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Complexity One Hamiltonian Torus Actions

KB KZEREGEZHER BM A% (Shunji Takuma)
Graduate School of Science, Osaka University

2n+ 1) R > TV IF 4w I BRE M ITn RITb—F AT BNV 2B (B
B AL TS &E, ZOEMZ complexity one DEMA EFY, TOERZRHDE
¥{k% complexity one space EFESR. HTE, Y.Karshon & S.Tolman iIZ&X U complexity
one space DFENED LN TS, ZORETIE, HREBICLREA—BELERZ
AL, complexity one space DRERD—DTH 5 genus DN TEE DR N/
IBREEZBNTS.

STV T4y D ERRE (M, w) 1T, LeBGCNI TV I T4y JIERLTVS
Lt B geGROVT, grw=w MROIADEZEZWVD. IHIT (M,w) \NDZ~»
TV 497 GERBPNIINECHTHS EE, (G D Lie ROFMART HIVER g*
IZ1X G D coadjoint action BHBELT) DEDOHBERZWIIREER D : M — g
MEETBHEEEND [ pw=—d(d,¢), VEcg. TIT, (REDERTE M EDOR
ZEIVBTHSB. (8,6 1dg &gt DRI MVDRT YT THS. ZOFHS & IDHE
ADE—RA> FNEHEER.

RT3 LeBGMNM—F X (BRI /XY bk Lie B)T DEE, ZTOLie Rt D
W t* D coadjoint ERIZBBERBDT, NI M THEHADE-AFEKIAT
AEBEKHERS. NI R THERAIZDONT, —BREIDEDQIEPHASNTNS.
1. My = {z € M|G, = H} DERSD CTDONWT, ¢ICLBC ORI HDLieR Y
® annihilater b+ ICFETRT 74 CEBICETENS.

®(C) C a+bht, wherea = ®(z),z€C

ERC, BESEEOEMRMNIT—AL FERIZED 1 RIZEEINS.
2. MMIAUNRI FDEE, =AY FNEHROK (M) T, BEARRSOBRDOETHR
BEOEDEBMEEERS. LEN>T, T— A MUIMEBEELZS.

M DSERETI Y M EATAm M = 2dimT D& E, (M, T) i3 Delzant space( X
7213, toric manifold ) EFEIENS. Delzant space DE—A > MRIZTXTROZHZ
VA ILE 1L AR
1. SERTIESE &5 EdimT BOANRZH-> T 5.

2. KEAMNSHUBLDAENRY ML E L THEN (ERFVERK) 2b0NENS.



3. HKEAT, 2. DEOREFEERY MIVELTEINRNDOBDEZENL, ZNS5dim T
BEDOXRYZ PUT t* DBRTHES (exp:t = T DEEITHIET BHD) D Z-basis £735.

Z DM EAIL Delzant polytope £IFIEN%. Delzant space 1, RE TV
F 4y 7 FEDENERWT, 9% Delzant polytope DEITHENT K S RIMERIC
Ko T—BHIZREINS. MIT, Delzant polytope MHEFNEE— A MRIZHD
Delzant space ##ET 2 ZEMNTES. 7255, Delzant space Id Delzant polytope
ko TE2BIZPEINS [G.

Delzant space DE—A L R T 7 ANB—DD T-BETHS5DIZH L T, complexity
one space NE—A L R 77 A NE~RICT-HEBOEEVIZES. HEREEEZL1-D
KIRZDE—AZ T 7AINOERERTREZZA LS TRESRN. ZEO—DDREN,
[KT1] T5 X 57z, complexity one Hamiltonian torus action DB —EMEEE TH
5. FNERBNTHEDHIC, XD TEEOEHEET S. 2(n+ 1) KIT symlectic manifold
(M,w) Zn KIEb—F AT BHREREINIIVECHIERALTEBD, £EOE—AT b
Efd: M — t* NEHE (proper) THHETSH. 5T, E—ACPELRI DBt D
MBEA U REENTVBEETS. ZDEE, (M,w,®,U) % proper complexity one
space EMEX. 2 DD proper complexity one space (My,w;, ®1,U) & (Ma,ws, $,U) A
FETHBEE, RES TV IT4vVRAMEER f: M, - My T, &, =d,0 f i
ETObORFEETHEEZNI.

EB(FHr—BHE®E)[KT1] ,

2 D® proper complexity one space (My,wq,®1,U) & (Ma,ws, P2, U) ITXHL T, K
DEZDDORBNWIZINTNEET 5:
1. 5 ® Duistermaat-Heckman measure 235 L U,
2. NS DOFEHK (genus) BFEL W,
3. &# ~ .

(%) (o) B2 L LD (LA > TRIRERMBED) #LUEZ HD.

BT acU BEELT, »D, BT isotropy data AVFEL W,

TDEE, URRBIFE o DML V T, V AZENETND complexity one space &
HIRRL7=bDNRHEI B2 X SR bONEET 2. Thbb,

(®THV),w1,®1,V) = (51(V),ws, @2, V)

CHDEBTHEONZEAOHAEZT S.
1. £, T—A2 FEKROEAHEIZN L TZ® symplectic quotient @ “HF&" & Xt &
¥ % Ri% % Duistermaat-Heckman B§¥( &) 5. Duistermaat-Heckman measure &1,
t* LOREDZ ET, t* ED Lebesgue #EIT Duistermaat-Heckman B & 8T TH
5N5.
2. E— AL NERDE o t* BNEE



(¥) ®1(a) 75 2 L LD (L7=#5> TRATBERBE D) $lid % b o.

ZiG/zd L&, MZEM O Ya)/T 132 RTOHME EFRIMIZES. 51T, ot
WEIZ T XT (%) DFEHFEmIZL, "JoN5EEMIERMEERS. £z, E—A2 b
BOM) DARTITRTIDERE (x) Zib/d. > T, E—AL T 7 ANOHEZE
MELTHONS ZORMEOEEDN, (M,w,®,U) Z2REDITS—DOBEL TESRE
EN5. I #% complexity one space DFELL (genus) &I 5.

3. 7 (a) IT2 DLAEDOHER (orbit type) 23dH B & &, HIFLHE (exceptional orbit) &
FEN 2 HDNHEET S. U isotropy subgroup 232 DHE DIFEEIZH 5T R TOH
BEOPTHRRERDOBDDIETHS. & a) DHITH BT X TOFISHED isotropy
%8 (weight) DIEFFIT 5 NTWENERE % o D isotropy data EIEX.

E#EDBLZ, complexity one space DAERBRD —DTHHEEMN b —F AEAICK
DEDESRBHKEZTEDONENDIILTHS. £IT, SEEZEHTS. £iTbR
REEITE— AL FNEROB (M) BMBEAEL> TS, BEESES MT O&E
RRDLD: M - ¢ ICXD 1 RICEI DD, HICOBEADOERICE I NS ERER
BDI L% extremal LR LTS, HELREENS, BEA0ITRZDEDDT
SERENFESN.

EHE. compact connected complexity one space (M, w, ®,t*) A% extremal isolated fixed

point 2 TIX, ZTOEEKII0OTH 3.

AEBRAICIE, E— A2 FEBD weighted X-ray &WIBEERE D.S.Metzler]M] 12X 5,
generalized symplectic quotient ® Euler $IZB9 5 recursive formula #FHW 5. 9
ZTOHAETS.

weighted X-ray. &k M2+D) 3T AERAOBGER (T}, ICL>THEIT B I EMNT
Eo: M =111, X; (22U, X; & My, OERERS). X; DEE%E F; EB<F; = X;.
F=F;£9%. FREXKOBAFIOFIONIZEZEY {B(F))}rer & X-ray LFL,
& (Fj, ®(F;)) % wall LR, —DO0 wall (Fj, ®(F;)) KHLT, Hpe X; TOHEZE
fl ToM ~D T; D isotropy RHRD weights{ny, ... ,7ns1 HE 7% 3t DRY ML ERR
T)Za; EES LTS, o BEFDFLTWARVWESEART. X; BEERDT,
a; EHpe X; DEDHITIHEKS V. T5LTHSNS 3D/ (F), 8(F),a;) &%
weighted X-ray &R, wall DRITLET @(F;) DRITDIEET 5.

& wall(Fj, ®(F;),0;) KR LT, F; it T/T; OHBHZN I b AERAHES
N, TONINVPAEHTHTEIE—AS FER S, : Fj — t; DERE (F)) iZR—K
TES. IDEED(F) DAR LIS, DIEAHEELRD, L72A3>T, £ symplectic
quotient ®;'(8)/(T/T;) HBF5N2. ZTOZLRMEZT>TNEOMEND L, 5D
symplectic quotient I E— A > FEHOIEAHEIZHN L TEBRBINDDDRDEMN, X
HEEANE, EDELHBININEY - b—FZAEADE—A > FPERDIERIEEE
Ao, TRNITHT D symplectic quotient 1FEZX B I EMTESDENSZEZEST



W5, ZOEXIIT, E—ALMEROEBEDEITH L TEHK IS symplectic quotient
% generalized symplectic quotient &I

recursive formula for Euler numbers. Eii L7z K 51T, weighted X-ray D&
wall(Fj, ®(F;), a;) IR LU T generalized symplectic quotient FJ JTBEZSNS. £
D Euler 8% ($(F;) DAKDEDHITIIE S ZNDT)x(F;) LB ZEIZTE. LWE,
2 DORLKITLE DD wall(Fy, B(F), 1) & (Fy, B(F)), a5) B DBDRTENDTD&E D
DI wall(Gr, B(Gx), Be)(k = 1,... 1) BRI EATELTWAERETS. “OE X,
ROLRAABLD LD [Metzler).

’ l
X(Fj) = x(F) = Y _(fr — bi)x(Gx)
k=1

212U, fi i, wall(Gk, ®(Gy), Bi) @ weight D35 &(F;) DABERNTNDHDD
ERELRL, b 13, O(F) DHREZERMN TS HODEEEZRLTWS. I, F HMZE

BT F; BB EE (M) OEFEXBRIZHDHEABIOARITEHATET, £
DR x(F) =0 &TEXWn. ZOBEOARZEHOTAATITANS.

EEOFE. = pe M % extremal isolated fixed point &9 5. ERANHRMILZ ENS
R p TD isotropy RELD weghits 13T NT 0 TR, (n+1)FHBTENbM5E. ZDZ
EEE—ALPERD Xray DEETED &, [HR 4y = ®(p) 5 1 .KITD wall A% (n+1)
FHRTNBENS T &R, WE, X A 288 n KT wall(Fn, A, (= 3(F,)))
2—DREY, i=1,...,n - 1RITD wall(F;, 4;) & A; C Ai1(i =0,... ,n— 1) HER
DIDKIITELR. KT, a;(1=0,...,n—1) & A;y; DAMERNTNS, wall4; D
weight DA EERT 5 &, :

a+ar+---+ap_1=n+1

TRIFNER SV, &a; > 10T, ag,..., a1 E—DN2 THRONLE 1 THS.
% Z T, Euler #IiZB9 3 recursive formula ZHW5 &,
X(Fn) = an—lX(Fn—l)

= ap-1an-2X(Fn-2)

= Qp-1Qp_-2--- aOX(FO)
= 2 (since x(Fo) = x({p}) =1)

X(Fn) £V DX, E—A2 MRONKD symplectic quotient (EARMTE) D Euler %720
T, KR, TOBBNO0THBIEAbAr . ‘ 0

ERE. FEO “extremal” EWNDEHAEINBIR. HXIE, isolated fixed point ZH DA%
HEEOER % H D complexity one space R TES. Ho L HMBRBREEZBNT
5. T=S8"E9%. BH/3 symplectic structure & H D 2 KICERME 52 LK g = HD



Al X EOBERE M =X x DI ZEZS. TR, X ITIREET, L, IZIEEBHIC
ERT2HDETS. ZD complexity one space DEIERES DEAERIIT2DH 0,
EE5H T, EFMT extremal THD. E— A2 MELOBIIHRD T, T OMGICEE

RESOEERANEIND. KIZ, —ﬁ@i#ﬂﬁf&@*@lﬁfﬁﬁﬁmmmm
blowmg> up MY, T3 &850 symplectic ZHE M OEESESIT 3 DOEIEK
DL, 2DR S, TAETHIVEDRI 1 ANSKS. TLT, &RIID 2 DOHEEE
Bk 53 1d extremal TH O, FED D isolated fixed point IFE— A > MERONRIZHEEINS.
blowing up (ZEATH72#1ETL D T complexity one space DFEERICITIEEL 2. Lo
T, ZOFIKRDEZHDTHS.

E—ACPEHIZED 1 HOER (E— A T 7AN) BV DOBEFETHDDT, £—
AL MROBZTHEHADOHRIIBEESESO—DDHEERDP THSD. b LEOELERST MK
7tE BT, £ sympletic quotient TDHDTH AN SHME THD, ERLDE
BITOBMEOERTHS. TLT. %ﬂu\ﬂo)#ﬁfﬁfifﬁb‘fﬁ’ DREXTHMNLE
EFHTHSD. INEFEEDBERDEDITRS.

E#(complexity one space DFEL)

extremal isolated fixed point 3FET 5
genus = 0 = EJA
IR & [F4872 fixed component MFEET 5

genus =g >0 <= FE¥ g D fixed component BEET S

#2. complexity one space TH > EHRILDENEFEE, T7/2b5, 4.KITsymplectic
EREADNIIV > STERIZDWTIZ, [FZ symplectic R D53 X U Delzant
space NDILFRMER ENTERITHERL T3 [AH, Aul, Au2, K|. /=, complexity
one space D KFH2—BEHMBIC DOV TIY, [KT2] IZHWNT, tall complexity one space
( symplectic quotient A3 N THIE & 725 complexity one space) & VYD KB Y 5 2
DHEEITHRL TNS.
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