamma(H\mathrm{c})$ and $\phi_{1/\alpha,\xi}\in \mathfrak{D}_{\alpha}$ . Moreover, it can be shown that
$\{\phi_{\alpha,\xi} ; \xi\in E\mathrm{c}\}$ and $\{\phi_{1/\alpha,\xi} ; \xi\in E\mathrm{c}\}$ span dense subspaces of $\Gamma(H_{\mathrm{C}})$ and $\mathfrak{D}_{\alpha}$ , respectively.

For $\Phi\in\Gamma(H_{\mathrm{C}})$ , the $\mathrm{C}$-valued function $S_{\alpha}\Phi$ defined by

$S_{\alpha}\Phi(\xi)=\langle\langle\Phi, \phi_{\alpha,\xi}\rangle\rangle$ , $\xi\in E_{\mathrm{C}}$
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is called the $S_{\alpha}$ transform of 0. Similarly, for $\Psi$
$\in \mathfrak{D}_{\alpha}^{*}$ , the $S_{1/\alpha}$ transform of $\Psi$ is defined

by
$S_{1/\alpha}\Psi(\xi)=\langle\langle\Psi, \phi_{1/\alpha,\xi}\rangle\rangle$ , $\xi\in E_{\mathrm{C}}$ .

Then $\Phi\in\Gamma(H_{\mathrm{C}})$ and $\Psi\in \mathfrak{D}_{\alpha}^{*}$ are uniquely specified by the $S_{\alpha}$ transform and $S_{1/\alpha^{-}}$

transform, respectively. Let $p\geq 0$ . Then for each $\Phi=(f_{n})_{n=0}^{\infty}\in \mathfrak{D}_{\alpha,p}$ and $\Psi=(g_{n})_{n=0}^{\infty}\in$

$\mathfrak{D}_{1/\alpha,-p}$ , $S_{\alpha}\Phi$ and $S_{1/\alpha}\Psi$ can be extended to $D_{-p,\mathrm{C}}$ and $D_{p,\mathrm{C}}$ , respectively. Moreover, we
have

$S_{\alpha} \Phi(z)=\sum_{n=0}^{\infty}\sqrt{\alpha(n)}\langle z^{\otimes n}, f_{n}\rangle$ , $z\in D_{-p,\mathrm{C}}$

and
$S_{1/\alpha} \Psi(z)=\sum_{n=0}^{\infty}\frac{1}{\sqrt{\alpha(n)}}\langle z^{\otimes n}, g_{n}\rangle$ , $z\in D_{p,\mathrm{C}}$ ,

where the right hand sides converge uniformly on each bounded subset of $D_{-p,\mathrm{C}}$ and
$D_{p,\mathrm{C}}$ , respectively. Therefore, Sa$ and $S_{1/\alpha}\Psi$ become entire functions on $D_{-p,\mathrm{C}}$ and
DPyc, respectively. Moreover, it is easily checked by definition that $S_{\alpha}\Phi(K^{p}\cdot)\in \mathcal{E}^{2}(\nu)$

and $S_{1/\alpha}\Psi(K^{-p}\cdot)\in \mathcal{E}^{2}(\nu)$ .
Proposition 2The $S_{\alpha}$ -transforrn is a unitary isomorphism between $\Gamma_{\alpha}(H\mathrm{c})$ and $\mathcal{E}^{2}(\nu)$ .

Proof. It is easily show that
$S_{\alpha}=J\circ\Gamma_{\alpha}$ : $\Gamma_{\alpha}(H_{\mathrm{C}})arrow\Gamma(H_{\mathrm{C}})arrow \mathcal{E}^{2}(\nu)$ .

Since $\Gamma_{\alpha}$ and $J$ are unitary isomorphisms, the proof follows. $\blacksquare$

Theorem 3Let $p\geq 0$ and $g$ be a $\mathrm{C}$ -valued function defined on $E_{\mathrm{C}}$ . Then

(1) g is the Sa-transforrm of some $\Phi\in \mathfrak{D}_{\alpha,p}$ if and only if g can be extended to $a$

continuous function on D-Pic and $g\circ K^{p}\in \mathcal{E}^{2}(\nu)$ .
(2) g is the $S_{1/\alpha}$ -transform of some $\Phi\in \mathfrak{D}_{1/\alpha,-p}$ if and only if g can be extended to $a$

continuous function on $D_{p,\mathrm{C}}$ and $g\circ K^{-p}\in \mathcal{E}^{2}(\nu)$ .

Proof. Since the proof of (2) is similar to the proof of (1), we only prove (1) by
simply modified arguments used in [18]. Let $g$ be a $\mathrm{C}$-valued continuous function defined
on $D-Pic$ such that $goK^{p}\in \mathcal{E}^{2}(\nu)$ . In fact, $g$ is entire on $D_{-p,\mathrm{C}}$ since $K^{p}$ is an isometry
from $H_{\mathrm{C}}$ onto $D_{-p,\mathrm{C}}$ . By the duality transform there exists $(f_{n})\in\Gamma(H\mathrm{c})$ such that

$g \mathrm{o}K^{p}(z)=\sum_{n=0}^{\infty}\langle z^{\otimes n}, f_{n}\rangle$ , $z\in H_{\mathrm{C}}$ .

Then, changing variables, we have

$g( \xi)=\sum_{n=0}^{\infty}\langle(K^{-p})^{\otimes n}f_{n}, \xi^{\otimes n}\rangle$ , $\xi\in D_{-p,\mathrm{C}}$ .

Define $\Phi=(1/\sqrt{\alpha(n)}(K^{-p})^{\otimes n}f_{n})$ . Then by definition (I) $\in \mathfrak{D}_{\alpha,p}$ and $S_{\alpha}\Phi(\xi)=g(\xi)$ for
$\xi\in E_{\mathrm{C}}$ , i.e., $g$ is the $S_{\alpha}$ transform of $\Phi\in \mathfrak{D}_{\alpha,p}$ . Th6 converse assertion is obvious. @

During the above proof we have established the followin
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Proposition 4Let $p\geq 0$ and let $\Phi\in \mathfrak{D}_{\alpha p}$, $\Psi\in \mathfrak{D}_{1/\alpha,-p}$ . Then we have

(1) $S_{\alpha}\Phi$ admits a continuous dension to $D_{-p,\mathrm{C}}$ and $S_{\alpha}\Phi\circ K^{p}\in \mathcal{E}^{2}(\nu)$ . Moreover,

$||\Phi||_{Kp,+}=||S_{\alpha}\Phi\circ K^{p}||_{\mathcal{E}^{2}(\nu)}$ .

(2) $S_{1/\alpha}\Psi$ admits a continuous extension to $D_{p,\mathrm{C}}$ and $S_{1/\alpha}\Psi\circ K^{p}\in \mathcal{E}^{2}(\nu)$ . Moreover,

$||\Psi||_{K,-p,arrow}=||S_{1/\alpha}\Psi \mathrm{o}K^{-p}||_{\mathcal{E}^{2}(\nu)}$ .

By Theorem 3, the following corollary is obvious

Corollary 5Let $g$ be a $\mathrm{C}$-valued function defined on $E\mathrm{c}$ . Then

(1) g is the $S_{\alpha}$ -transform of some $\Phi\in \mathfrak{D}_{\alpha}$ if and only iffor any p $\geq 0$, g can be extended
to a continuous function on $D_{-p,\mathrm{C}}$ and $g\circ K^{p}\in \mathcal{E}^{2}(\nu)$ .

(2) g is the $S_{1/\alpha}$ -transfom of some $\Phi\in \mathfrak{D}_{\alpha}^{*}$ if and only if there exists p $\geq 0$ such that
g can be dended to a continuous function on $D_{p,\mathrm{C}}$ and g $\mathrm{o}K^{-p}\in \mathcal{E}^{2}(\nu)$ .

In the case of $\alpha\equiv 1$ , the $S_{\alpha}$-transform is called the $S$-transform(see [14], [23], [27]).
For each $\Phi\in \mathfrak{M}_{\alpha}$ , the $S$-transform F $=S\Phi$ possesses the folowing properties:

(F1) for each $\xi$ , $\eta\in E_{\mathrm{C}}$ , the function $z\vdasharrow F(z\xi+\eta)$ is entire holomorphic on $\mathrm{C}$ ;
(F2) there exist $C\geq 0$ and $p\geq 0$ such that

$|F(\xi)|^{2}\leq CG_{\alpha}(|\xi|_{A_{1}p}^{2})$ , $\xi\in E_{\mathrm{C}}$ .

The converse assertion is also true. This famous characterization theorem for S-transform
was first proved for the $\mathrm{H}\mathrm{i}\mathrm{d}\mathrm{a}-\mathrm{K}\mathrm{u}\mathrm{b}\mathrm{o}$-Takenaka space by Potthoff and Streit [33]. The
following result is due to Cochran, Kuo and Sengupta [8].

Theorem 6Let $F$ be a $\mathrm{C}$-valued function on $E\mathrm{c}$ . Then $F$ is the $S$-transform of some
$\Phi\in \mathfrak{M}_{\alpha}$ if and only if $F$ satisfies conditions (Fl) and (F2). In that case, for any $q>1/2$
with $||A^{-q}||_{\mathrm{H}\mathrm{S}}^{2}<R_{\alpha}$ we have

$||\Phi||_{A,-(p+q),-}^{2}\leq C\overline{G}_{\alpha}(||A^{-q}||_{\mathrm{H}\mathrm{S}}^{2})$ .

5Operators on Weighted Fock Space
Let $\mathcal{L}(X, \mathfrak{Y})$ be the space of all continuous linear operators from alocally convex space I
into another locally convex space $\mathfrak{Y}$ . Then acontinuous linear operator $—\in \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{B}_{\alpha}^{*})$

is called ageneralized operator (or white noise operator). Note that $\mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha})$ and
$\mathcal{L}(\mathfrak{M}_{\alpha},\mathfrak{D}_{\alpha,p})$ are subspaces of $\mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha})$ . Moreover, by duality, $\mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha}^{*})$ is isomorphic
to $\mathcal{L}(\mathfrak{M}_{\alpha},\mathfrak{M}_{\alpha})$ . Ageneral theory for generalized operators has been extensively developed
in [4], [27], [29].
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The $1/\alpha$ -symbol, which is an operator version of the $S_{1/\alpha}$ -transform, of ageneralized
operator $—\in \mathcal{L}(\mathfrak{M}_{\alpha}, 2\mathrm{D}_{\alpha}^{*})$ is defined as acomplex valued function on $E\mathrm{c}\cross E\mathrm{c}$ by

$-^{1/\alpha}(\xi, \eta)=\underline{\underline{\wedge}}\langle\langle_{-}^{-}-\phi_{\xi}, \phi_{1/\alpha,\eta}\rangle\rangle$ , $\xi$ , $\eta\in E_{\mathrm{C}}$ ,

where $\phi_{\xi}=\phi_{1,\xi}$ . In the case of $\alpha\equiv 1,\underline{\underline{\wedge}}-^{1/\alpha}$ is denoted by $-\underline{\underline{\wedge}}$ which is called the symbol of
—. Every generalized operator is uniquely determined by its symbol. By the definitions,
we have the following relations:

$-/\alpha(1\xi, \eta)=S_{1/\alpha}(_{-}^{-}\underline{\underline{\wedge}}--\phi_{\xi})(\eta)=S(_{-}^{-*}\phi_{1/\alpha,\eta})(\xi)$, $\xi$ , $\eta\in E_{\mathrm{C}}$ .

As is easily verified, the symbol $=-\underline{\underline{\wedge}}$ of ageneralized operator $—\in \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha})$ possesses
the following properties:

(01) for any $\xi$ , $\xi_{1}$ , $\eta$ , $\eta_{1}\in E_{\mathrm{C}}$ the function $(z,w)\vdasharrow(z\xi+\xi_{1}, w\eta+\eta_{1})$ is entire holomor-
phic on $\mathrm{C}\cross \mathrm{C}$ ;

(02) there exist constant numbers $C\geq 0$ and $p\geq 0$ such that

$|\Theta(\xi, \eta)|^{2}\leq CG_{\alpha}(|\xi|_{A,p}^{2})G_{\alpha}(|\eta|_{A,p}^{2})$ , $\xi$ , $\eta\in E_{\mathrm{C}}$ .

As in the case of $S$-transform, the characterization theorem for symbols, which was first
proved by Obata for the $\mathrm{H}\mathrm{i}\mathrm{d}\mathrm{a}-\mathrm{K}\mathrm{u}\mathrm{b}\mathrm{o}$-Takenaka space, is asignificant consequence of white
noise theory. The characterization in the case of CKS-space was proved in [4].

Theorem 7A function $$ : $E_{\mathrm{C}}\cross E_{\mathrm{C}}arrow \mathrm{C}$ is the symbol of a white noise operator
$—\in \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha}^{*})$ if and only if $$ satisfies conditions (01) and (02). In that case

$||---\phi||_{A,-(p+q),-}^{2}\leq C\overline{G}_{\alpha}^{2}(||A^{-q}||_{\mathrm{H}\mathrm{S}}^{2})||\phi||_{A,p+q,+}^{2}$ , $\phi\in \mathfrak{M}_{\alpha}$ ,

where q $>1/2$ is taken as $||A^{-q}||_{\mathrm{H}\mathrm{S}}^{2}<R_{\alpha}$ .

We now study the characterization theorem for $\alpha$-symbols of operators on weighted
Fock spaces. For the characterization theorem for symbols of operators on Fock spaces
we refer to [18]. Let $p\geq 0$ . Then it is easily shown that for each $—\in \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{D}_{\alpha,p})$ the
thesymbol $—\wedge\alpha \mathrm{o}\mathrm{f}_{-}^{-}-$ is well-defined and $—\wedge\alpha$ is extended to an entire function on Ec $\cross D_{-p,\mathrm{C}}$ .

Theorem 8Let $p\geq 0$ and let $$ be a complex valued function defined on $E\mathrm{c}\cross E\mathrm{c}$ . Then
there eists $—\in \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{D}_{\alpha,p})$ such that $=–\wedge-\alpha$ if and only if

(i) $\mathrm{e}$ can be extended to an entire function on $E_{\mathrm{c}}\cross D_{-p,\mathrm{C};}$

(ii) there eist $q\geq 0$ and $C\geq 0$ such that

$||\Theta(\xi, K^{p}\cdot)||_{\mathcal{E}^{2}(\nu)}^{2}\leq CG_{\alpha}(|\xi|_{A,q}^{2})$ , $\xi\in E_{\mathrm{C}}$ .
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Proof. For the proof we use similar arguments used in [18]. Suppose that there exists
$—\in \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{D}_{\alpha,p})$ such that $\Theta=-^{\alpha}\underline{\underline{\wedge}}$ . Then condition (i) is obvious and there exists q $\geq 0$

such that $—\in \mathcal{L}(\mathfrak{M}_{\alpha,q},\mathfrak{D}_{\alpha \mathrm{p}})$ . Hence there exists C $\geq 0$ such that

$||_{-}^{-}-\phi||_{K,p,+}\leq\sqrt{C}||\phi||_{A,q,+}$ , $\phi\in \mathfrak{M}_{\alpha,q}$ .

Therefore, we have

$||\Theta(\xi, K^{p}\cdot)||_{\mathcal{E}^{2}(\nu)}^{2}=||_{-}^{-}-\phi_{\xi}||_{K,p,+}^{2}\leq C||\phi_{\xi}||_{A,q,+}^{2}=CG_{\alpha}(|\xi|_{A,q}^{2})$ .

Conversely, suppose that conditions (i) and (ii) are satisfied. Let $\xi$ $\in E\mathrm{c}$ be fixed
and define afunction $F_{\xi}$ : $D_{-p,\mathrm{C}}arrow \mathrm{C}$ by $F_{\xi}(\eta)=\Theta(\xi, \eta)$ , $\eta\in D_{-p,\mathrm{C}}$ . Then by (ii),
$F_{\xi}(K^{p}\cdot)\in \mathcal{E}^{2}(\nu)$ . Hence by Theorem 3, there exists $\Phi_{\xi}\in \mathfrak{D}_{\alpha,p}$ such that $S_{\alpha}(\Phi_{\xi})=F_{\xi}$ and

$||\Phi_{\xi}||_{K\mathrm{p},+}^{2}=||F_{\xi}\mathrm{o}K^{p}||_{\mathcal{E}^{2}(\nu)}^{2}=||\Theta(\xi, K^{p}\cdot)||_{\mathcal{E}^{2}(\nu)}^{2}\leq CG_{\alpha}(|\xi|_{A,q}^{2})$ .

Now, fix $\phi\in \mathfrak{D}_{1/\alpha,-p}$ and define afunction $G_{\phi}$ : $E_{\mathrm{C}}arrow \mathrm{C}$ by

$G_{\phi}(\xi)=\langle\langle\phi, \Phi_{\xi}\rangle\rangle$ , $\xi\in E_{\mathrm{C}}$ .

Then we can easily show that $G_{\phi}$ satisfies conditions (F1) and (F2). In fact,

$|G_{\phi}(\xi)|^{2}\leq||\phi||_{K,-p,-}^{2}||\Phi_{\xi}||_{Kp,+}^{2}\leq C||\phi||_{K,-p,-}^{2}G_{\alpha}(|\xi|_{A,q}^{2})$.

Therefore, by Theorem 6, there exists $\Psi_{\phi}\in \mathfrak{M}_{\alpha}$ such that

$S(\Psi_{\phi})(\xi)=G_{\phi}(\xi)=\ovalbox{\tt\small REJECT}\phi$ , $\Phi_{\xi}\rangle\rangle$ , $\xi\in E_{\mathrm{C}}$ .

Moreover we have

$||\Psi_{\phi}||_{A,-(q+\phi),-}^{2}\leq C\tilde{G}_{\alpha}(||A^{-\phi}||_{\mathrm{H}\mathrm{S}}^{2})||\phi||_{K,-p,-}^{2}$ (5.2)

for some $q’>1/2$ with $||A^{-\phi}||_{\mathrm{H}\mathrm{S}}^{2}<R_{\alpha}$ . Define alinear operator $—*:\mathfrak{D}_{1/\alpha,-p}arrow \mathfrak{M}_{\alpha}^{*}$ by
$—*\phi=\Psi_{\phi}$ , $\phi\in \mathfrak{D}_{1/\alpha,-p}$ . It then follows from (5.2) that $—*\in \mathcal{L}(\mathfrak{D}_{1/\alpha,-p}, \mathfrak{M}_{\alpha})$. Then it is
obvious that $\mathrm{e}$ is the $\alpha$-symbol of $—\in \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{D}_{\alpha p})$ (the adjoint of $—*$ ). @

By the similar arguments used in the proof of Theorem 8, we have

Theorem 9Let $p\geq 0$ and let $\mathrm{e}$ be a complex valued function defined on $E\mathrm{c}\cross E\mathrm{c}$ . Then
there exists $—\in \mathcal{L}(\mathfrak{M}_{\alpha},\mathfrak{D}_{1/\alpha,-p})$ such that $\mathrm{e}$

$=_{-^{1/\alpha}}\underline{\underline{\wedge}}$ if and only if
(i) $\mathrm{e}$ can be dended to an entire function on $E_{\mathrm{C}}\cross D_{p,\mathrm{C}}$ ;

(ii) there exist $q\geq 0$ and $C\geq 0$ such that

$||\Theta(\xi, K^{-p}\cdot)||_{\mathcal{E}^{2}(\nu)}^{2}\leq CG_{\alpha}(|\xi|_{A,q}^{2})$ , $\xi\in E_{\mathrm{C}}$ .
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For each $\kappa\in D_{p,\mathrm{C}}^{\otimes l}\otimes(E_{\mathrm{C}}^{\otimes m})^{*}$ , let

$( \xi, \eta)=\langle\kappa, \eta^{\otimes l}\otimes\xi^{\otimes m}\rangle\sum_{n=0}^{\infty}\frac{\sqrt{\alpha(n+l)}}{n!}\langle\xi, \eta\rangle^{n}$, $\xi$ , $\eta\in E_{\mathrm{C}}$ . (5.3)

Then it is obvious that $$ can be extended to an entire function on $E_{\mathrm{c}}\cross D_{-p,\mathrm{C}}$ .
For $\kappa\in(E_{\mathrm{C}}^{\otimes(l+m)})^{*}$ and $f\in E_{\mathrm{C}}^{\otimes(n+m)}$ the (right m-) contraction of atensor product

is defined by

$\kappa\otimes_{m}f=\sum_{\mathrm{j},\mathrm{k}}$ ($\sum_{\mathrm{i}}\langle\kappa, e(\mathrm{j})\otimes e(\mathrm{i})\rangle$

$\langle f, e(\mathrm{k})\otimes e(\mathrm{i})\rangle$) $e(\mathrm{j})\otimes e(\mathrm{k})$ ,

where

$e(\mathrm{i})=e:_{1}\otimes\cdots\otimes e$: , $e(\mathrm{j})=e_{j_{1}}\otimes\cdots\otimes e_{j_{l}}$ , $e(\mathrm{k})=e_{k_{1}}\otimes\cdots\otimes e_{k_{n}}$ ,

which form orthonormal bases of $H_{\mathrm{C}}^{\otimes m}$ , $H_{\mathrm{C}}^{\otimes l}$ , $H_{\mathrm{C}}^{\otimes n}$ , respectively. We need new norms
in the space of $(l+m)$-fold tensor products. For $p$ , $q\in \mathrm{R}$ , we define

$| \kappa|_{K,A_{j}l,m_{j}p,q}^{2}=\sum_{\mathrm{i}\mathrm{j}}|\langle\kappa, e(\mathrm{j})\otimes e(\mathrm{i})\rangle|^{2}|e(\mathrm{j})|_{K,p}^{2}|e(\mathrm{i})|_{A,q}^{2}$
, $\kappa\in(E_{\mathrm{C}}^{\otimes(l+m)})^{*}$ ,

Note that $|\kappa|_{A,A_{j}l,m_{j}p,p}=|\kappa|_{A,p}$ . Moreover, for any $p$ , $q$ , $r\in \mathrm{R}$ it holds that

$|\kappa$ $\otimes_{m}f$ $|_{K,A_{j}l,n_{j}q,r}\leq|\kappa$ $|_{K,A_{j}l,m_{j}q,-p}|f$ $|_{A,A_{j}n,m_{j}r,p}$ .

In particular, for any $p\in \mathrm{R}$ and $q\geq 0$ it holds that

$|\kappa\otimes_{m}f|_{K,p}\leq|\kappa|_{K,A_{j}l,m_{j}p,-q}|f|_{K,A;n,m_{j}p,q}$,

Lemma 10 For any $p\in \mathrm{R}$ there exist $q\geq 0$ such that

$|\xi|_{K,p}\leq|\xi|_{A,q}$ , $\xi\in E_{\mathrm{C}}$ .

Proof. For any $p\in \mathrm{R}$ , $E_{\mathrm{C}}\mapsto D_{p,\mathrm{C}}$ is continuous. Therefore, there exist $C\geq 0$ and
$q’\geq 0$ such that

$|\xi|_{K,p}\leq C|\xi|_{A,\phi}\leq C\rho^{q-q’}|\xi|_{A,q}$ , $\xi\in E_{\mathrm{C}}$ , $q\geq q’$ ,

where $\rho=||A^{-1}||_{\mathrm{o}\mathrm{P}}=1/2$ . Hence for asufficiently large $q\geq 0$ we have $|\xi|_{K,p}\leq|\xi|_{A,q}$ ,
$\xi\in E_{\mathrm{C}}$ . $\blacksquare$

Lemma 11 For each $\kappa\in D_{p,\mathrm{C}}^{\otimes l}\otimes(E_{\mathrm{C}}^{\otimes m})^{*}$, the $\mathrm{C}$ -valued function e given as in (5.3)

satisfies condition (ii) in Theorem 8.
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Proof. By applying Lemma 10, we obtain that for any r $\geq 0$ with $|\kappa|_{K,A;l,m_{j}p,-r}<\infty$

there exists $p’\geq p\vee r$ such that

$|(\kappa\otimes_{m}\xi^{\Phi m})\otimes\xi^{\theta n}|_{K\mathrm{p}}$ $\leq$ $|\kappa|_{K,A_{j}l,m_{j}p,-r}|\xi|_{A,r}^{m}|\xi|_{Kp}^{n}$

$\leq$ $|\kappa|_{K,A_{j}l,m_{j}p,-r}|\xi|_{d}^{m+n}$

$\leq$ $|\kappa|_{K,A_{j}l,m_{j}p,-r}\rho^{(m+n)(q-p’)}|\xi|_{q}^{m+n}$ ,

where $q\geq p’$ . Therefore, by direct computation, we have

$| \Theta(\xi, K^{p}\cdot)|_{\mathcal{E}^{2}(\nu)}^{2}\leq\sum_{n=0}^{\infty}\frac{(n+l)!\alpha(n+l)}{n!^{2}}|\kappa|_{K,A_{j}l,m_{j}p,-r}^{2}\rho^{2(m+n)(q-p)}|\xi|_{q}^{2(m+n)}$.

On the other hand, by Lemma 1, we have

$(n+l)!\alpha(n+l)$ $(n+l)!(n+m)!\alpha(n+l)$
$n!^{2}$ $n!^{2}(n+m)!$

$\leq$ $\frac{2^{2n+l+m}n!^{2}l!m!C_{2\alpha}^{n+l}C_{3\alpha}^{n+m}\alpha(n+m)\alpha(l)}{n!^{2}(n+m)!}$

$=$ $\frac{2^{2n+l+m}l!m!C_{2\alpha}^{n+l}C_{3\alpha}^{n+m}\alpha(l)\alpha(n+m)}{(n+m)!}$ .

Therefore, for some $q\geq p’$ such that $(4C_{2\alpha})^{n}C_{3\alpha}^{n+m}2^{m}\beta^{(m+n)(q-p)}\leq 1$

$|\Theta(\xi, K^{p}\cdot)|_{\mathcal{E}^{2}(\nu)}^{2}$ $\leq$ $| \kappa|_{K,A_{j}l,m_{j}p,-r}^{2}l!m!(2C_{2\alpha})^{l}\alpha(l)\sum_{n=0}^{\infty}\frac{\alpha(n+m)}{(n+m)!}|\xi|_{q}^{2(m+n)}$

$=$ $|\kappa|_{K,A_{j}l,m_{j}p,-r}^{2}l!m!(2C_{2\alpha})^{l}\alpha(l)G_{\alpha}(|\xi|_{q}^{2})$ .

It follows the proof. $\blacksquare$

Since the $\mathrm{C}$-valued function $\mathrm{e}$ given as in (5.3) satisfies conditions (i) and (ii) in
Theorem 8, there exists an operator $—\in \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{D}_{\alpha,p})$ such that

$-^{\alpha}-(- \wedge\xi, \eta)=\langle\kappa, \eta^{\Phi l}\otimes\xi^{\otimes m}\rangle\sum_{n=0}^{\infty}\frac{\sqrt{\alpha(n+l)}}{n!}\langle\xi, \eta\rangle^{n}$

This operator is called aintegral kernel operator with kernel distribution $\kappa$ and denoted
by $–l,m-(\kappa)$ . For each $t\in \mathrm{R}$, the operators $a_{t}=--_{0,1}-(\delta_{t})$ and $a_{t}^{*}=_{-1,0}--(\delta_{t})$ are called the
annihilation operator and creation operator, respectively.

6Wick Exponential
For two white noise operators $–1,–2–\in \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha}^{*})$ , by Theorem 7, there exists aunique
operator $—\in \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha}^{*})$ such that

$—\wedge\underline{\underline{\wedge}}\wedge(\xi, \eta)=-1(\xi, \eta)_{-2}^{-}-(\xi, \eta)e^{-(\xi,\eta\rangle}$ , $\xi$ , $\eta\in E_{\mathrm{C}}$ , (6.4)
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see [7]. The $\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}---\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{d}$ in (6.4) is called the Wick product of –1- and –2-, and is
denoted by $–=_{-1-2}---0--$ . We note some simple properties:

I $0_{-=}^{--}---0$ $I=—$, $(_{-1-2}^{--}-0-)0---3=---10$ $(_{-2-3}^{--}-0-)$ ,

$(_{-1-2}^{--}-0-)^{*}=---*20$ $–1-*$ , –1- $0—2=—20–1-$ .
Namely, equipped with the Wick product $\mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha}^{*})$ becomes a $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{m}\mathrm{u}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}*$ -algebra.
As for the annihilation and creation operators we have

$a_{s}\mathrm{o}$ $a_{t}=a_{s}a_{t}$ , $a_{s}^{*}\mathrm{o}$ $a_{t}=a_{s}^{*}a_{t}$ , $a_{s}\mathrm{o}$ $a_{t}^{*}=a_{t}^{*}a_{s}$ , $a_{s}^{*}\mathrm{o}$ $a_{t}^{*}=a_{s}^{*}a_{t}^{*}$ . (6.5)

More generally, it holds that

$a_{s_{1}}^{*}\cdots a_{s_{l^{-}}^{-a_{t_{1}}\ldots a_{t_{m}}=}}^{*--}--\mathrm{o}$ $(a_{s_{1}}^{*}\cdots a_{s_{l}}^{*}a_{t_{1}}\cdots a_{t_{m}})$, $—\in \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha}^{*})$ .

In fact, the Wick product is aunique bilinear map from $\mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha}^{*})\cross \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha})$ into
$\mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha}^{*})$ which is (i) separately continuous; (ii) associative; and (iii) satisfying (6.5).

Theorem 12 [7] Let $\alpha$ and $\omega$ be two weight sequences and assume that their generating
functions are related in such a way that

$G_{\omega}(t)=\exp\gamma\{G_{\alpha}(\mathrm{t})-1\}$ , (6.6)

where $\gamma>0$ is a certain constant. Then for $any—\in \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha}^{*})$ , $\mathrm{w}\exp---\in \mathcal{L}(\mathfrak{M}_{\omega}, \mathfrak{M}_{\omega})$ ,
where $\mathrm{w}\exp---is$ the Wick exponential $of—defined$ by

$\mathrm{w}\exp---=\sum_{n=0}^{\infty}\frac{1}{n!}---\mathrm{o}n$ .

Let $\kappa\in(E_{\mathrm{C}}^{\otimes(l_{1}+m_{1})})^{*}$ and $\lambda\in(E_{\mathrm{C}}^{\otimes(l_{2}+m_{2})})^{*}$ . Then the Wick product of two integral
kernel operators $–l_{1},m_{1}-(\kappa)$ and $–l_{2},m_{2}-(\lambda)$ is given by

$—l_{1},m_{1}(\kappa)0_{-l_{2},m_{2}}^{-}-(\lambda)=---l_{1}+l_{2\prime}m_{1}+m_{2}(\kappa 0\lambda)$ ,

where $\kappa\circ\lambda\in(E_{\mathrm{C}}^{\otimes(l_{1}+l_{2}+m_{1}+m_{2})})^{*}$ is defined by

$\kappa\circ\lambda(s_{1}, \cdots, s_{l_{1}+l_{2}}, t_{1}, \cdots, t_{m_{1}+m_{2}})$

$=\kappa\otimes\lambda(s_{1}, \cdots, s_{l_{1}}, t_{1}, \cdots, t_{m_{1}}, s_{l_{1}+1}, \cdots, s_{l_{1}+l_{2}}, t_{m_{1}+1}, \cdots, t_{m_{1}+m_{2}})$ .

Moreover, for any $\kappa\in(E_{\mathrm{C}}^{\otimes(l+m)})^{*}$ we have

$–l,m-(\kappa)^{on}=---ln,mn(\kappa^{\mathrm{o}n})$ .

Theorem 13 $Lei$ $\kappa\in D_{-p,\mathrm{C}}^{\otimes l}\otimes(E_{\mathrm{C}}^{\otimes m})^{*}$ and let $\alpha$ be a weighted sequence satisfying that

$C_{\alpha}= \sup\{\frac{(k+ln)!(mn+k)!}{n!^{2}k!^{2}\alpha(k+ln)\alpha(mn+k)};k$, $n\geq 0\}<\infty$ .

Then we have
wexp $–l,m-(\kappa)\in \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{D}_{1/\alpha,-p})$ .
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Proof. For any $—\in \mathcal{L}(\mathfrak{M}_{\alpha},\mathfrak{M}_{\alpha}^{*})$ , we have

$\overline{\mathrm{w}\exp^{-^{1/\alpha}}--}(\xi,\eta)=\sum_{n=0}^{\infty}\frac{1}{n!}\overline{---0’\iota}^{1/\alpha}(\xi,\eta)$ .

On the other hand, we have

$–l,m-\overline{(\kappa)}^{\theta\prime\iota^{1/\alpha}}(\xi, \eta)$

$=$
$–ln,mn-\overline{(\kappa}^{\mathrm{o}n})^{1/\alpha}(\xi, \eta)$

$=$ $\langle\kappa^{\mathrm{o}n}, \eta^{\otimes ln}\otimes\xi^{\Phi mn}\rangle\sum_{k=0}^{\infty}\frac{1}{k!\sqrt{\alpha(k+ln)}}\langle\xi, \eta\rangle^{k}$

Therefore,

wexp –$–^{1/\alpha}(\xi,\eta)$
$= \sum_{n=0}^{\infty}\sum_{k=0}^{\infty}\frac{1}{n!k!\sqrt{\alpha(k+ln)}}\langle(\kappa^{\mathrm{o}n}\otimes_{mn}\xi^{\otimes mn})\otimes\xi^{\otimes k}, \eta^{\Phi(ln+k)}\rangle$

$= \sum_{\dot{|}=0}^{\infty}\{\sum_{k+ln=:}\frac{1}{n!k!\sqrt{\alpha(i)}}(\kappa^{\mathrm{o}n}\otimes_{mn}\xi^{\otimes mn})\otimes\xi^{\theta k}$ , $\eta^{\theta:}\}$ .

Hence

$|| \overline{\mathrm{w}\exp^{-^{1/\alpha}}--}(\xi, K^{-p}\cdot)||_{\mathcal{E}^{2}(\nu)}^{2}=.\cdot\sum_{=0}^{\infty}\frac{i!}{\alpha(i)}|_{k}\mathrm{I}_{:}\frac{1}{n!k!}(\kappa^{\mathrm{o}n}\otimes_{mn}\xi^{\Phi mn})\otimes\xi^{\Phi k1_{K,-p}^{2}}$

On the other hand, for any $q\geq 0$ with $|\kappa|_{K,A_{j}l,m_{j}-p,-q}<\infty$ we have

$| \sum_{k+ln=:}\frac{1}{n!k!}(\kappa^{\mathrm{o}n}\otimes_{mn}\xi^{\otimes mn})\otimes\xi^{\Phi k1_{K,-p}^{2}}$

$\leq([\frac{i}{l}]+1)\sum_{k+ln=:}\frac{1}{n!^{2}k!^{2}}|\kappa|_{K,A_{j}l,m_{j}-p,-q}^{2n}|\xi|_{A,q}^{2mn}|\xi|_{K,-p}^{2k}$

$\leq(i+1)\sum_{k+ln=:}\frac{1}{n!^{2}k!^{2}}|\kappa|_{K,A_{j}l,m_{j}-p,-q}^{2n}|\xi|_{A,\phi}^{2(mn+k)}$,

where $q’\geq q$ such that $|\xi|_{K,-p}\leq|\xi|_{A,\phi}$ . Therefore, we have

$| \sum_{k+ln=:}\frac{1}{n!k!}(\kappa^{\mathrm{o}n}\otimes_{mn}\xi^{\Phi mn})\otimes\xi^{\otimes k1_{K,-p}^{2}}$

$\leq(i+1)\sum_{k+ln=:}\frac{1}{n!^{2}k!^{2}}|\kappa|_{K,A_{j}l,-p,-q}^{2n}m_{j}\rho^{2s(mn+k)}|\xi|_{A,\phi+s}^{2(mn+k)}$

Since there exists $s\geq 0$ such that $(k+ln+1)|\kappa|_{K,A_{j}l,m_{j}-p,-q}^{2n}f^{s(mn+k)}\leq 1$ ,

$| \sum_{k+ln=:}\frac{1}{n!k!}(\kappa^{\mathrm{o}n}\otimes_{mn}\xi^{\Phi mn})\otimes\xi^{\Phi k}|_{K,-p}^{2}\leq\sum_{k+ln=:}\frac{1}{n!^{2}k!^{2}}|\xi|_{A,\phi+s}^{2(mn+k)}$

108



Therefore we have

$||\mathrm{w}\exp-\overline{-}-^{1/\alpha}(\xi, K^{-p}\cdot)||_{\mathcal{E}^{2}(\nu)}^{2}$
$\leq$ $\sum_{i=0}^{\infty}\frac{i!}{\alpha(i)}\sum_{k+ln=i}\frac{1}{n!^{2}k!^{2}}|\xi|_{A,q’+s}^{2(mn+k)}$

$\leq$ $C_{\alpha} \sum_{k=0}^{\infty}\sum_{n=0}^{\infty}\frac{\alpha(mn+k)}{(mn+k)!}|\xi|_{A,q’+s}^{2(mn+k)}$

$\leq$ $C_{\alpha} \sum_{\dot{l}=0}^{\infty}(i+1)\rho^{2t:}\frac{\alpha(i)}{i!}|\xi|_{A,q’+s+t}^{2\dot{l}}$ .

Thus for any $t\geq 0$ with $(i+1)\rho^{2t\dot{l}}\leq 1$ we have

$||\mathrm{w}\exp--$
$–1/\alpha(\xi, K^{-p}\cdot)||_{\mathcal{E}^{2}(\nu)}^{2}\leq C_{\alpha}G_{\alpha}(|\xi|_{A,q’+s+t}^{2})$.

Thus, by Theorem 9, the proof follows. $\blacksquare$

7Normal-Ordered Differential Equations

In this section, as an application of characterizations, we consider an equation of the form:

$\frac{d_{-}^{-}-}{dt}=L_{t}\mathrm{o}---$ , —(0)=I, (7.7)

where $t\mapsto*L_{t}\in \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha}^{*})$ is continuous. Equation (7.7) is generally called anormal-
ordered differential equation. Recall that the space $\mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha}^{*})$ is closed under the Wick
product. Hence, aformal solution to (7.7) is given by the Wick exponential:

$–t-= \mathrm{w}\exp(\int_{0}^{t}L_{s}ds)=\sum_{n=0}^{\infty}\frac{1}{n!}(\int_{0}^{t}L_{s}ds)^{on}$ , (7.8)

and our first task is to check its convergence in the sense of generalized operators.
Several studies of the convergence of Wick exponential can be fund in [31], see also

[30]. As ageneral result, we have the following

Theorem 14 [7] Let $\alpha$ and $\omega$ be two weight sequences and assume that their generating
functions are related as in (6.6). If $t\vdasharrow L_{t}\in \mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{M}_{\alpha})$ is continuous, the solution is
given by (7.8) and lies in $\mathcal{L}(\mathfrak{M}_{\omega}, \mathfrak{M}_{\omega}^{*})$ .

Assume that $L_{t}$ is an integral kernel operator:

$L_{t-l,m}=--(\lambda_{l,m}(t))$ . (7.9)

In that case, the map $\mathrm{t}\vdasharrow\lambda_{l,m}(\mathrm{t})\in(E_{\mathrm{C}}^{\otimes(l+m)})^{*}$ is continuous, and so is

$\mathrm{t}|arrow\kappa_{l,m}(t)\equiv\int_{0}^{t}\lambda_{l,m}(s)ds\in(E_{\mathrm{C}}^{\otimes(l+m)})^{*}$ .
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Since the (formal) solution of (7.7) is given by
$—_{t}=\mathrm{w}\exp---_{l,m}(\kappa_{l,m}(t))$ ,

see (7.8), regularity properties of $–t-$ is described in terms of $\kappa_{l,m}(t)$ instead of $\lambda_{l,m}(t)$ .
The following theorem is straightforward from Theorem 13.

Theorem 15 Assume that $L_{t}$ is given by

$L_{t-l,m}=--(\lambda_{l,m}(t))$ , $\kappa_{l,m}(\mathrm{t})\equiv\int_{0}^{t}\lambda_{l,m}(s)ds\in(D_{-p,\mathrm{C}})^{\Phi l}\otimes(E_{\mathrm{C}}^{\Phi m})^{*}$ .

Let $\alpha$ be a weighted sequence satisfying that

$C_{\alpha}= \sup\{\frac{(k+ln)!(mn+k)!}{n!^{2}k!^{2}\alpha(k+ln)\alpha(mn+k)};k$, $n\geq 0\}<\infty$ .

Then, the unique solution to (1.1) lies in $\mathcal{L}(\mathfrak{M}_{\alpha}, \mathfrak{D}_{1/\alpha,-p})$ .
Lemma 16 Let $l$ , $m\geq 0$ . Then

(1) If $0\leq l+m\leq 2$ , then $C_{\overline{\beta}}<\infty$ for any $0<\beta<1$ .
(2) If $2<l+m$ , then $C_{\tilde{\beta}}<\infty$ for any 1-2/(1+m)<\beta <l.

Proof. Since $\tilde{\beta}(n)=n!^{\beta}$ , $n\geq 0$ , $0\leq\beta<1$ , we have

$\frac{(k+ln)!(mn+k)!}{n!^{2}k!^{2}\tilde{\beta}(k+ln)\tilde{\beta}(mn+k)}$ $=$ $(k+ln)!^{1-\beta}(m_{2}n+k)!^{1-\beta}n!^{2}k!$

$=$
$\frac{((l+1)^{k+ln}(m+1)^{k+mn}k!^{2}n!^{l+m})^{1-\beta}}{n!^{2}k!^{2}}$

Therefore, if $0\leq l+m\leq 2$ , then $2(1-\beta)<2$ and $(l+m)(1-\beta)<2$ for any $0<\beta<1$ .
Hence $C_{\overline{\beta}}<\infty$ for any $0<\beta<1$ . It follows the proof of (1).

On the other hand, if $2<l+m$ , then $2(1-\beta)<2$ and $(l+m)(1-\beta)<2$ for any
1-2/(1+m)<\beta . Hence $C_{\tilde{\beta}}<\infty$ for any 1-2/(1+m)<\beta <l. It follows the proof of
(2). $\blacksquare$

By Theorem 15 and Lemma 16, the following is obvious
Proposition 17 Assume that $L_{t}$ is given by

$L_{t-l,m}=--(\lambda_{l,m}(t))$ , $\kappa_{l,m}(t)\equiv\int_{0}^{t}\lambda_{l,m}(s)ds\in(D_{-p,\mathrm{C}})^{\otimes l}\otimes(E_{\mathrm{C}}^{\otimes m})^{*}$ .

Then we have
(1)

$0<\beta<1If0\leq l+$.
m $\leq 2$ , the unique solution to (1.1) lies in $\mathcal{L}((E)_{\beta}, \mathfrak{D}_{1/\tilde{\beta},-p})$ for any

(2) If $2<l+m$ , the unique solution to (1.1) lies in $\mathcal{L}((E)_{\beta}, \mathfrak{D}_{1/\tilde{\beta},-p})$ for any 1-2/(1+
$m)<\beta<1$ .

Now, the study of applications of the characterizations to wide class of (white noise)
differential equations is being in progress
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