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SE MR FD H-system OZERDIEIEICDONT
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QCR? ZWOENBEREHEOERER, 2 = (z,9) € Q &3, UTFTILRDIER
REAR AR R OEFHERIE (HD),:

Au = 2HuzAu, inQ, (D)

DEBEROFHEIIDONTER S, ZZTH > 0ITEK. 7€ C*(0Q;R3) IZ5%15
NI=BEKT. u e H(QR3) 13RY MVEBIK. “A” 12 R? O@EEDORY RV,
Uz, Uy FHIREBREERT. (1) 1TEREIER H OBIED/$S5 A R w7 Zr0%
T HERRTH O, H-system LIS ([BC1] [BC2)). 7=72L. 4 Dirichlet
BRI D= DI E R RIS,

(1) IFARERZHOHBRRTH D Z LITEET 3.

(HD), OFIRDNBKD HI(Q;R?) TOERRELTRI SN 5,

1 2H
En(u):=3 [ 1Vuf +2°Q(), ue H(QR?)

Qu) .= /Q U U AUy, UE H,}(Q;R:’)

X oriented volume functional &I E/EN S,
(HD)., DREM72EE L TITRMBF SN TS,

1. Small solution (Hildebrandt). H||y|lt~ <1 D& &E,

2. Large solution (Brezis-Coron, Struwe). /272U v # ¥ T. H||v|1» <1 D
L&,

Bilf. R LERDOBIEERIT v # € OL & (HD), DROBEHEIZDN
TROEEZRLTI,

T ([IT] Theorem 1.5)  h, & v OFFHLIRE T S, h, ArankVh,(2) =2,Vz € 0
BHIETERET D, CDEE,HD H >0DFHELT, IRTDO<H< H 1T
XU T (HD), 37 &b cat(Q) + 1 BEORZEEED,

E 51T, |Vhy(2)]2 = 2|(hy)e(2) A (hy)y(2)] > 0,V2z € Q, BERD LD SIE. H
WHFINSNWEE, (HD), 1372< £B 2cat(Q) + 1 EDOREFD., T IIT cat(Q)
X Q @ Ljusternik-Schnirelman h5 U —%H 5H7,

COEHEMNS, v BWEEREOSREEMI=T L EITIE. (HD), Tid3diziEd

42



o O MEE/LSIX3 D
o O MEEMETHRWESIES D

DIRINGETIET B Z E8b 5,
UTF. CORXTIEy=0,H=10%a%EA, (HD), % (HD) Li3:
Au = 2uz;Auy, in{, : (3)

ZDEE uw=0I13¥EIZ (HD) OfE/xDT, Mﬁ%gﬂ%@@qﬁﬁ@&‘@é\; Eizd
%, Z3UuZ Hildebrandt @ Small solution IZXH5d 5.

(HD) DOIEH MR DTELE - IEFEIEITDNT, 1975 4F, H.Wente [W] ITROEEE
GEFAL 7z,

o () ZEGHEFINE TS, (ZFARENENS Q= ﬁuPWi&: LT o0&

Z (HD) Ofgld u=0 ULOFEEL RN,

o O % (FIEfEIR & 25 FHETS) zgﬁ%ﬁwamq ZDE X (HD) DIEHH
BINDIE &d 1 DEET 5, '

HEFERIE (HD) 3. HXITTOEE Sobolev ?“ﬁtéﬁ‘ﬂﬂéﬁﬂ/ B AR
BEFMERRE (SD):

u>0 in{,

{ ~Au=u¥? inQcRNN>3),
’U,IaQ = 0

EOBICEL DEEZE DI ENHAISNT NS, £ Wente 0)% 1 0)%%@1
(SD) izxtd % BERIFEIR TD Pohozaev DIEFEFEEIT, 725 2 DFERIZ. P]ﬁ‘ﬁﬁ
1 T® Kazdan-Warner OFEEECEICHINTHHD t%i 515,

Wente DIEFIEEH %A, Pohozaev &R ZHWTIEHL THL<,

F7. AEROSAFREEL D, BEEFEER Q 3BV ERKEL T, £
7=. Wente OIFRIMEHE X D, (HD) Of#IL. fﬁﬁi'@lbfﬁ‘ﬁ?ﬁ‘%ﬁ"@é’b%l
EITEET S, ‘

HER (3) OEHAIC zu, + yuy € R® ZHML T, s, Uy S up Ay kl_)c'é‘Za
ZEEHNWS L,

/Q Au - (zugy + yuy)dzdy =0
2155, BREIICXD

. 2 3
./an —2—|Vu| (z-n)ds, = 0.

22T n R 2 € 00 TOMRMERAY Fbe WE. 2-n= |22 = 1 ROT,
9L [Vu| = 0 2185, BREH (4) bEETBE. THOSLNEHNABERR
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(HD) X9 3 —EEE®™ (=& 213 [LM],Proposition 3.2.) 2k, u=0 &
3%,

(SD) IZDWTIZ, (HE) BROEE - IEELE L SIS OAAEK - SR & DB
HIZDWTE < DA THN T3 (Bahri-Coron, Passaseo £D—#DH L %25
)., INSOWFENS, (HD) iZDWNTHROFFRIIEARTHB BN S,

e QCR? % K+ 1 EEFEHERETS (K >1), ZD&E (HD) O EHBR
Dz Ed K il F+HES 5.

T] LBNT, ROBEITRENE,

o 2 K +1 HEEFH QO C R2 WEELT. 2O LTIX. (HD) D3EHBI#Z
B3R & Kl #HET 5.

LD IEREITIRRD I DITRDEEET D,

Definition.(condition (AR % %, )) For z1,2,---,2x € R? and positive num-
bers Ry, Ry, -+, Rg (Ri > 1,V1), we say that a domain Q C R? satisfies the condi-
tion (AR &, .~%,) if the following holds :

(1) Br,(z) :={z € R?: |z — z| < R;} are disjoint discs,
(2) Aprp(z) ={2€R*: Ry <|z—-z| <R} CQ(Vi=1,2,--,K),

(3) Bory-1(z) ={z € R?*: |z —z| < (2R)T'} C Q° (Vi=1,2,---, K).

Theorem. For every K € N, there erists a bounded smooth domain Q C R? sat-
isfying the condition (AR, 7%, ) for some points 21,2, - -, 2x € R? and constants
4 < Ry < Ry < --- < Rk, on which the problem (HD) admits at least K distinct
non-trivial solutions.

Sl (ARSER7TR,) BATHEE QXK + 1 EERESEETH D 2L ITHERT 5.
FHBEROEAREENS. LOEETHERLZ Q ESAREST N TOFERT
B CHERMBRILT B,

AEAd Coron [Co] IZHEVY, Morse BRICE T BEHEMNFRIZEL S, [Co] TIZ
&5 Sobolev e DEEF(ERIE (SD) ZHiik> T3,

UTFTAWS N DOODGEEEHET 5.

2
S(u) = lan—(IuV)T;%, for Q(u) # 0,
M = {ue Hj;(QR3):Qu) =1},
M {ue M:S(u) <A},
S = Jnf S(u) = (32m)1/3.
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(HD) Oz RDOF 52 &id. M ETHEEE S O critical point # R DF2Z &
IZRE I D, Morse HFRDOEAEHIZL D &, Hilbert Z4%4E& M ED C? #iNEE
B S A {ueM:a< S(u) < B} T Palais-Smale S 2/ L. 2D Z OHEIBHIZ
MR EZEEZIRnWEd 5 &, sub-level set M* 13 MP OWMENL b5 M,
BRIZENSDOFRERE—# - REODP—BHIITARNT—ET 5,

ODNONEIZOEREAETEONEEZHAWS, DFD, fHR Q OFREME—KIE
BB ZFIHL T, S A Palais-Smale &2 7= SEBHAND 2 DD sub-level sets
M, MP DORIZ topological difference % H7= 53 & 57 M N®D path %’:%ﬁk’?% Z
&VJ:‘O S DERROEEEIHT 5,

FEBADT U RS54 ERDBEOTH 5,

1. Palais-Smale D38} (local compactness level @ﬁ@i)

2. T Ixtd B E/IMEFIDEE)

3. 2 DD level set DEDAAHKIZRZRATS S explicit path DHERK

Step 1. X Brezis-Coron iZ& % Global Compactness Lemma ([BC2]) ZHWT
RENB,

Lemma. Let Q C R? be a bounded smootﬁ domain. Then we have :
(a) every sequence (u™) C H}(%;R3) such that

limy 00 Ex (u?) = B € (525, 25),
Ey(u™) - 0 H™! strongly,

is relatively compact in H}(Q; R3); that is, Ey satisfies the (PS)p condition for
/6 € (ﬁf, ﬁf)

(b) every sequence (") C M = {u € H}(Q; R?); Q(u) = 1} such that

lim, ., S(@") = B € (5,2'/39),
S'(w*) — 0 H™! strongly,

is relatively compact in H} (S R3) that is, S satisfies the (PS)5 condition on
M for B € (S,2'/33).

Step 2. IZDWTIZROEEN key 725,
Lemma. Let {u"} C M be a sequence such that

S™) =8 +0(1) asn— oo.
Then there ezists a subsequence (still denoted by u™) and z = (z,y) € Q such that

|Vu™|*? 586, in M(2)
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in the sense of Radon measures of Q.

O L. BELER
_ Jaz|Vu|?dz
T fq|Vultdz’

ZHWT, Q OHEKMEEZ. S ITTHENEED M OEROLE MS*(e > 0
small) IZHEZIV/Z I ENTE S,

FoOfEEE. KO RO EEAERITHT S Concentration-Compactness
Lemma’ M 5i#EMhN B,

F: H} ;R\ {0} - R?,  F(u) z = (z,y)

FERAERICHT S Concentration-Compactness Lemma.
Let Q C R? be a bounded smooth domain. Consider a sequence {v"} C H}(;R3) C
H}(R% R3) (extended by 0 outside Q) with

2
sup | |Vv*|* < oo,
neNJ/R

o™ — v° weakly in HA(Q, R?),
Vo™ [? 2 p in M(Q),
™ - T inD'(R?

as n — oo, where T™ € D'(R?) is a compactly supported distribution, defined by

2
T™(p) := /R (pv™) - vZ Avjdzdy  for Ve € D(R?).

Then i is a finite nonnegative Radon 1ﬁeasure with 11(Q) < oo and T is a compactly
supported distribution with supp(T) C Q and the followings hold:

(part 1) (forms of the limit measure and the limit distribution)

There ezist 3J € N U {oo}, nonnegative numbers {u;};_,, real numbers {v;}]_,

and points {z;}]_, C Q such that:

1.
J
p= |V Pdzdy + Y pd.; + i,
j=1
where i € M(Q) is a nonnegative, nonatomic measure.
2.

J
T=To+ Y v6,, inDR?,
=1

J

where Ty is a distribution defined by

2
To(p) == /R (pv°) -2 A 'vgd:zzdy forVy € D(R?).



3. (the isoperimetric inequality for atoms)
1 3/2 )
vil < (5)¥%5"7, Vi€l T}

4. (the isoperimetric inequality for total mass)

()] < ()@

(part 2) ( concentratzon compactness alternative)
If u(Q) = S = (320)/3 and |T(1)| = 1, then one and only one of the followmg
statements holds true.

(a) (concentration) there exists zo € Q such that p = 56, and T = &,,.

(b) (compactness) v™ — v° strongly in H3(Q,R®). In this case, p = |Vo°|*dzdy
and T =Tj. .

Step 3. IZDWT, 2D sub-level sets DEDALFHAEEZ B2 5T path (3.

k —Z —txy |
0,2 2(1—t) N % o
’ e —qy—t
u”(2) (1—t)2+|z—Z—to|? ( y-y- to

t—1

where z = (z,y),% = (£,9) € R%,t € [0,1),0 = (2o, %) € {|2| = 1} {THEZH7Z cut off
B ZENT 2 DN SBKT 5.
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Appendix.

H-system (ZBH# 9 2FEEDOH T, BRIERBREBDLNIBEICDONVT,

B8 1 (regularity)
H:R3— R Z2#5M L9 5, (variable mean curvature function)

Au = 2H (u)u, Ay, in D'(Q;R3)

@ distribution solution u € H}(Q;R3) @ C® IEAMEIZDWT. KRDO+45E04
5NTW3,

o H = F¥ (Wente)
e ||H||ze + sup,ers(1 + [y)|VH (y)| < oo (Heinz)
¢ |H||z~ + ||VH||z» < co (Bethuel)

o H HFMD H®Y,y*,y*) = H(y',y?) for any (y',3%,3°) € R® (Bethuel-
Ghidaglia)

LD, He L°(R%R) Hho@onasIE u 25 0h ?

fS1%8 2 (multiplicity)
B ERIE (HD),
Au = 2Hu,Au, inB?
ulppz = 7

EEZD, ZIT HITER. B? = 255THATAR, v € C**(0B2%; R3) 1 | H| |||~ <
1 2H7FET5,

1. generic 733EFHE v I LT, (HD), DEDOMEEIT bound 13dH 55 ?
Bz, card{u € H}(6B? R?) : solution of (HD),} = co L2 BEHRME v 1T &
N<sVNHBN?

2. (Brezis) v = (z,9,0),|H| <1 £&9%, ZD&Z (HD), DRIITE2DL,
A4V AN g
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BIfE 3 (FAARERDHE)
31Q)|? < /Q Vul* Vue H}(RY)

. Hi(GR®) BEHRICHTHEAREREER, 222 S = (32m)? BIREERK.
513 Q # R? T3 L T attain T3z, Fiz, R? 2K T extremal functions
DHEBH SN TS, (Brezis-Coron)

2e T
@)= |y |, >0

2 2 2
e+ +y e

DO DBEIEIE extremal functions @ 1 DI/ 5%,
ERAER DML DZE
[ 1vuf - SiQw)?

%, “extremal functions DEA &L u DR 2ELBT NS bound TESMN?
R%E 4 (higher-dimensional H-systems) H 13E$. Q c RN &35,
div(|Vu[N"2Vu) = Hug, A+ Augy

% N KT H-system &FER (Mou-Yang). Z ZIZ u € WHV(Q; RV*Y) T, FERI
lﬁuxl AR ’UmN Li\ Bg{%\it

Ve Ugy Ao Algy = det[v,ug,, -+, ugy] Yo € RN

W T—RITHRES RVt R MLET B,
QW N RKIC ball D&,

div(|Vu|N2Vu) = Hug A---uz, in$,
ulsgg = 0

DOff ue Wy (RN 1T u=0ICfEBM?
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