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ETEEDS T VFa4vy B OBESEHELT. BHBIINTEZI S
LF4vs RRAEERTS. | |
2.1.1. Let n be a positive integer. Let B(a,b) be the symplectic form of a and b

in the vector space R®™ (R is the set of all real numbers) :

B(a,b) = iaibnA-i - ian+ibi,
i=1 i=1

where a = (a1, ,8n,8n41,"* ,Q2n) € R3". Let E,, be the identity matrix of
the order n and let J,, = <_OE E(;") . Then B(a,b) = (a, Jb), the natural inner
n

product of R?". The symplectic group Sp(n,R) is the set of a matrix T such that

B(a,b) = B(Ta,Tb) for all a,b € R*".

2.1.2. We denote by A; a copy of the additive group Z>" for all i € Z. Let I C Z
be a subset, and let A(I) = 'zIAi be the free product group. Each a € A(I) is
(]

expressed by the unique form that

*) a=ajaz - @p, @G €A,LGFO LEL uFw# - #ip.



The p is called the length of a and the set {¢1,t2,--- ,¢p} is called the alphabet for
the word a, which we denote by J(a). Given ¢ € J(a), let I(a,i) = {j € I : ¢; = i}.
Let ®; : A(I) —» A; be the homomorphism defined by
(@)= Y aj
j€I(a,i)
for a € A(I) with the reduced form (*). If I(a,) = 0, we let ®;(a) = 0.

Define a homomorphism a : sp(n,Z) — Aut(A(I)) by
ar(a) =T(a1)T(az)---T(ap), for T € Sp(n,Z).

Here Sp(n,Z) is the symplectic group whose components are integers, and a € A(I)

has the form (*).

2.1.3. Let

Br(a,b)= > B(®i(a),®:(b)), a,be A(I).
i€J(a)NJ(b)

In the case where J(a) N J(b) = 0, we let Br(a,b) = 0. Then we have the following

proposition by calculations.

2.1.4. Proposition. The following basic properties of the symplectic form B(-,-)
in 2.1.1 are satisfied ;

( Bi(a,1) = B;(1,a) = Br(a,a™?) = 0,

Bj(a,b) = —By(b,a),

3
Bj(ab,c) = Bj(a,c) + Br(b,c),

| Bi(a,b) = Bi(ar(a), ar(b)),

where a,b,c € A(I), T € sp(n,Z) and 1 is the identity of the group A(I), and

Bi(a,b) =0, if a€Ai bEA;, i#].
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2.2. HHERICWNTS 2-a81 7).

2.2.1. Let A(I) = _*IAi be the same group as in the section 2.1. We consider the
i€

semidirect product

G(I) = sp(n, Z) x5 A(I),
where the product of whose elements are defined by
(S,a)(T,b) = (ST,az'(a)b), (S,T € sp(n,Z), a,b€ A(I)).
Let s € [0, 7/2] be irrational (mod.2m). Put
1s((S,a), (T, b)) = eY~1! stﬂa?"(aW, (S,T € sp(n,Z),a,b € A(I)).

Then we have the following Proposition using the symplectic property of Bj(,-).

2.2.2. Proposition. The u, is a normalized 2-cocycle of G(I) x G(I) to the torus

T :
{ 1s(1,9) = ps(9,1) = ps(g,974) =1

Hs (fs9)us(fg,h) = us(g, h)us(f, gh)

2.3. HH#KETFR L(F,) ~® GL(n,Z) DEA.

ET ¥EHLAEZEZANWT, HEBERTR L(F,) "D GL(n,Z) DOIERA%ZE,
5Z%., ZOEZHIZ. TOME232 T, mTXDIC. FHEZHEITIT, BERE
AMRYMKTFER R NOEAZ, ERICEZAZZEIIRDZEE. EET 5.

2.3.1. Let us be the normalized 2-cocycle defined in 2.2. The left u,-representation

A* of the group G(I) = sp(n,Z) x, A(I) is defined by

(A (9)€)(h) = us(h ™, 9)é(g™'h), g,h € G(I), & € P(G(I)).

Then \° is a us-cocycle unitary representation of G(I) on I2(G(I)) :

A*(g)A°(h) = ps(g, R)A°(gh).



We denote by N,(I) the von Neumann algebra generated by A*(A(I)).

Let L(F}%) be the von Neumann algebra generated by the left regular repersen-

tation of the free group Fj with k generators, k > 2.

2.3.2. Proposition. Let |I| be the cardinality of the set I.
(1) If |I| = 1, then N,(I) is isomorphic to the hyperfinite I factor R.
(2) If |I| > 2, then the von Neumann algebra N,(I) is isomorphic to the free group

factor L(F\y)).

Define the homomorphism a® : sp(n,Z) — Aut(Ns(I)) by

as(z) = A°(T,1)zA*(T,1)*, (T € sp(n,Z), = € Ns(I)).

Then we have
as(A°(1,0)) = X*(1,ar(a)), (T € sp(n,Z), a € A(I)).
Let n be the imbedding of GL(n,R) into sp(n,R) given by

=(7 @)

Here T? means the transposed matrix of T.

2.3.3. Definition. We define the action a® of GL(n,Z) on Ns(I) by the homo-

morphism a® o n : GL(n,Z) — Aut(Ns(I)).

Let M be a II; factor with the unique trace 7. and let G be a discrete group.
An action 3 of G on M is ”outer” if 3, is an outer automorphism for all g € G,
and £ is ” mixing” if given z,y € M and € > 0 there exists a finite subset K of G
such that

IT(yBy(z)) — T(z)T(y)| <€, Vg ¢ K.

Remark that if 8 is mixing, then [ is ergodic.
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2.3.4. Proposition. Let G C GL(n,Z),(n > 2) be a non-trivial subgroup.
(1) The action a® : G — Aut(N,(I)) is outer.

(2) If given finite subsets S1, S2 C Z*", G contains a finite subset K such that
S1N{n(T)a;a € S2} =0, VT ¢K,

then a® is mizing for all s. 1

Let {e;;1 < j < 2n} be the standard basis in Z*", whose copy in A; we denote

by {e(i;5);1 < j < 2n}. Let S be a subset of {1,2,--- ,n} and let
As ={a€ A(I);a=aiaz - ap, ax € Uies Ze(tg,l),t1 #--- # tp}-

2.3.5. Lemma. Let G C GL(n,Z) be a subgroup, and let 9 be an isomorphism of
N,(I) onto Ni(I) such that 6o = o6 fof alT € G.

(1) Let us fix an integer j with 1 < j < n.

(1-1) Assume thatn > 3 : If G contains matrices {1, Tox;1<Lk<mnl#j, k#
n} whose p,q component T(p,q) satisfies that Ty (p,p) = 1 for all p, T1,(4,1) #
0 and Ty ;(p,q) = O otherwise, and Tok(p,p) = 1 for all p, T2 x(k,n) # 0 and

T, k(p, q) = O otherwise, then for all i € I we have the Fourier expansion :

8(\%(e(3;4))) = Z c(a)Xt(a), (c(a) € C), in the || ||2 convergence topology.

aEA_-;

Moreover if G contains a matriz Ts suct that T3(j,5) = 1,T3(p, j) # 0 for some

p # j, then there exist a permutation o of I and an m; € Z so that
B(X°(e(4;5))) = At(m; e(o(3),])), Viel.

(1-2) Case that n = 2 : If G contains the above matriz {T1,;l # j}, then for all

i € I we have the Fourier expansion for S = {j,5 — j} :

(1 (e(i;4))) = Z c(a)Xt(a), (c(a) € C), in the || - ||2 convergence topology.
a€Ag



Moreover if G contains the above matriz T3, then there exist a permutation o of

I,ceT and an my € Z,(k = 1,2) so that
O(A°(e(5;5)) = c; A (ma e(a (i), 5))A (M2 e(o(3),5 - j))-

(2) Let us fiz an integer j,(n+1 < j < 2n). Same formulas hold if conditions are

satisfied by replacing the matrices T to (T*)~1.

2.3.6. Proposition. Let G C GL(n,Z),(n > 2) be a subgroup which contains the
matrices in Lemma 2.8.4 for all j. Then o® : G — Aut(N,(I)) is not conjugate to

al: G — Aut(Ny(I)) if s # t.

2.3.7. Corollary. The groups SL(n,Z),GL(n,Z),(n > 2) and the free group Fy
have a continuous family of non-conjugate mizing outer actions on the free grooup

factor L(Fy,) for allm =2,3,--- ,00.

2.4. OFEOP—E EHXSFCOHET
ZOHITI. BT, FFAROSIETH, WAXYOHET ZHEDOBEZFLICK
DS,
Let o be an ergodic action of a discrete group G on a II; factor M, and let U(M)
be the unitary operators of M. We denote by Z},,erg the set of 1-cocycle unitary

representation u of G on M for a such that Ad(uy) - oy is also ergodic :

Z} ..o ={u:G— UM)| Ad(uy) o a, is ergodic, ugag(un) =ugn, V g,h € G,}.

a,erg

Two cocycles ug,v, are said to be cohomologous and denoted by ug ~ v if there

exists a unitary u € M such that uy = uvgag(u*). Let

Hl = Ztlx,erg/ ~ .

a,erg
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2.4.1. Theorem. Let G C GL(n,Z),(n > 2) be a subgroup which contains the
matrices in Lemma 2.3.5 for all j,(1 < j < n). If G has the property T of Kazhdan,
then the actions o® : G — Aut(L(F,,)) gives a continuous family, any two of which

are not cocycle conjugate for allm = 2,3,--- , 00.

2.4.2. Corollary. Each of the group SL(n,Z),n > 3 and Sp(n,Z),n > 2 has a
continuous family of ergodic outer actions on the free group factor L(F,,),m > 2

such that each two of them are not cocycle conjugate.

Proof. The group SL(n,Z),n > 3 and Sp(n,Z),n > 2 have the property T of

Kazhdan by [K, DK], and satisfy the conditions in Theorem 2.4.1. O

2.5. LEEOEA of ICHTOEREMBOME
Let us consider the crossed product M,(n,I) = Ng(I) Xos SL(n,Z). Then the
von Neumann algebra M, (n, I) is generated by As(n(SL(n,Z)) xs A(I)). Moreover,
Mg(n,I) 2 R Xq4s SL(n,Z) if |I| = 1, where R is the hyperfinite II; factor, and
M,(n,I) = L(Fp) Xge SL(n,Z) if 2 < |I| = m < oo. Since the action o’ is outer

by Proposition 2.3.4, the M,(n, I) is a type II; factor.

2.5.1. In this section, we remark that the crossed products M;(2,I) = N,(I) Xqs
SL(2,Z) is a factor which have "HT free group subfactor L(Fy,)” if |I| = m > 2.
The notion of "HT free group subfactor L(F,)” is a modification of HT Cartan
subalgebra in the sense of Popa ([Po2]) as follows :

Let M be a finite von Neumann algebra, and let B C M be a von Neumann
subalgebra. The embedding B C M has the Property T, if it has the property
which is a notion in von Neumann algebra text of Margulis’ property T ((M], cf.

[dHV]) for the pair of groups, that is, there exists a finite subset {z;,z2, - ,z,}
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of M and € > 0 such that if H is a Hilbert M bimodule with £ € H a unit vector
which satisfies that ||z;§ — £x;|| < € for all ¢, then there exists a non zero vector
& € H such that bfy = &b for all b € B. When M is a type II; factor, the
embedding B C M is said to have the property H if it has a property which is
a generalization of Hagerup’s compact approximation property ([Po2 : Definition
2.3]), and B C M = B x, G has the property H if G has positive definite functions

¢rn such that

d’ﬂ(l) =1, lim ¢n(g) =0, (VTL), nl_l_{%o ¢n(g) =1, (v.q € G)

g—0o0

Furthermore, an abelian C*-subalgebra B of a type II; factor M is called a HT
Cartan subalgebra of M if it satisfies the following conditions :

1) B'N M = B and Njs(B) = {unitary u € M : uBu* = B} generates M.

2) B C M has the property H.

3) B has a von Neumann subalgebra By C B such that By N M = B and such
that By C M has the property T.

Popa remarked about "HT hyperfinite subfactor” R of the factor R X, Gp in

[Po2 : Remark 6.6].

Here, we consider a notion corresponding HT Cartan subalgebra for subfactors
which is isomorphic to the free group factor L(F,),n > 2. We say that a subfactor
Q of a type II; factor M is a HT free group subfactor of M if it satisfies the following
conditions :

1) Q' N M = C and Np(Q) generates M.

2) Q C M has the property H.

3) Q has a von Neumann subalgebra Qy C Q such that Qo N M = QN Q and

such that Q¢ C M has the property T.
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2.5.2. Proposition. Assume that |I| > 2. The type II; factor Ms(2,I) has a HT

free group subfactor isomorphic to L(Fj|) for all s € [0,7/2] mod. 2.

Remark by the same proof that R = N,(I) is a HT hyperfinite subfactor of M

when |I| = 1.

2.5.3. Remark. Assume that n > 3. As we showed in [Ch2], if |I| = 1, then
the factor M,(n,I) has property T of Connes-Jones ([CJ]) because the group
n(SL(ﬁ, Z)) x5 Z*™ has property T of Kadhdan. If |[I| = oo, then the group
n(SL(n,Z)) x, A(I) does not have property T because it has infinite generators
and can not have property T by [K : Theorem 2], so that the factor M,(n,I) does
not have property T by [CJ : Theorem 2]. We don’t know whether M,(n,I) has

property T or not, in the case where 1 # |I| < co.
III. EAOHIZERN 54 DECHRMEROL hOE—Df#

The each automorphism of L(F,,),m > 2 in the actions that we discussed in the
section 2 is given essentially as the free products of those in [Ch2]. Using this fact, in
this section, we give an estimation of the Connes-St¢rmer entropy H(a% ) for each
automorphism o, (T € GL(n,Z)) of the type II; factor N (I). The cocycle actions
of Popa are given as the reduced actions of the free permutation o € Aut(L,), and

it is known that H (o) = 0 ([S1], cf. [S2, BC, D4)).

3.1. Entropy hty(c)
To obtain an estimation of the values for the entropies, we need an entropy
defined in [Ch5], which ia a slight modification of Voiculescu’s topological entropy

([V2], cf.[Br]). First, we review the definition and basic properties of the entropy
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By a C*-dynamical system (A, o, ¢), we mean that A is a separable unital C*-

algebra, a is a *-automorphism of A and ¢ is an a-invariant state of A.

3.1.1. Given a C*-dynamical system (A4, a, @), let w be a faithful *-representation
of A on a Hilbert space H, and let £ € H be a unit vector such that ¢ = we o m.
Here wy is the vector state < - §,£ > . Let CPA(A, B(H)) be the set of all triplets
.(g, 7, C) of a finite dimensional C*-algebra C and unital completely positive maps
A —g) C —n-> B(H). The von Neumann entropy of a state ¢ on a finite dimensional

C*-algebra is denoted by S(1). For a finite subset w C A, and a § > 0, put

scpg(m;w, ) = inf{S(we o) : (0,n,C) € CPA(A,B(H))

and ||n o g(a) — 7(a)|| < §]|a]|, for all a € w}.

The scpy(m;w, d) is defined to be oo if no such approximation exists. Let

N-1
hty(m; @, w, ) = NEHI;O %scpd,(w; U a'(w),d),
i=0

hty(m; a,w) = sup hty(m; a,w,d).
6>0

hty(7; &) = sup htg(m; a,w).

3.1.2. Remark. In the case where a C*-dynamical system (A, o, ¢) has a faithful
*_representation 7 : A — B(H) and a cyclic unit vector {£ € H such that ¢ = weorm,

we can prove that the value scpy(m;w,d) does not depend of the choice of 7.

3.1.3. Remark. A unital C*-algebra A is exact if and only if for some C*-algebra
B there exists an embedding ¢ : A — B which is nuclear, that is, for arbitrary € > 0
and for every finite set w C A there exist a finite dimensional C*-algebra C' and

unital completely positive maps A — C — B such that ||c(a) — 7 o p(a)|| < €||a]l
v P 7
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for all @ € w. ([Kir : Theorem 4.1], [Was]). Let (Hy,7s,&s) be the GNS(Gelfand-
Naimark-Segal representation)-triplet associated with a state ¢ of an exact C*-
algebra A. Consider the completely positive extension g of the map my o 7! :

t(A) - B(Hy) to B ([Ar]), then A = C = B(Hy) implies the nuclearity of w4 (so

that the approximation approach for scpy(w;d) is reasonable).

3.1.4. Definition. Let (A, a, ¢) be a C*-dynamical system, where A is exact and

the GNS-representation 7y is faithful. We define the entropy ht,(a) by hty(ms, ).

The faithfulness of 74 is not always nécessa.ry in the definition of ht,4(a), but it is
essential when we discuss the entropy of the free product ax*( of two automorphisms

a and S.

3.1.5. Remark. In the case where A is nuclear, this entropy coincides with that‘
defined in in [Ch4], and in fhe form of scpy(w;d), we only need triplets (o,7,C),
where C is a finite dimensional C*-algebra, and A —; C 7 A are unital completely
positive maps . |

3.1.6. Proposition. Let (A4,a,d) be a C*-dynamical system such that A is exact
and ¢ has the faithful GNS-representation. Then the hty(a) takes the value be-

tween the Connes-Narnhofer-Thirring entropy hy(o) and the Brown- Voiculescu’s

topological entropy ht(c) :
he(a) < hty(a) < ht(a).
If A ia abelian, then we have

hg(a) = hty(a).



3.1.7. Theorem. For each i € I, let A; be a unital exact C*-algebra, and let
®; be a state of A; whose GNS-representation m; is faithful. Let A and ¢ be the

C*-algebra and the state given by the reduced free product construction :
(A, ¢) = iZI(Ai’ ¢z)

If a; € Aut(A;) satisfies ¢; o a; = ¢; for all i € I, then free product automorphism

a= * o € Aut(A) preserves the state ¢ and
1

ht¢,(a) = sup hthi (ai).
i€l
3.1.8. Remark. About the topological entropy, Brown-Dykema-Shlyakhtenko

proved in [BDS : Theorem 5.7] that

hty(a) = sup hty, (a;)
el

under the same conditions as in Theorem 3.1.7.

3.2. Now we discuss on the Connes-St¢rmer entropy H(-) for each automorphism
as of Ny(I) (T € GL(n,Z)). Here o° is the action of GL(n,Z) on Ny(I) defined
in 2.3.3, and N,(I) is the hyperfinite II; factor R if |I| = 1 and is the free group

factor L(Fp,) if 2 < |I| =m < oo.

3.2.1. We denote by C*(A(I), us) the C*-algebra generated by A°(A(I)) with
respect to the ps-representation A\* of G(I) in 2.3.1, and by 7 the tracial state of
C*(A(I), us) given by T(X*(g)) = 0, (e # g € G(I)). For a T € GL(n,Z), we denote
by B35 the automorphism of C;(A(I), us) induced from the automorphism ay(7) of
A(I) defined in 2.1.2. The C*-algebra C;(A(I), us) is weakly dense in the factor

N,(I), and the automorphism a3 of N,(I) is the extension of 87.
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3.2.2. Proposition. Let n > 2, and let T € GL(n,Z). For all s € [0,7/2]
irrational mod. 2, the Connes-Stprmer entropy H(-), Connes-Narnhofer- Thirring

entropy h.(-), Brown-Voiculescu’s topological entropy ht(-) and ht.(-) satisfy that

H(a%) = hr(B7) < htr(62) < ht(B7) < log(] ] massd).

=1

Here p; = max(|\;|,1) and p, = max(ﬁ, 1), for the eigenvalue list {\1, A2, --- ,An}
of the matriz T € GL(n,Z).

In particular if T € SL(n,Z), then

log(max{ [ [ ui, [[ #i}) < H(of) =h:(83) < ht-(B7) < ht(B3) < log(] ] winsi)-
i=1 =1 .

i=1
3.2.3. Remark. We gave actions {a°}, in Section 2, in order to obtain a non
cocycle conjugate continuous family of actions on the free group factors. However,
from a point of view of entropy theory, it would be interesting to treat the action
such that we can get the exact value of the entropy for each automorphism appearing
the action. As an example of such an action on the free group factors, we have the

followings :

Let I C Z, and let A; be the copy of the the group C*-algebra C*(Z"). Denote
by 7; the tracial state of C; taking 0 for g € Z", g # 1. Consider the reduced free
product (C,T) = izI(C,-,Ti). Let M; be the von Neumann algebra generated by
m;(C;), where m; is the GNS-representation by 7;, and let M be the von Neumann
algebra generated by m,(C). Then M is isomorphic to L(F,,) by Dykema [D2 :
Corollary 5.3], where m = |I|. Let 7; 7 be the automorphism of C; induced by
T € SL(n,Z), then 7; - v;, 7 = T;, and we have the automorphism 7 = T of C

such that 7 -5 = 7 (cf. [Ch3], [BD]). By the proof of Proposition 3.2.2,

he(yr) < htr(yr) = htr,(vi,1) = hr(vi7) = log(] ] wa)s
i=1
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where {u;;1 < i < n} are the same as in Proposition 3.2.2. We denote by 47 (resp.

4i. 1) the extension of yr (resp. 4; ) to M (resp. M;). Then

log([ [ #:) = H(3i,r) < H(37) = h- (7).

=1

Thus we have the action 4 of SL(n,Z) on L(Fy,) such that

H(3r) = log([[ ), VT € SL(n.2).

=1
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