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1 Introduétion

In previous papers [3], [4], we remarked that there is a harmonic relation between the
Green functions G(z, §) for

{—ﬁ(p(x)%) = f(z), a<z<b

(1.1)
u(a) = u(b) =0, p(z) > 0 in [a,b]
and the Green matrix Ay' = (g;;) for the discretized system
f 1
a=Tp<Zy <-*<Tp<ITpy =D, zi+%:§(x,~+w,~+1) (1.2)
Uit1-U; Ui=Uiy
Pipl T Pl .
< B +lh‘. 1+h: 2 =fia i = Ti — Ti-1, 7'=112s"'sn (13)
2
(Uo=Upnt1 =0
or
HAU = f
with
2
hi+h2
H=

-2
hn +hn+1 .
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—az az +az —ag 1
AO: ., .. .. ) aiz—P,’_%
-0y Qp + Qpy

U= (Uly"' 1Un)t7f= (fl’“. ’f")t

In fact, we have

b ds \ ' [z ds (b d :
(far:)) fa}T:) f;T:) (3955)

G(IE,‘,.’IJJ')=
b ds \ ! € ds b a
(Pg) N @29
and
[ /n+1 -1/ n+l
( _'ﬂ;_) ( _hx ) Z _he i<j
k=174 k=174 ) \ k73174 -
Gij = ¢
n+1 -1/ n+1
(S) (o) (o) +2d
L \k=1P%-% =174 ) \e=ip1Pe-} -
Hence,

G(zi,zj) = gij + O(h?) Vi, j, h = maxh;,
if p € C1[a,b].
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n A
On the other hand, the finite element approximation v, = )_U;¢; with piecewise linear

i1=1

polynomials is determined by solving

n_ b A b
S / p(2)didz)0; = / f@)di(@)dz, i=1,2,-,n
j=1 [ a

(1.5)

A
with respect to U;, where ¢;,i = 1,2,--- ,n are piecewise linear polynomials satisfying

#i(z;) = 0;;. The equations(1.5) can be written in the matrix-vector form

AN A
AU = f,
A A
where A = Ay is obtained by replacing a; in (1.4) by
A 1 1 [
a; = Epi, pi = e xi_lp(:c)da:,
A A A A Tit+1
f=(f, -, fa), fi= f(z)¢i(z)dx.

Ti-1
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A-1
Then it can also be shown that A = (g/:,-) satisfies

[ /n+1 -1/ n+l
by hy Y k) i<y
Pk Pr ~ Py -
k=1 k=1 k=j+1
n+1 -1 j n+1l
by by » hy i> 7,
Pl V=i Pk k1P

which indicates a similar harmony between the Green functlon G(:L' €) and the corre-
sponding discrete Green function:

g,;j=<

G(x,-, $j) = g/:] + O(h2) Vi:ja
if p € CY[a, b].

The purpose of this paper is to establish a similar relation for the Green function
G(z,¢&) for

Lu= —%(p(w)%) + q(x)% +r(z)u=f(r),a<z<b (1.6)

u(a) =u(d) =0

and the discrete Green function Gi(z;, z;) (Green matrix) for the discretized system

Uip1-Ui Ui~Ui,
I IO et B ey Uipn — Ui -
LU = - hiath ot by T o i=12em (1)
Uy = Unt1 =0,

provided that p(z) € C*!, q(z), r(z) € C*'[a,b], p(z) > 0,7(z) > 0 in [a, ]

2 Results

The discrete Green function G(z;,z;) for the operator L, is defined as the solution of
the linear system ‘

LiGh(zi, z5) = —250i5, 14,j=1,2,---,n

hj+1+h; 20

Gh(xi’zj)=01i=0’n+1’ ISJSna
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where d;; stands for the Kronecker symbol. This means that the n X n matrix(Gj(z;, 7;))
is the inverse of the matrix A = Ay + Q + D, where Ay is defined by (1,3),

0 0 k r1(hi+hs)
@ . @ . 2 r2!h2+h3!
2 ’ 2 2
Q= - , D=
g 5 Ta(hnthas1)

2

We first prove the following lemma:

Lemma 2.1. Given positive integers N, and N,, we have

hj + Rjt1 =

O(h) ifi<N,ori>n+1-N,,
ZGh(z“xJ) 2

O(1) otherwise.

Proof. Let ¢(x) € C?[a,b] be the solution of the problem Lu = 1 in (a,b) and u(a) =
u(b) = 0. Then we have

ZG’;.(J:,,:I:J)M < 2¢(xz;) Vi

j=1
(cf.Matsunaga-Yamamoto[2]), which proves Lemma 2.1. O
Then we have the following result.

Theorem 2.2. Ifp € C*![a,b], ¢(z),7(z) € CH[a,b], p(z) > 0, r(z) > 0 in [a,b], then

O(R}) (i< Nyori>n+1-N,),
Gh(l‘i, .’L']) - G(xis x]) =
O(h®) (otherwise).

Proof. Let {Vi} be any mesh function defined on I = {zo,21,--+ ,Zpn,Zny1} such that
Vo = Vay1 = 0. Then it is easy to see

Vi= ZGh(z:,,x,) Ly, i=1,2,---,n

Hence

G(:L‘,-,:::,—) = ZGh(x;,xk)-’H‘—%—’H‘ﬂLhG(xk, xj)a ,7=1,2,---,n (2.1)
k=1
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Furthermore, a careful computation leads to

(e — hia)des + O(h +hey)] (R #7)

hk+hk+l

LhG(.’I?k,CEj) = {
L+ (Wi 8] — hig7) + O(h} + A3l (k=)

where
1 &Gz, x 0?G(zk,z;) 1 ,0G(zx,x
br; = <P __((9’;_12 —(Pk )%—ﬁ_‘_s Z—(—é:—])
+ 1 8G(z; +0,z;) 1 ,0G(z;+0,z;) , 0°G(z; +0,z;)
i 47 0x? ~ghi oz 4pj 0x?
1 &G(z; +0,z; )
~ 6 Oz3 ’
_ 1 82G(x, -0 IIIJ) 1 ,,BG(ZIIJ’ - 0,33_7‘) 1 / 62G(.'Bj - 0, CCj)
L P Y A (B ¥
1 8G(z; —0,z;)
L ox3 '

Substituting this relation into (2.1) yields

G(wi,25) = Ga(i, o) {(h = hEsr); + Olhlyr + )}
=
+Gn(zi, 2){1+ (¢ +h’3+1 ) +O(h] j+1 T hs)}

or

G(i,2;) — Gu(i,33) = Y _Ga(mi, 75){(Bf — Biy1)bas + O(hi sy + h)}
kg
+ G(xi, 75){(¢5 hy1 — 67 3) + O(hiyy + h3)} (2:2)

Hence there exists a constant C; > 0 such that

|G (i, 25) — Gn(@i, )| < C1hY_ Gu(i, zk) (b + has1) + O(H?),
|
and, by Lemma 2.1, we have

Gh((L'i,.’L‘j) = G(.’L‘i,IL‘j) + O(h) (23)
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Substituting this into (2.2) we have
G(i,%;) — Gu(®i, %) = Y _G(®i, Tk) (B} — Bi1)dxs + G(Ti, 35) (8] B34y — 7 h2) + O(h?)

k#j
= h3G(zi, 1) 15 + Zh§+1[G(xi:xk+l)¢k+lj — G(zi, k) i
k=1

- h?[G(:L‘;, Tj-1)9j-15 + G (i, T;)$; ]
+ b3 1[G (i, 25)8F + G, Tj41)bjsn)

n-—1 .
+ Z h2 1[G, Thr1) Brsr; — G(@i, Tic) Pr;)
k=j+1

— b7 1[G (i, Tn)bng] + O(h?)
= O(h?) (an improvement of (2.3))

since

G(Zi, Th+1) k15 — G(Ti, Th) Pij
= [G(zi, Th41) — G(Ti, Tk) P15 + G (i, Tk) [Dr+15 — O]
= O(hk+1)Pk+1j + G(Zi, Tk)hiy1 = O(hi41), ete.

Replacing O(h) in (2.3) by O(h?) and repeating similar argument as above, we obtain for
t<N,ori>2n+1-N,

G(.’L‘,‘,.’Ej) - Gh(x,-,:z:,-) = O(ha)
This proves Theorem 2.2. a
We can apply Theorem 2.2 to derive the superconvergence of the Shortley-Weller approx-
imation applied to the semilinear problem

2 p@)B) + a(0) T + f() =0, a<z<b (24

u(@) =a, u(d)=45 (2.5)
with any nodes (1.2):

Theorem 2.3. In addition to the assumptions of Theorem 2.2, assume that f is contin-
wous on R :a <z < b, —00 < u < +0o. Furthermore, assume that f is continuously
differentiable with respect to u on R and f, > 0. Then the finite difference method

Ui+1-U; Ui-Ui—y
Pirl Ty —Pi-lT R Uit1 — Ui :
- 2 +lh.~ i 2 +q;‘m+f($ian)=0a 1=12,---,m, (26)

2
Uo=a, Unp1=p
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for solving (2.4)-(2.5) is superconvergent with any nodes (1.2):

O3, iel={1,2,--- ,Ngyyn—Ny+1,n— Nb+2,--- ,n}
’U,i—Ui=
O(h?), i¢l

as h — 0, where N, and N, are arbitrary given positive integers.

Remark. If the boundary conditions (2.5) are replaced by
ayu(a) + apu'(a) =a and  Biu(b) + Beu'(b) = B,

where a2 # 0, ayaz > 0 and B8, > 0, then it can be shown that the corresponding
Shortley-Weller approximation (2.6) is quadratic convergent with any nodes (1.2):

U; — Ui = O(hz) Vi

as h — 0. However, superconvergence can not be expected in general.
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