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Abstract: 3次元錘多様体上の調和 1 形式をガウスの超幾何函数を用いて
書き表す。連立の微分方程式を具体的に分解する手法による。最後の節では、
二通りに分解される超幾何型の微分作用素についての性質を述べる。 藤井道
彦との共同研究に基づく。詳細は本論文を参照。

1Introduction

1.1 超幾何函数

球函数の満たす微分方程式はおおむね超幾何関数的であると思われてぃる。
表現に付随した特殊函数は、不変微分作用素 (たとえば展開環の中心元) の

同時固有関数であるというタイプの微分方程式を満たすことが多い。ルジャ
ンドル多項式、ベッセル函数などがこのような例である。 [ホール. )$|$ トルウッ
ド多項式のような $p$ 進球函数的なものはこの範囲に入らないので、今日の
話の範噴には入らない。 差分類似を考えることを否定しないが。 ] これらは
超幾何函数 (合流型も含む) で表示することができる。超幾何函数、球関数
ともその多変数化は由緒正しく非白明で楽しい数学である。著名なものとし
て、 球函数の場合は関口. Heckmann-Opdam という名前で呼ばれることの
多い、ルート系に付随した微分方程式系があり、超幾何函数に対しては (青
本) Gelfand の超幾何函数という大きな理論がある。 背後にある幾何は、 球
函数の場合は $G/K$ 的なものであり、超幾何函数はグラスマン的、すなゎち
$G/P$ 的なものである。表現論的には、前者は固有空間表現の一般化、 後者
は (退化) 主系列表現に属するとみなすことができる。球函数を超幾何函数
で表示するといういとなみは、超幾何函数側も良くはわがってぃないという
文脈では、 $G/K$ 的なものと $G/P$ 的なものを結びっけることであり、一般的
な状況での戦略・指針は明らかではない。 漠然と両者は違うものであろうと
いう感覚があるに過ぎなく、それも厳に正しいかどぅかは予断を許さな $\mathrm{V}_{\text{。}}\backslash$

(帯) 球函数の微分方程式は $K$ の自明な表現に付随するものであるが一
般の K-type の時にそれを考えると、ベクトル値の微分方程式系 (holonomic
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system) $\mathfrak{p}_{\grave{\grave{1}}}\nearrow \mathrm{B}\mathrm{t}_{7}\mathrm{b}\mathcal{X}\iota 6_{0}\mathrm{g}\mathrm{f}\mathrm{R}_{\mathrm{f}\mathrm{l}}\frac{\ni}{\beta}\ell\simeq \mathrm{f}\mathrm{f}\mathrm{j}\cdot \mathbb{H}\hslash \text{函数_{}\overline{\mathbb{I}}\mathrm{I}\mathrm{f}\mathrm{f}\mathrm{l}}^{\exists\Delta}\mathrm{f}\mathrm{f}7l^{-}arrow k\mathrm{b}l=\ovalbox{\tt\small REJECT}\not\cong\tau^{\backslash }\backslash h6_{\text{。}}arrowarrow\sigma$) $\ovalbox{\tt\small REJECT}_{\mathrm{D}}^{\mathrm{A}}$

$l_{\mathrm{L}}^{arrow p}\mathrm{x}^{\mathrm{R}}\text{数_{}J\grave{\mathrm{J}}}’\ovalbox{\tt\small REJECT} k\acute{\overline{\mathrm{O}}}\circ \mathrm{T}$ Cartan subalgebra $\sigma\supset\Phi\ovalbox{\tt\small REJECT}^{-}C^{\backslash }\backslash \ovalbox{\tt\small REJECT} \mathfrak{u}\backslash \gamma_{\overline{\mathrm{c}}}\Re_{J7}^{\nearrow\backslash }B\mathrm{E}\mathrm{R},7^{-}\mp_{\backslash }\mathrm{e}_{)}\text{超幾}$

$l^{\overline{\mathrm{p}\rfloor}}\mathrm{f}\mathrm{f}\mathrm{i}^{f}xffl_{J7}^{\prime\backslash };\hslash \mathrm{P}_{\mathrm{E}}\mathrm{R}([succeq]-\overline{\equiv}\mathrm{o}^{-}C\mathrm{f}\mathrm{l}^{\backslash }T^{\backslash }\backslash h6\overline{:)}_{\text{。}}J\triangleright-\mathrm{b}\sigma)\ovalbox{\tt\small REJECT}\not\in f^{\#}\approx l\check{-}\mathrm{g}\mathcal{T}_{\vec{\mathrm{c}}}6\nearrow\backslash _{\overline{7}}^{\mathrm{o}}\nearrow-$

ff $\xi_{1}^{\backslash }\underline{\Phi}\ovalbox{\tt\small REJECT} \mathrm{t}\mathrm{b}\mathrm{g}-\epsilonarrow \mathrm{g}\sim p\grave{\grave{\}}}\tau^{\backslash }\backslash \doteqdot 6\emptyset 1\text{、超幾}\mathrm{f}^{\beta}\overline{\mathrm{J}}\text{函数}\cdot:\mathrm{x}p_{\overline{7}}-\{\ovalbox{\tt\small REJECT} \mathrm{t}D\mathrm{P}\mathrm{j}\mathrm{B}\text{函数}\mathrm{t}-arrow \mathrm{c}\mathrm{r}\epsilon \text{表_{}\overline{J\lrcorner\backslash }}^{-}$

$k\mathrm{E}’\supset t_{\mathrm{J}^{1}}\ll:\mathcal{X}\iota\geq$ bffl $|_{\vee}|/\backslash \text{函数}t\check{-}rx6\emptyset>rxk_{\text{、}^{}\backslash ^{\backslash }}\ovalbox{\tt\small REJECT}\backslash *\tau\wedge^{\backslash ^{\backslash }}\doteqdot \mathrm{E}\mathrm{T}\mathrm{f}\mathrm{f}3’x7_{\mathrm{D}}\#\mathrm{E}\mathrm{b}\ovalbox{\tt\small REJECT} \mathfrak{j},\backslash _{\circ}$

$\mathrm{A}_{\overline{\cup \mathfrak{o}}\mathit{0})_{\mathrm{r}1}\mathfrak{F}l\mathrm{h}_{arrow\hslash k’\grave{y}^{\int}\mathrm{L}^{-}\mathrm{P}\hslash 6\emptyset\grave{\grave{1}}_{\text{、}}^{}-}}\urcorner\partial \mathrm{f}\mathrm{i}\mathrm{E}_{\ }^{\varpi}\text{数}\emptyset\grave{\grave{\backslash }}1\ovalbox{\tt\small REJECT}(\vee\supset\ovalbox{\tt\small REJECT}\theta\mu \mathrm{f}\mathrm{f}\mathrm{i}^{A}’ \mathrm{f}\mathrm{f}\mathrm{l}\mathrm{f}\mathrm{l}\mathfrak{B}\mathrm{E}\mathrm{R})$

$\emptyset_{1}\ovalbox{\tt\small REJECT}_{\Delta_{/\backslash }}^{\infty}\backslash \backslash \yen(\wedge^{\backslash ^{\backslash }}ff\mathrm{b}\mathrm{K}\triangleright\dagger \mathrm{i}\Xi)-C_{1}^{\backslash }\backslash \ovalbox{\tt\small REJECT}\backslash \ovalbox{\tt\small REJECT} fx\nearrow\backslash ^{\mathrm{o}}\overline{7}y1-P\emptyset\grave{\grave{\}}}\mathrm{g}\mathfrak{R}_{1\backslash \backslash }[]_{\check{\mathrm{c}}}\lambda 6\mathrm{b}\emptyset\Leftrightarrow\#\check{\mathit{0}}_{\text{。}}k\mathrm{L}$

$-C_{\backslash }arrow-\sigma)*_{\backslash }\mathit{0})\otimes\emptyset\grave{\grave{1}}$fl $\eta\wedge\emptyset \text{超幾}\{\overline{n\rfloor}\text{函数^{}-}C^{\backslash }\backslash \emptyset\}\# 16^{arrow}\sim k_{\backslash }T^{f}x\mathrm{b}\mathrm{b}E\mathrm{E}\mathrm{R}(\mathrm{D}\lambda \mathrm{D}$

ffl) $k\mathrm{L}Tl\mathrm{J}_{\text{、}}2\mathfrak{p}\mathrm{g}\sigma$) $\mathrm{b}\emptyset \mathit{0}$) $\mathrm{g}\llcorner\hslash\#\vec{-}\theta+\mathrm{f}\mathrm{f}\mathrm{l}T6^{\mathrm{r}}\sim kk\nearrow\overline{\mathrm{T}\backslash }T_{\text{。}}\sim-a$) $\mathrm{k}\ovalbox{\tt\small REJECT}\emptyset_{\mathrm{e}}\mathrm{r}\check{\mathit{0}}[]=\text{、}$

$:F\mathrm{E}\mathrm{f}\mathrm{i}\emptyset\ovalbox{\tt\small REJECT}\not\supset 1\#\mathrm{J}^{-}\mathrm{f}\mathrm{f}\mathrm{f}\mathrm{i}*\emptyset\grave{\grave{>}}\wedge^{\backslash ^{\backslash }}P\mathrm{b}\mathrm{K}\triangleright\{\ovalbox{\tt\small REJECT} \mathrm{T}^{\backslash }\backslash h’\supset \mathrm{T}\mathrm{b}(\beta>rx\eta tx_{\mathrm{p}}\exists+\Leftrightarrow T6-\sim\mu[]_{\check{\mathrm{c}}_{C}}\mathrm{r}’\supset$

-c) $\Re\Gamma+\theta$) $\mathrm{b}\sigma$) $\{\vec{-}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \mathrm{s}\mathrm{n}\tau \mathrm{I}_{\vee}\ovalbox{\tt\small REJECT}\check{\mathcal{D}}_{\backslash }\grave{1}\underline{\Psi}\mathfrak{l}\check{-}\mathrm{g}\backslash \not\in \mathrm{f}\mathrm{f}\mathrm{i}\mathfrak{i}\check{-}\text{表}aeT\mathcal{X}\iota\dagger \mathrm{f}\mathrm{f}\mathrm{f}\mathrm{l}\mathrm{L}\mathrm{v}\backslash \text{函数}k$

$\not\in\ovalbox{\tt\small REJECT}_{\mathrm{I}_{\vee}^{-}\mathrm{c}\mathrm{v}\backslash tX\mathrm{V}_{\backslash }^{\backslash }}\mathrm{g}\mathrm{v}\backslash \check{\vee J}-arrow k\emptyset\grave{\grave{1}}\not\in-arrow 6^{-}\sim k\#\check{-}\grave{l}\mathrm{f}\mathrm{J}\mu\#\iota_{\vee}\backslash r-arrow \mathrm{t}\backslash _{\circ}$

1.2 $\doteqdot\overline{\mathrm{x}}6\mathrm{f}\mathrm{f}\mathrm{l}\#\hslash \mathrm{E}\mathrm{f}\neq_{\backslash }$

In this article, we consider the following system of differential equations.

$\{$

$4z^{2}f’’(z)+4zf’(z)-( \frac{1-\lambda z+z^{2}}{(1-z)^{2}}+\frac{a^{2}+b^{2}z}{1-z})f(z)$

$- \frac{2a}{(1-z)^{3/2}}g(z)-\frac{2bz^{3/2}}{(1-z)^{3/2}}h(z)=0$ ,

$4z^{2}g’’(z)+4zg’(z)-( \frac{1-\lambda z}{(1-z)^{2}}+\frac{a^{2}+b^{2}z}{1-z})g(z)-\frac{2a}{(1-z)^{3/2}}f(z)=0$ ,

$4z^{2}h’’(z)+4zh’(z)-( \frac{-\lambda z+z^{2}}{(1-z)^{2}}+\frac{a^{2}+b^{2}z}{1-z})h(z)-\frac{2bz^{3/2}}{(1-z)^{3/2}}f(z)=0$.

We fix the parameters $a>0,$ $b>0$ , and $\lambda\in \mathrm{R}$ . The independent variable $z$

is considered to be $0<z<1$ , for the moment. The branches of the multi-
variable functions $z^{1/2}$ and $(1-z)^{3/2}$ are taken to be real for $0<z<1$ . The
derivation $’= \frac{d}{dz}$ . We have three unknown functions (dependent variables)
$f,$ $g$ and $h$ . As is discussed later, by the elimination of dependent variables,
this system is equivalent to some Fuchsian ordinary differential equation of
6th order with three (regular) singular points 0, 1, $\infty$ .

Problem 1Can we rnrite the solutions $(f,g, h)$ of this differential equations
in terms of Gauss hypergeometric functions 2If we can, then write doum
explicitly.

1.3 $\mathfrak{A}\mathrm{f}\mathrm{f}\mathrm{i}\not\in \mathrm{n}\mathrm{n}\hslash\backslash \grave{\mathrm{b}}\emptyset \mathrm{f}\mathrm{f}\mathrm{l}\mathrm{f}\mathrm{f}\mathrm{l}$

$\mathrm{V}\backslash <\mathrm{b}rxk\text{で}\mathrm{b}\ovalbox{\tt\small REJECT} Frx\emptyset \text{で}x\mathrm{a}\ovalbox{\tt\small REJECT}_{\mathrm{e}\mathrm{R}\mathit{0})\mathrm{f}\mathrm{f}\mathrm{i}*k_{\beta}^{\Xi}\mathrm{E}\mathrm{L}\mathrm{T}\mathrm{k}^{1}<_{0}}^{\mathrm{n}}[5][6]$ .
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3 $\sqrt$‘R\pi -\emptyset \pi ffi fftJ、 $\mathrm{E}p\Re \mathrm{f}\mathrm{f}\mathrm{i}l=(\mathrm{H}^{3},PSL_{2}(\mathrm{C}))k\yen 7^{\overline{-}}\mathrm{K}\triangleright k^{-}\backslash ^{\backslash }\mathrm{t}6$ \ddagger $\check{\mathcal{D}}^{f}X$

Riemann $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}^{-}C^{\backslash }\backslash h6_{0}\sim-arrow-C^{\backslash }arrow \mathrm{H}^{3}\backslash =PSL_{2}(\mathrm{C})/PSU_{2}\sim SO_{0}(3,1)/SO(3)$

$\#\mathrm{h}\mathfrak{p}\mathrm{g}\text{数_{}1\mathit{0})\mathrm{R}\mathrm{i}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{n}}\mathrm{n}_{\backslash }\pi_{\backslash },\piarrow 7\mathrm{a}7\mathit{0})\mathrm{U}^{\backslash }k’\supset-C^{\backslash }\backslash h6_{0}\mathrm{i}\mathfrak{F}\beta \mathrm{f}\mathrm{l}\mathrm{f}\mathrm{f}\mathrm{f}\mathrm{f}\mathrm{i}^{g)}\frac{rightarrow}{\acute{\pi}}\mathrm{f}\Gamma_{\mathrm{f}\mathrm{l}X3^{\backslash }}^{f\sqrt R\overline{\pi}\mathbb{X}}$

$\mathrm{f}\mathrm{f}\mathrm{i}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}\mathfrak{i}\mathrm{h}$rigidity $k\mathrm{E}’\supset f_{-}^{arrow}b_{\backslash }(_{\overline{\pi}}^{m}\mathrm{f}\mathrm{r}_{\mathrm{f}\mathrm{l}}rx\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\tau^{\backslash }\backslash 0)\ovalbox{\tt\small REJECT}\pi_{\acute{\nearrow}\dagger\mathrm{h}\Gamma\neq \mathrm{f}\mathrm{f}\mathrm{L}rx\mathrm{t}\backslash _{\mathrm{o}}}’1_{\vee}f_{\overline{-}}$

$\emptyset\grave{\grave{1}}^{\vee}\triangleleft C\ovalbox{\tt\small REJECT}*\sigma)\not\in)\sigma)\beta\grave{\grave{\rangle}}|\mathrm{f}\mathrm{b}\mathrm{l}\mathrm{f}\mathrm{b}\mathfrak{i}\check{-}T\mp\#\mathrm{L}T_{\backslash }\ovalbox{\tt\small REJECT}_{\wedge^{\backslash }}\backslash \vee\supset \mathrm{b}\backslash \mathrm{t}\backslash f_{-}^{arrow}\backslash b_{\backslash }\not\in:*\iota \mathrm{b}k\backslash \mathrm{J}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}3$

$rx(’\overline{R}\pi_{\nearrow\nearrow}’\sigma))\Re\tau^{\backslash }\backslash \vee\supset rx\langle^{\backslash ^{\backslash }}f_{arrow}^{-}b\mathit{0})\mathrm{U}^{\backslash }k^{\vee}\supset(D74\overline{7}^{-}\triangleleft^{\mathrm{r}}7\backslash ^{\backslash }\mathfrak{l}\mathrm{h}\mathfrak{l}^{\overline{\mu\rfloor}}\mathrm{b}\emptyset>\mathit{0})\mathrm{k}\mathrm{g}\{4k\ovalbox{\tt\small REJECT} \mathrm{T}$

$arrow-k\mathrm{T}^{\backslash }\backslash h6_{0}\Phi\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}|\mathrm{h}\yen^{-}--\mathrm{x}\grave{\grave{\gamma}}-*^{1}\Re\sigma)3^{\backslash }\sqrt R\overline{\pi}\sigma)\mathbb{X}\mathrm{f}\mathrm{f}\mathrm{i}\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}\mathrm{i}\mathrm{f}\mathrm{f}\sigma)2\dagger \mathrm{R}^{1}\mathrm{J}\mathrm{f}\mathrm{f}\mathrm{i}k\mathrm{H}\mathrm{f}$

$\mathfrak{v}_{\square }^{\mathrm{A}}\mathrm{g}-\mathrm{c}\acute{\tau}_{7}^{\mathrm{B}}\mathrm{b}\mathrm{n}\epsilon\overline{\mathbb{H}}\pi_{\nearrow\nearrow k\yen\overline{7}^{-}J\triangleright k\mathrm{T}6_{\text{。}}^{}\nearrow\backslash ^{\backslash }}r-*\sigma)\mathrm{H}^{1},\grave{\mathrm{L}}^{\text{、}}\mathfrak{i}=\mathrm{g}\gamma_{\overline{\mathrm{c}}}6\mathrm{f}\mathrm{f}\mathrm{i}\text{分}(\vec{l}\mathfrak{g}^{\vdash}\backslash )$ aw
$\mathrm{g}\mathrm{E}_{\mathrm{D}}^{\mathrm{A}}k\Phi k_{\text{。}^{}\backslash }\backslash \Phi Ek\alpha>0kT6_{\circ}\alpha=2\pi\sigma)k\doteqdot t\grave{\grave{\}}}\mathrm{f}\mathrm{f}\mathrm{l}\mathrm{E}\{\not\subset\emptyset tx\mathrm{v}\backslash \ovalbox{\tt\small REJECT}_{\mathrm{D}}^{\mathrm{A}}T^{\backslash }\backslash h$

$\mathfrak{d}_{\backslash }\alpha>2\pi \mathit{0})\ovalbox{\tt\small REJECT}_{\hat{\mathrm{D}}}\mathrm{b}\grave{\mathrm{J}}\Delta b\mathrm{T}\doteqdot\check{\mathrm{x}}$6。 $\#\mathrm{g}\mathrm{E}_{\mathrm{D}}^{\Delta}\grave{\sigma}$) $\ovalbox{\tt\small REJECT} \mathit{0}\text{で_{}\backslash }\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{R}\mathrm{E}_{\mathrm{D}}^{\mathrm{A}}\not\supset>\mathrm{b}\emptyset \mathrm{f}\mathrm{f}\mathrm{R}$

$kr,$ $\#\mathrm{g}\mathrm{g}_{\mathrm{D}}\mathrm{A}[]_{arrow}\vee$ a $’\supset f_{arrow}^{-}\mathrm{E}\Phi k\phi,$ $\mathrm{f}\mathrm{f}\mathrm{l}\mathrm{g}\mathrm{g}\square \infty\epsilon\fbox \mathfrak{o}6EF\approx k(\theta \mathrm{m}\circ \mathrm{d}\alpha)k\mathrm{S}\mathrm{S}$

$k\Phi 6k$
、

$@%^{\mathrm{A}}\square \emptyset\ovalbox{\tt\small REJECT} \mathfrak{y}-\mathrm{c}^{\backslash }\backslash \sigma$ ) Riemann Elt2 $dr^{2}+\sinh^{2}rd\theta+\cosh^{2}rd\phi^{2}$

$\mathrm{g}rx6_{\text{。}}\ovalbox{\tt\small REJECT} 7\mathrm{P}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{J}\}_{\llcorner}^{-arrow}\sim \mathit{0})$ \ddagger $\overline{\mathcal{D}}\prime \mathit{1}\mathrm{f}\mathrm{f}\mathrm{l}^{\backslash }\not\in k\mathrm{H}’\supset f\simeq \mathrm{R}\mathrm{i}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{n}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}k\Phi\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}k$ ffl
X. $\mathrm{f}\mathrm{f}\mathrm{l}\Leftrightarrow\xi_{\mathrm{D}}^{\mathrm{A}}|\mathrm{h}\ovalbox{\tt\small REJECT}*$ I(link) $T^{f}x\mathrm{b}\mathrm{b}S^{1}\theta)\mathrm{g}\beta \mathrm{f}\mathrm{l}\ovalbox{\tt\small REJECT}\sigma)$ disjoint union $\epsilon rx\mathrm{L}_{\backslash }$

fi $S^{1}ffi\text{分_{}\sim}-^{\backslash }\backslash \geq[]_{\llcorner}-\Phi \mathrm{g}p\grave{\grave{\rangle}}\mathrm{B}^{1}\mathrm{J}\mathrm{t}\mathrm{E}^{-}C^{\backslash }\backslash$ er $\mathrm{v}\backslash _{\mathrm{O}}$

$\overline{\pi}[]_{arrow}\vee$ E-\acute \supset \mbox{\boldmath $\tau$}、 $\mathrm{g}\beta\S \mathrm{f}\mathrm{f}\mathrm{f}\mathrm{f}\mathrm{i}\emptyset 3\Re\overline{\pi}\mathbb{X}\mathrm{f}\mathrm{f}\mathrm{i}\Phi\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}a$ ) $\ovalbox{\tt\small REJECT}\Psi_{\acute{J}}k\doteqdot \mathrm{b}\mathrm{x}6_{\text{。}}$ Hodgson-
$\mathrm{K}\mathrm{e}\mathrm{r}\mathrm{c}\mathrm{k}\mathrm{h}\circ \mathrm{f}\mathrm{f}\}\mathrm{h}*\mathit{0})^{\vee}t\wedge^{\backslash }\tau\backslash \sigma)\Phi g\emptyset\grave{\grave{\}}}2\pi 1\backslash A\mathrm{T}\sigma)\ovalbox{\tt\small REJECT}_{\mathrm{D}}^{\mathrm{A}}\mathrm{E}$ . $\mathrm{g}gk\mathrm{E}\not\in \mathrm{L}f\mathrm{f}\simeq^{\mathrm{f}\mathrm{i}_{\backslash \text{、}}}\beta \mathrm{f}\mathrm{l}/\mathrm{J}\backslash \mathrm{a}\mathrm{e}$

$\Psi\nearrow\nearrow\emptyset\grave{\grave{\}}}\text{表}T=\theta^{-}\triangleleft’fJ\triangleright\emptyset\supset\pi_{\backslash }^{\wedge}\not\subset\subset l$ ‘${ }$“‘-\Phi \emptyset tgffl\epsilon \acute --J‘l,、 $\mathrm{E}\mathrm{E}k\mathrm{E}\not\in T6\ovalbox{\tt\small REJECT}\Psi\nearrow\nearrow\emptyset\grave{\grave{\}}}$

$T\neq \mathrm{f}\mathrm{f}^{1t\backslash }\wedge\sim\prime x\mathrm{v}-\geq\xi_{\overline{\prime\rfloor\backslash }}^{-}\mathrm{L}f=_{\circ}\mathrm{a}\mathrm{e}\varphi_{\nearrow\theta)}-\ovalbox{\tt\small REJECT} 1\not\subset\emptyset\}_{\overline{\prime\lrcorner\backslash }}*-\mathrm{s}n\mathrm{n}|\mathrm{f}_{\backslash }\mathrm{f}\backslash \Pi\nearrow\backslash -\backslash \text{表}\neg \mathrm{E}\emptyset\backslash \sqrt \mathrm{A}$

$\overline{\pi}\sigma)\ovalbox{\tt\small REJECT} \mathrm{g}rxk^{\theta_{\vee}}C^{\backslash }\backslash 7\mp \mathrm{f}\mathrm{f}\mathrm{b}’\not\in\dot{\mathrm{p}}\mathit{0})\text{で_{}\backslash }\Phi Hk\mathrm{f}\mathrm{f}\mathrm{l}/\rfloor\backslash \mathfrak{i}=\ovalbox{\tt\small REJECT}(\mathrm{b}\mathrm{S}\# 6\ovalbox{\tt\small REJECT}\Psi,\nearrow,\mathfrak{p}_{1}^{\mathrm{s}}-\mathrm{t}1\mathrm{Z}\mathrm{E}*$

ffT $\xi_{arrow}^{-}k\emptyset\grave{\grave{1}}$ $(\mathrm{M}\mathrm{A}\emptyset\ovalbox{\tt\small REJECT} \mathrm{t}+\emptyset \mathrm{T}\text{で})_{\overline{J\mathrm{J}^{\backslash }}}-\mathrm{s}\mathrm{n}\gamma_{\overline{\mathrm{c}}}-arrow k\dagger\check{-}rx6_{0}\sim-\emptyset\supset \mathrm{r}_{\backslash }\epsilon_{\mathrm{D}}-\backslash \nearrow^{\backslash }-\backslash \backslash$

$\emptyset\grave{\}\mathrm{g}\mathrm{a}|\mathrm{h}_{\backslash }\mathrm{f}\mathrm{f}\mathrm{l}\Leftrightarrow \mathrm{E}_{\mathrm{D}}^{\mathrm{A}}\emptyset_{\grave{1}}\underline{\mathrm{F}}\{\not\equiv\tau^{\backslash }\backslash \sigma)k\mathrm{R}[]_{\check{\mathrm{c}}}\ovalbox{\tt\small REJECT} kk6\ovalbox{\tt\small REJECT}\hslash\wedge^{\backslash ^{\backslash }}P\mathrm{b}\mathrm{K}\triangleright\ovalbox{\tt\small REJECT} \mathit{0})L^{2}\mathrm{f}\mathrm{f}\mathrm{l}k\ovalbox{\tt\small REJECT}$

$\wedge^{\backslash }6\backslash -arrow k[]_{\check{\mathrm{c}}_{\mathrm{C}}}\mathrm{k}’\supset\tau \mathrm{v}\backslash \xi_{0}$

oe $\mathrm{b}l\mathrm{h}-\sim\emptyset\Re \mathrm{f}\mathrm{l}\mathfrak{B}\mathrm{E}\mathrm{R}\Delta v=0k\mathbb{X}*_{\backslash }\mathrm{f}^{f}X\Re \mathrm{f}\mathrm{l}\Psi_{J}\mathrm{R}\dagger\check{\mathrm{c}}*_{\backslash }\mathrm{f}^{-}\mathrm{t}6\Re \mathrm{f}\mathrm{l}\mathrm{F}\mathrm{E}X$

$(\triangle+4)\tau=0[]_{\check{\mathrm{c}}}\ovalbox{\tt\small REJECT}$ L,、 $-\mathrm{h}7\grave{-}\mathrm{t}\grave{\frac{}{\backslash }}a$) $(r,\phi,\theta)$ am $-\mathrm{C}\ovalbox{\tt\small REJECT} \text{数分}\Re T6-\sim k\text{で_{、}}r\Phi \mathrm{g}|_{\check{\mathrm{c}}}\Phi$

$\mathrm{T}6\wedge^{\backslash ^{\backslash }}\ell\}\backslash ;\triangleright\ovalbox{\tt\small REJECT}\emptyset\grave{1}\ovalbox{\tt\small REJECT} \mathrm{E}\Re \mathrm{f}\mathrm{l}X\mathrm{E}\mathrm{R}k\ovalbox{\tt\small REJECT} \mathrm{t}\backslash f_{-\text{。}^{}-}[_{\sim}^{-}*\iota k$ @ $\mathrm{b}\dagger\check{-}z=\tanh^{2}r\emptyset \mathrm{a}\mathrm{e}$

lflTHM $\mathrm{E}\mathrm{I}_{\vee}f_{-}^{-}\mathrm{b}\emptyset\emptyset\grave{\grave{1}}\mathrm{R}\eta_{\mathrm{I}}\mathrm{g}\sigma$ ) $\hslash \mathrm{E}\mathrm{R}\text{で}h6_{0}$ ] $f,$ $g,$
$h\mathrm{f}\mathrm{h}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{a}\mathrm{e}\text{的}rx\mathrm{E}\mathrm{f}\mathrm{f}\mathrm{i}\text{で}\ovalbox{\tt\small REJECT} \mathrm{t}\backslash$

$f\overline{arrow}\Re \mathrm{f}\mathrm{l}\Psi\nearrow\nearrow \mathrm{R}(3*\overline{\pi})\mathrm{k}\ \mathrm{E}\ \mathrm{L}^{-}\mathrm{C}\ovalbox{\tt\small REJECT} \mathrm{t}\backslash \gamma_{\overline{\mathrm{c}}}\mathrm{g}\mathrm{g}\emptyset \mathrm{f}\mathrm{f}_{\backslash }\text{数}\mathfrak{i}^{\vee}arrow \text{表}*\iota 6\text{函}\mathrm{a}\mathrm{e}rightarrow \mathrm{G}h\mathit{0}_{\backslash }J\backslash ^{\mathrm{o}}$

$\overline{7}\nearrow-Pa,$ $bl\mathrm{h}\Phi\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}\emptyset\#\mathrm{g}\xi_{\mathrm{D}}^{\mathrm{A}}\ovalbox{\tt\small REJECT} \mathfrak{h}\emptyset \text{幾}\{\overline{\mathrm{P}\rfloor}\mathfrak{p}>\mathrm{b}\Re\ovalbox{\tt\small REJECT} 6_{\text{。}}\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}\mathrm{f}\mathrm{f}\mathrm{i}[]^{\vee},-\dagger\mathrm{h}_{\backslash }$fl
$\mathrm{g}\xi_{\mathrm{D}}^{\mathrm{A}}(S^{1}k\overline{|\urcorner-}\mathrm{f}\mathrm{f}\mathrm{l})\sigma)\mathrm{f}\mathrm{i}@?\mathit{1}$ lf%!AME#vl $\phi\emptyset\grave{\grave{\}}}-\ovalbox{\tt\small REJECT} 1_{\vee}f=k\doteqdot\sigma$) $\theta\emptyset \mathrm{E}$

$7\mathrm{J}\mathrm{D}\emptyset^{\theta}1t\text{で}h6\ \mathrm{I}_{\vee}f_{\overline{\mathrm{c}}}\ \mathrm{g}_{\backslash }n,m\in \mathrm{Z}k\theta,\phi X\cap-C)$ Fourier mode $k1,f_{arrow}^{-}\geq \mathrm{g}$

$a=(2\pi/\alpha)n,$ $b=(2\pi/l)m+(\alpha t)/l\text{で}\doteqdot\grave{\mathrm{x}}$ 6716. $k^{1_{\vee}^{\vee}}\mathrm{C}_{\backslash }\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{i}\dagger \mathrm{F}\lambda=-2$

$\sigma\supset\ovalbox{\tt\small REJECT}_{\mathrm{D}}\mathrm{r}\beta\backslash >\ovalbox{\tt\small REJECT}\backslash \pi\sim^{\backslash ^{\backslash }}r\mathrm{t}\backslash J\triangleright\ovalbox{\tt\small REJECT}\emptyset\ovalbox{\tt\small REJECT}_{\mathrm{D}}^{\mathrm{A}}\mathfrak{l}\check{\mathrm{c}}\mathrm{g}f_{arrow}^{-}6_{0}$

Hodgson-Kerckhoff $\mathfrak{l}\mathrm{h}-\sim\emptyset X\mathrm{E}\mathrm{R}\emptyset \mathrm{f}\mathrm{f}\mathrm{i}\mathrm{a}\mathrm{e}k\mathrm{E}6-\sim k^{-}\mathrm{C}\supset \mathrm{B}\overline{\backslash }$ \yen $\mathrm{D}^{\backslash }\grave{\grave{\grave{}}}-\not\in a$)

$\grave{t}\mathrm{g}\mathrm{f}\mathrm{f}\mathrm{l}k\ovalbox{\tt\small REJECT} \mathfrak{M}\mathrm{I}_{\vee\backslash }\Re’\rfloor\backslash \prime x\ovalbox{\tt\small REJECT}\Psi\nearrow\nearrow\emptyset-\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}\mathrm{l}k\yen \mathrm{t}\backslash f_{arrow\text{。}^{}-}\sim-\sigma)\mathrm{E}\mathrm{E}\mathrm{R}a)\mathrm{f}\mathrm{f}\mathrm{l}\sigma)\Leftrightarrow \mathrm{f}\mathrm{f}\mathrm{f}\mathrm{f}\mathrm{l}^{f}\mathit{1}\text{函}$

$\text{数で表_{}\overline{J\mathrm{J}^{\backslash }}}-|\mathrm{h}\acute{\tau}\ovalbox{\tt\small REJECT} \mathrm{b}\hslash^{-}C\mathrm{t}\backslash tx\hslash^{1\vee}\supset f_{arrow\emptyset^{\theta}}^{-}1_{\backslash }\sim-\sim-- \mathrm{e}\}\mathrm{h}_{\backslash }arrow-*\iota\emptyset\check{\backslash }X\theta\wedge\emptyset \text{超}\mathrm{a}\mathrm{e}\mathrm{n}\mathrm{n}\text{函数^{}-}\mathrm{e}$

$\ovalbox{\tt\small REJECT} t\mathrm{J}6\ovalbox{\tt\small REJECT}\$ . $X^{\backslash }\supset_{C}\mathrm{k}\sigma\cdot\epsilon\sigma$) $\Leftrightarrow ffi\varphi_{J’}\mathrm{g}\ovalbox{\tt\small REJECT} \mathrm{g}\Phi Y\iota 6-arrow kk^{-}\overline{\prime \mathrm{J}\backslash }\mathrm{L}f_{arrow}^{\wedge}\iota\backslash _{\mathrm{o}}\sim-\mathrm{n}\mathrm{b}\emptyset \text{表},\overline{\mathrm{J}^{\backslash }}-$

l]“、 $\star\Phi\not\in 6^{f}x\ovalbox{\tt\small REJECT}\Psi\nearrow\nearrow \mathrm{f}k\emptyset \mathrm{f}\mathrm{f}\mathrm{i}\mathrm{a}\mathrm{e}k\mathrm{I}_{\vee}\vee C$\sigma ) \Phi ff\emptyset ]‘g{b\emptyset \neq 、 $h6\mathrm{t}\backslash$ } $\mathrm{h}\mathrm{f}\mathrm{f}\mathrm{l}\mathrm{f}\mathrm{f}\mathrm{l}$

$\emptyset\grave{\grave{1}}2\pi-1^{\backslash }\lambda \mathrm{T}\mathrm{T}^{\backslash }\backslash h6k\mathrm{V}\backslash \check{\mathit{0}}\ \not\in k\text{超}\check{\mathrm{x}}6rxk^{\backslash ^{\backslash }}t\check{-}^{J}\#\underline{*}\vee\supset-arrow k$kfflfl $\mathrm{L}^{-}C\mathrm{V}\backslash 6\emptyset^{\theta}1_{\backslash }$

1 $ft\#\neq-\mathrm{X}\grave{\grave{r}}x\emptyset\hslash \mathrm{l}\mathfrak{l}\mathrm{E}\ovalbox{\tt\small REJECT}$
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$arrowarrow \mathcal{X}\iota \mathrm{b}l\mathrm{h}\mathrm{f}\mathrm{f}\mathrm{l}\ovalbox{\tt\small REJECT}^{\backslash }\ovalbox{\tt\small REJECT} 4_{\mathrm{i}^{-}}C^{\backslash }\backslash h6_{\text{。}}$

$\grave{\mathrm{J}}\mathrm{E}^{l}\not\in_{\mathrm{J}}\mapsto$

、 Laplacian $\sigma)^{\overline{\prime}}\grave{\acute{\mathrm{x}}}^{\mathrm{j}}\text{数^{}\prime}x^{\backslash }\S\not\in rtk^{\backslash ^{\backslash }-}C^{\backslash }\backslash \mathrm{a}\mathrm{e}\hslash 6ffl_{J7}^{\prime\backslash }(\mathrm{f}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{l}\ovalbox{\tt\small REJECT}\sigma)$ \ddagger $\overline{\mathcal{D}}l\check{-}\mathrm{K}\triangleright-\mathrm{b}\sigma$) $\ovalbox{\tt\small REJECT}$

$\not\in J^{\#}\approx^{t\check{\mathrm{c}}}lk^{\backslash ^{\backslash }}l\mathrm{f}\mathrm{f}\mathrm{i}*T6\Xi \mathfrak{R}_{\backslash \backslash \backslash }\text{数}\{\ovalbox{\tt\small REJECT}\sigma$) $\nearrow\backslash ^{\mathrm{o}}\overline{7}\nearrow(-p\epsilon_{B}^{<}\mathrm{L}\ovalbox{\tt\small REJECT}_{\mathrm{D}\backslash }^{\mathrm{A}}\epsilon \mathit{0})\nearrow\backslash _{\overline{7}i}^{\mathrm{o}}\neq-p$ as
$\ovalbox{\tt\small REJECT}_{X}^{\varpi}\text{数}\mathfrak{i}\check{-}\mathrm{r}_{L}\ovalbox{\tt\small REJECT}\vee t6^{arrow}\sim k\emptyset\grave{\grave{>}}\text{超幾}\mathrm{n}\mathrm{Q}\ovalbox{\tt\small REJECT} \text{数}\mathrm{f}\mathrm{f}\mathrm{j}l\check{-}\lambda\Phi \mathrm{T}^{\backslash }\backslash h6_{0}\wedge\sigma\urcorner)\ovalbox{\tt\small REJECT}_{\mathrm{D}}^{\mathrm{A}}\dagger\mathrm{h}\lambda\vee\supset \mathrm{T}\mathrm{V}^{\backslash }6$

$/^{\mathrm{r}}\backslash _{\overline{7}i}^{\mathrm{o}}\star-pa,b$, A $1\mathrm{h}T\wedge^{\backslash }-C\backslash (\mathbb{R}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \text{数_{}\mathrm{T}^{\backslash f}}\backslash x<)\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \text{数^{}-}C^{\backslash }\backslash h0$

、

$1_{\vee}\hslash>\mathrm{b}\text{幾}l^{\mathrm{p}}\gamma_{\mp}^{\mathrm{R}}$

$\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{i}*k\#’\supset\ovalbox{\tt\small REJECT}\vee \mathrm{C}^{\backslash }\backslash \mathfrak{X})6-arrow \mathrm{g}p_{\grave{\grave{1}}}\mathrm{g}1_{\vee}\mathrm{t}\backslash _{\mathrm{o}}$

2Results
$\mathrm{f}\mathrm{f}\mathrm{i}\not\in\xi_{\grave{\llcorner}}t\mathrm{F}\backslash \wedge^{\backslash }6\backslash k$ と $\mathrm{b}\dagger\check{-}\backslash \mathrm{f}\mathrm{f}\mathrm{l}T<6\Re \text{分}*\mathrm{f}\mathrm{f}\mathrm{l}\ovalbox{\tt\small REJECT}\emptyset 7\ovalbox{\tt\small REJECT} a$) $\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}\mathrm{i}_{\backslash }\mathrm{R}k\ovalbox{\tt\small REJECT}\yen\emptyset f_{arrow}^{-}b\mathrm{v}\backslash <$

$\vee\supset\emptyset>\ovalbox{\tt\small REJECT}_{\mathrm{t}\backslash }-C\mathfrak{X}<_{0}\sim-\overline{\sim}\text{で}\ddagger<\mathrm{f}\not\in\dot{0}\ovalbox{\tt\small REJECT}_{\nabla}^{\mathrm{D}}k\mathrm{L}$\mbox{\boldmath $\tau$}、 $\partial=d/dzk$ L、 $zk\ovalbox{\tt\small REJECT} \text{数}kT$

$62\mathfrak{p}\mathrm{g}\emptyset$ Fuchs ant $\#\mathrm{f}\mathrm{f}\mathrm{l}\ovalbox{\tt\small REJECT}$

$P|p,$ $q;r,$ $s,$ $t]:= \partial^{2}+(\frac{p}{z}+\frac{q}{z-1})\partial+(\frac{r}{z^{2}(z-1)}+\frac{s}{z(z-1)}+\frac{t}{z(z-1)^{2}})$

with parameters $p,$ $q,$ $r,$
$s,t\in \mathrm{C}\geq\doteqdot \mathrm{x}_{-}^{\mathrm{b}}6_{0}$ Fffi $k\mathrm{L}\mathrm{T}_{\backslash }$

Lemma 2(Conjugation by elementary power functions.) For $\lambda\in \mathrm{C}$ ,

$P[p, q, r, s, t]z^{\lambda}$ $=$ $z^{\lambda}P[p+2\lambda, q;r-\lambda(\lambda+p-1), s+\lambda(\lambda+p+q-1), t]$ ,
$P[p, q, r, s, t](z-1)^{\lambda}$ $=$ $(z-1)^{\lambda}P[p, q+2\lambda;r, s+\lambda(\lambda+p+q-1), t+\lambda(\lambda+q-1)]$ .

2.1 Splittings
The differential equations under consideration is of the form:

$2z^{2}(1-z)^{3/2}A_{1}f$ $=$ $ag+2bz^{3/2}h$ ,
$2z^{2}(1-z)^{3/2}R_{3}g$ $=$ a $f$ ,
$2z^{2}(1-z)^{3/2}R_{1}h$ $=$ $bz^{3/2}f$ .

where

$A_{1}$ $:=$ $P[1,0; \frac{a^{2}+1}{4},$ $\frac{b^{2}-1}{4},$ $\frac{\lambda-2}{4}]$ ,

$R_{3}$ $:=$ $P[1,0; \frac{a^{2}+1}{4},$ $\frac{b^{2}}{4},$
$\frac{\lambda-1}{4}]$ ,

$R_{1}$ $:=$ $P[1,0; \frac{a^{2}}{4},$ $\frac{b^{2}-1}{4},$ $\frac{\lambda-1}{4}]$ .

Here we retain the notation in [4], so the numbering of the operators pre-
sented here may look funny.
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Proposition 3(Derivation of the single equation)

$bf$ $=$ $2z^{1/2}(1-z)^{3/2}R_{1}h$ ,
$abg$ $=$ $z^{5/2}(1-z)^{3}R_{2}h$ ,

where

$R_{2}:=z^{-1/2}(1-z)^{-3/2}A_{1}z^{1/2}(1-z)^{3/2}R_{1}- \frac{b^{2}}{4}z^{-1}(1-z)^{-3}$ .

Let

$X_{h}:=z^{-5/2}(1-z)^{-3}R_{3}z^{5/2}(1-z)^{3}R_{2}- \frac{a^{2}}{4}z^{-4}(1-z)^{-3}R_{1}$ .

($X_{h}$ is of 6th order.) Then

$X_{h}h=0$ .

If $ab\neq 0$ , then the original differential equations for $(f,g, h)$ is equivalent to
$X_{h}h=0$ .

We define the conjugated operators

$\overline{A}_{1}$ $=P[2,3; \frac{a^{2}}{4},$ $\frac{b^{2}+15}{4},$ $\frac{\lambda+1}{4}]=z^{-1/2}(1-z)^{-3/2}A_{1}z^{1/2}(1-z)^{3/2}$ .

We introduce several differential operators, which will be used in the following
theorem. It is non-trivial to find these operators, and easy to check all the
relations exhibited in the theorem.

$P_{1}$ $=$ $P[1,$ $-1; \frac{a^{2}}{4},$ $\frac{b^{2}+1}{4},$ $\frac{\lambda+1}{4}]$ ,

$P_{2}$ $=$ $P[2,4; \frac{a^{2}+2a}{4},$ $\frac{b^{2}+25}{4},$ $\frac{\lambda+7}{4}]$ ,

$P_{3}$ $=$ $P[6,6; \frac{a^{2}-2a-24}{4},$ $\frac{b^{2}+121}{4},$ $\frac{\lambda+23}{4}]$ ,

$P_{4}$ $=$ $P[3,3; \frac{a^{2}-4}{4},$ $\frac{b^{2}+25}{4},$ $\frac{\lambda+1}{4}]$ ,

$\overline{P}_{1}$ $=$ $P[5,7; \frac{a^{2}-16}{4},$ $\frac{b^{2}+121}{4},$ $\frac{\lambda+33}{4}]=z^{-2}(1-z)^{-4}P_{1}z^{2}(1-z)^{4}\dot{J}$

$P_{10}$ $=$ $P[2,4; \frac{a^{2}}{4},$ $\frac{b^{2}+25}{4},$ $\frac{\lambda+7}{4}]=P_{2}+\frac{a}{2z^{2}(1-z)}$.
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Theorem 4(Factorization and splitting.)

$(\iota.)l\mathit{4}$ , Theorem 3.1.1](Fact0rizabi0n)

$X=P_{3}P_{2}P_{1}=P_{3}(-a)P_{2}(-a)P_{1}$ .

(ii) $l\mathit{4}$ , Theorem 3. 1.2](Pr0jecti0n operators)

$\overline{P}_{1}P_{4}-P_{3}P_{2}=\frac{2-\lambda}{4z^{2}(1-z)^{4}}$

(iii) (division by $P_{1}$ )

$R_{1}-P_{1}= \frac{1}{z-1}(\partial-\frac{1}{2(z-1)})$ .

(iv) (division by $P_{1}$) $l\mathit{4}$ , Lemrna 4.1.1]

$R_{2}=P_{10}P_{1}- \frac{a^{2}}{4z^{3}(1-z)^{3}}$ ,

or equivalently,

$P_{10}P_{1}- \overline{A}_{1}R_{1}=-\frac{a^{2}+b^{2}z^{2}}{4z^{3}(1-z)^{3}}$.

Corollary 5Suppose $\lambda\neq 2$ . Then $X_{h}h=0$ if and only if

$h=v+ \frac{4}{2-\lambda}z^{2}(1-z)^{4}P_{4}(w^{+}+w^{-})$ ,

where $P_{1}v=0,$ $P_{2}w^{+}=0$ and $P_{2}(-a)w^{-}=0$ .
$\ovalbox{\tt\small REJECT}_{\mathrm{n}}\#\ovalbox{\tt\small REJECT}\emptyset([perp]\backslash " \mathrm{g}’\supset^{\backslash }t2\backslash l_{\check{\mathrm{L}}}^{\wedge\supset 1_{l}\backslash }-\mathrm{C}\grave{l}\mathrm{f}’\ovalbox{\tt\small REJECT}]_{\vee}^{\vee}\mathrm{C}\mathrm{k}^{\backslash }\mathrm{S}f_{arrow}^{-}\mathrm{v}\backslash _{\mathrm{O}}\mathrm{b}k\mathrm{b}k\sigma)_{\grave{1}}\ovalbox{\tt\small REJECT}^{-}\underline{\backslash \dagger}\ovalbox{\tt\small REJECT}_{\backslash }\backslash h6\mathrm{t}\backslash []\mathrm{h}6$

$\mathrm{p}\mathrm{g}\emptyset E\mathrm{E}\mathrm{R}X_{h}h=0\emptyset\}$ b\yen $J\mathrm{b}^{\backslash ^{\backslash }}\mathrm{l}\supset\backslash -\wedge k\sim\ovalbox{\tt\small REJECT} \mathrm{F}F6-\sim\geq[]\mathrm{h}\mathrm{B}\mathfrak{M}\text{で}rx\Downarrow\backslash \backslash$ &t\
$\dot{\mathit{0}}l)\mathrm{l}\text{で}$ @ $rx\nu\backslash _{\mathrm{o}}$ Theorem 4 (i) $\emptyset_{\mathrm{e}}\mathrm{r}\check{\mathcal{D}}\dagger\check{\mathrm{c}}$

、
$\yen\nearrow \mathrm{b}^{\backslash }\backslash \mathrm{n}\backslash -\backslash \sim\not\supset\grave{\grave{>}}(\mathrm{b}ka)\Re \mathrm{f}\mathrm{l}\mathfrak{B}\mathrm{E}\mathrm{R}$

A $\emptyset\grave{\grave{>}}\backslash k\underline{-\overline{=}}\vee\supset \mathrm{T}\mathrm{b}\overline{1^{\overline{\mathrm{p}}}\mathrm{J}}\mathrm{L}^{\backslash }\backslash$ ) $\overline{\mathfrak{t}\mathrm{l}\rfloor}$ffi $\mathrm{T}^{\backslash }\backslash h$ 6& i $\backslash \check{\mathit{0}}\exists\not\equiv \mathrm{b}_{\mathrm{Q}}^{\ni}+\mathrm{g}\iota,\neq_{X^{\psi\backslash }}k\mathrm{b}\emptyset$ } $\mathrm{b}fp\iota_{/}\backslash \text{。}$

$\theta_{J}^{\backslash }\mathrm{f}\mathrm{f}\mathrm{l}T6-arrow k\Xi \mathrm{f}\mathrm{f}\emptyset\grave{\grave{\}}}\mathrm{f}\mathrm{f}\mathrm{f}\mathrm{l}_{r}*_{\backslash \backslash }\iota_{\llcorner}-\ddagger\vee\supset C\vee \mathrm{V}\backslash 6k\mathfrak{h}\backslash \check{\mathcal{D}}\overline{\mathrm{B}\rfloor}\ovalbox{\tt\small REJECT}’\mathbb{E}\mathrm{b}h\mathcal{O}\backslash \emptyset \mathrm{l}\mathrm{g}$
$\langle$ 0 $\emptyset\grave{\grave{\}}}\mathrm{f}\mathrm{f}\mathrm{l}^{\beta}\mathrm{f}\mathrm{l}$

$\mathrm{g}\gamma \mathrm{b}T\mathrm{V}$ ’ $6*\supset\#\mathrm{J}\vee \mathrm{C}I\mathrm{h}rx\mathrm{V}$’. @ $\mathrm{b}\{_{\llcorner}^{\vee}\backslash$ Corollary $\emptyset$ \ddagger $\check{\vee J}l\check{-}\backslash \mathrm{f}\mathrm{l}\mathrm{f}\mathrm{f}\mathrm{l}|_{\vee}\gamma_{\overline{\mathrm{c}}}\mathrm{H}\mathrm{R}\mathrm{f}\mathrm{l}\emptyset\grave{\grave{>}}\ovalbox{\tt\small REJECT}$

ffi $[]_{\check{\mathrm{c}}^{\prime\backslash }}JJ\emptyset$ } $*\iota 6\ovalbox{\tt\small REJECT}\ \ovalbox{\tt\small REJECT} \mathrm{b}$ I $\mathrm{M}\text{で}$ }$\mathrm{h}f_{X^{\backslash }}\mathrm{L}_{\backslash }*\mathit{0}$) $\theta\not\simeq ffl\wedge \mathit{0}$) $\mathrm{F}\backslash \mathrm{F}\mathrm{p}\# 4k5\check{\mathrm{x}}_{-}6\doteqdot \mathrm{f}\mathrm{f}\mathrm{i}k\ovalbox{\tt\small REJECT}$

$\doteqdot \mathrm{T}T^{-}\sim k\mathrm{b}-\mathrm{f}\Re_{\mathrm{f}\mathrm{l}}\frac{\mathrm{a}}{\beta}\mathrm{A}\mathrm{n}>\mathrm{b}\#\mathrm{h}\#\beta^{\mathrm{r}}\mathrm{e}5\mathcal{X}\iota rx\iota\backslash \circ \mathrm{f}\mathrm{f}\mathrm{i}\ovalbox{\tt\small REJECT} k1_{\vee}T$#g、 2 $\beta \mathrm{g}\sigma$) $\text{超幾}\{\overline{\mathbb{R}\rfloor}\mathit{0})3$

$’\supset\sigma\supset\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}\mathrm{i}[]_{\check{\mathrm{L}}}\text{分}\mathrm{f}\mathrm{f}\mathrm{l}T6-\sim k\emptyset\grave{\grave{\}}}b\emptyset \mathrm{l}60\mathrm{b}\mathrm{L}_{\backslash }$ \yen $J\mathrm{b}^{\backslash ^{\backslash }}|\supset\backslash -\backslash \not\supset\sim\grave{\grave{>}}\overline{\pi}\sigma$ ) $B\mathrm{E}\mathrm{R}\text{で}\mathrm{b}*$)

$\emptyset\}_{J}^{\vee}\supset C^{1_{\sqrt}\backslash }\hslash|\mathrm{f}(\prime \mathrm{J}f_{\mathit{1}}\grave{\prime}\langle\geq \mathrm{b}?\mathrm{f}\mathrm{f}\mathrm{i}\ovalbox{\tt\small REJECT} \text{的}[]_{-}\vee|\mathrm{f})\sim-\sigma)\Rightarrow\not\equiv\not\supset\grave{\grave{>}}$ ffi $\mathfrak{v}=\#\vee\supset-\sim\geq\emptyset\theta 1*\supset\emptyset \mathrm{l}6\not\supset\grave{\grave{\mathrm{l}}}$

、

$\overline{\pi}\emptyset:F\mathrm{E}\mathrm{R}a)\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}-\tau^{\backslash }\backslash []\mathrm{h}\yen\nearrow\vdash\backslash ^{\backslash \sim}\mathrm{D}\backslash -\wedge l\mathrm{h}b\emptyset \mathrm{r}\mathrm{b}rx\iota\backslash \circ\theta \mathrm{L}6^{-}\sim\emptyset \mathrm{f}\mathrm{f}\mathrm{i}\ovalbox{\tt\small REJECT} k\ovalbox{\tt\small REJECT}^{1}\mathrm{J}\mathrm{f}\mathrm{f}\mathrm{l}\mathrm{L}$

$rightarrow \mathrm{c}\mathrm{m}b^{-}C$ \yen $J\triangleright^{\backslash }\backslash \mathrm{D}\overline{\backslash }-\backslash$ \emptyset ]‘‘b\emptyset 16。
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2.2 Another elimination

a $f$ $=$ $2z^{2}(1-z)^{3/2}R_{3}g$ ,
$abh$ $=$ $z^{5/2}(1-z)^{3}R_{4}g$ ,

where

$R_{4}:=z^{-2}(1-z)^{-3/2}A_{1}z^{2}(1-z)^{3/2}R_{3}- \frac{a^{2}}{4}z^{-1}(1-z)^{-3}$ .

Define

$X_{g}:=z^{-5/2}(1-z)^{-3}R_{1}z^{5/2}(1-z)^{3}R_{4}- \frac{b^{2}}{4}z^{-1}(1-z)^{-3}R_{3}$ ,

then $X_{\mathit{9}}g=0$ .

Theorem 6 $l\mathit{4}$ , Theorem 3. 1.4] $X_{g}=z^{-1/2}X_{h}z^{1/2}$ .
This theorem is not necessary to prove any formula given here. However it
plays the crucial role to find out the operators $P_{4}$ , etc. See for detail [3].

Suppose we are given ashort exact sequence of D-modules
$0arrow D/DQarrow D/DQParrow D/DParrow 0$

with some differential operators $P$ and $Q$ . This sequence is split if and only if
there exists some operators $A$ and $B$ such that $PA+BQ=1$ . This equation
looks similar to something like $PA+QB=1$ , which is much easier to handle.
In general, it is not easy to find an intertwining operator between given two
(holonomic) $\mathrm{D}$-modules. See [8] for the recent status. It is enough lucky that
the theorem above provides an operator belongs to $\mathrm{E}\mathrm{n}\mathrm{d}_{D}(D/DQP)$ which
turns to be non-scalar in our case. Using this operator, we can construct the
projection operator onto the factor module.

We introduce

$P_{5}$ $=$ $P[2,$ $-1; \frac{a^{2}-1}{4},$ $\frac{b^{2}}{4},$ $\frac{\lambda+1}{4}]=z^{-1/2}P_{1}z^{1/2}$ ,

$P_{6}$ $=$ $P[4,4; \frac{a^{2}-9}{4},$ $\frac{48+2b\sqrt{-1}+b^{2}}{4},$ $\frac{\lambda+7}{4}]$ ,

P7 $=$ $P[6,6; \frac{a^{2}-25}{4},$ $\frac{120+2b\sqrt{-1}}{4},$ $\frac{\lambda+23}{4}]$ ,

$P_{8}$ $=$ $P[7,8; \frac{a^{2}+2b\sqrt{-1}-35}{4},$ $\frac{b^{2}+196}{4},$ $\frac{\lambda+43}{4}]$ ,

$P_{9}$ $=$ $P[3,5; \frac{a^{2}+2b\sqrt{-1}-3}{4},$ $\frac{48+2b\sqrt{-1}+b^{2}}{4},$ $\frac{\lambda+13}{4}]$ ,

$\overline{P}_{5}$ $=$ $z^{-3}(1-z)^{-4}P_{5}z^{3}(1-z)^{4}$ .
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Theorem 7(i) $l\mathit{4}$ , Theorem $\mathit{3}.\mathit{1}.\mathit{5}J$

$X_{g}=P_{7}P_{6}P_{5}=P_{7}(-b)P_{6}(-b)P_{5}$ .

(ii) $l\mathit{4}$ , Theorem $\mathit{3}.\mathit{1}.\mathit{6}f$

$\overline{P}_{5}P_{9}-P_{8}P_{6}=\frac{\lambda-2}{4}z^{-3}(1-z)^{-4}$ .

2.3 Degenerate case
Due to the careful choice of our operators listed above, the corresponding
results for the case of degenerate parameters $ab=0$ can be also obtained by
the specialization $a=\mathrm{O}$ or $b=0$ . Geometrically, this degeneration seems to
correspond to the cusps of the hyperbolic 3manifold. We only list up the
operators. The splitting of the system of differential equations is similarly
stated as in the previous subsection.

(i) [4, \S 4.2] $T_{2}^{a=0}= \frac{2-\lambda}{2}z^{1/2}(1-z)^{2}$,

(ii) (6) $=R_{3}^{a=0}=P[1,0; \frac{1}{4},$ $\frac{b^{2}}{4},$ $\frac{\lambda-1}{4}]=z^{1/2}(1-z)^{2}P_{2}^{a=0}z^{-1/2}(1-z)^{-2}$ .

(iii) [4, Theorem 3.2.1] $R_{2}^{a=0}=P_{2}^{a=0}P_{1}^{a=0}$ .

(iv) (13) $=R_{1}^{b=0}$ .

(v) [4, Theorem 3.3.1] $R_{4}^{b=0}=P_{6}^{b=0}P_{5}^{b=0}$ .

(vi) (16) $=A_{1}^{a=b=0}$ , (17) $=R_{3}^{a=b=0}$ , (18) $=R_{1}^{a=b=0}$ .

3Discussion
In the case $\lambda=2$ , several statements above do not hold. We have no in-
trinsic explanation at the moment, but try to understand in terms of the
decomposition of differential operators.

Let us recall Theorem $4(\mathrm{i}\mathrm{i})$ :for $\lambda=2$ , we have $\overline{P}_{1}P_{4}=P_{3}P_{2}$ . In such a
case, the exponents at given as follows
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with the condition

$\alpha_{1}+\alpha_{2}+\beta_{1}+\beta_{2}+\gamma_{1}+\gamma_{2}=1$ ,
$\alpha_{3}+\alpha_{4}+\beta_{3}+\beta_{4}+\gamma_{3}+\gamma_{4}=1$ ,

$\alpha_{1}+(\alpha_{4}+2)+\beta_{1}+(\beta_{4}+2)+\gamma_{1}+\gamma_{2}=1$.

The corresponding operators are of the form

$\overline{P}_{1}$ $=$ $P[1-\alpha_{3}-\alpha_{4},1-\beta_{3}-\beta_{4};-\alpha_{3}\alpha_{4},\gamma_{3}\gamma_{4}, \beta_{3}\beta_{4}]$ ,
$P_{4}$ $=$ $P[1-\alpha_{1}-\alpha_{2},1-\beta_{1}-\beta_{2};-\alpha_{1}\alpha_{2},\gamma_{1}\gamma_{2}, \beta_{1}\beta_{2}]$ ,
$P_{3}$ $=$ $P[1-\alpha_{3}-(\alpha_{2}-2), 1-\beta_{3}-(\beta_{2}-2);-\alpha_{3}(\alpha_{2}-2),\gamma_{3}\gamma_{4},\beta_{3}(\beta_{2}-2)]$

$P_{2}$ $=$ $P[1-\alpha_{1}-(\alpha_{4}+2), 1-\beta_{1}-(\beta_{4}+2);-\alpha_{1}(\alpha_{4}+2),\gamma_{1}\gamma_{2},\beta_{1}(\beta_{4}+2)]$

We will give aclassification of such operators satisfying $\overline{P}_{1}P_{4}=P_{3}P_{2}$ .

Proposition 8These operators satisfies $\overline{P}_{1}P_{4}=P_{3}P_{2}$ if and only if one of
the following (i) or (ii) holds.

(i) $\gamma_{3}\gamma_{4}=(\alpha_{4}+\beta_{4})(\alpha_{3}+\beta_{3}-1)$ and $\gamma_{1}\gamma_{2}=(\alpha_{1}+\beta_{1})(\alpha_{2}+\beta_{2}-1)$ .

(ii) $\alpha_{1}=\alpha_{3}$ $+1,$ $\beta_{1}=\beta_{3}$ %1and $\gamma_{1}\gamma_{2}-\gamma_{3}\gamma_{4}=3(\alpha_{1}+\beta_{1}+\alpha_{4}+\beta_{4})$ .

3.1 The reducible case
We discuss each case separately. Let us consider the case (i) in this subsec-
tion. Since $\alpha_{2}+\beta_{2}=\alpha_{4}+\beta_{4}+4$ , we also have $\gamma_{3}\gamma_{4}=(\alpha_{2}+\beta_{2}-4)(\alpha_{3}+\beta_{3}-1)$

and $\gamma_{1}\gamma_{2}=(\alpha_{1}+\beta_{1})(\alpha_{4}+\beta_{4}+3)$ . Hence we obtain the following factorization:

$\overline{P}_{1}$ $=$ $q[1-\alpha_{3},1-\beta_{3}]q[-\alpha_{4}, -\beta_{4}]$ ,
$P_{4}$ $=$ $q[1-\alpha_{2},1-\beta_{2}]q[-\alpha_{1}, -\beta_{1}]$ ,
$P_{3}$ $=$ $q[1-\alpha_{3},1-\beta_{3}]q[-\alpha_{2}+2, -\beta_{2}+2]$ ,
$P_{2}$ $=$ $q[-1-\alpha_{4}, -1-\beta_{4}]q[-\alpha_{1}, -\beta_{1}]$ ,

where

$q[ \alpha, \beta]:=\partial+\frac{\alpha}{z}+\frac{\beta}{z-1}$ .

Note that, under the condition $\alpha_{2}+\beta_{2}=\alpha_{4}+\beta_{4}+4$, we have

$q[-\alpha_{4}, -\beta_{4}]q[1-\alpha_{2},1-\beta_{2}]=q[-\alpha_{2}+2, -\beta_{2}+2]q[-1-\alpha_{4}, -1-\beta_{4}]$ ,

which assures the relation $\overline{P}_{1}P_{4}=P_{3}P_{2}$ .
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3.2 The case (ii)

The exponents are

with $\alpha_{1}+\alpha_{2}+\beta_{1}+\beta_{2}+\gamma_{1}+\gamma_{2}=1$ and $\alpha_{2}+\beta_{2}=\alpha_{4}+\beta_{4}+4$ . The dimension
of the parameters is 6. The reason why the equality $\overline{P}_{1}P_{4}=P_{3}P_{2}$ does hold
has not yet been well understood.

The operators $\overline{P}_{1},$ $P_{2},$ $P_{3}$ and $P_{4}$ in Q2 with $\lambda=2$ have exponents

$\alpha_{1}=-1-(a/2)$ , $\beta_{1}=-3/2$ , $\gamma_{1}=(5+b\sqrt{-1})/2$ ,
$\alpha_{2}=-1+(a/2)$ , $\beta_{2}=-1/2$ , $\gamma_{2}=(5-b\sqrt{-1})/2$ ,
$\alpha_{3}=-2-(a/2)$ , $\beta_{3}=-5/2$ , $\gamma_{3}=(11+b\sqrt{-1})/2$ ,
$\alpha_{4}=-2+(a/2)$ , $\beta_{4}=-7/2$ , $\gamma_{4}=(11-b\sqrt{-1})/2$ .

These are aspecial case of the case (ii).
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