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Abstract

In this paper, we research existence theorems of saddle points for
vector valued function and broadly classfy into two categories. One
of those classes has been investigated from the beginning of study-
ing about this field and is besed on some fixed point theorems or
scalar minimax theorems and are researched by Nieuwenhuis, Ferro,
Tanaka and so on. Another type of these theorems have been based
on Fan-KKM theorem. This type of theorems have been researched
since 2000 by Kazmi, Khan, Kimura and Tanaka and so on. We com-
pare these two types of theorems and consider about the distinction
between them.
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1 Introduction

Studies on vector-valued minimax theorems or vector saddle point problems have
been extended widely; see [1, 3, 5, 6, 7, 9, 10] and references cited therein. Exis-
tence results for cone saddle points can be divided roughly into two categories.
First type is based on some fixed point theorems or scalar minimax theorems;
see [10, 12]. This type has been started by Nieuwenhuis [5]. Afterwards ex-
istence theorems for cone saddle points have investigated moreover by Ferro,
Nieuwenhuis, Tanaka and so on. Second type is based on Fan-KKM Thoerem
by regarding the problem as a kind of valiational inequality problem. This type



was treated by Kazmi and Khan [3] and it has been researched by Kimura and
Tanaka [4]. The aim of this paper is introduction of some types of exisetance
theorems for cone saddle points and our resent results. Moreover we compare
those theorems.

2 Preliminary and terminology

In order to consider saddle points of vector-valued functions, we give some ab-
stract settings for mathematics on vector optimization. Thorughout this section,
let Z be an ordered real topological vector space with an ordering < on Z defined
by a pointed convex cone C C Z, where ‘pointed’ means C N (—C) = {0}. If
C is solid, i.e., its topological interior int C' is nonempty, then we can consider
another ordering cone C? := (intC) U {0}. Now, we can define minimal and
maximal elements of a subset A of Z. An element 2y of a subset A of Z is said
to be a C-minimal point of Aif {z € A| 2 —-2€C, 2# 2} = ¢, and a
C-maximal point of Aif {z € A| z2— 20 € C, 2 # 2z} = ¢. We denote the set
of such all C-minimal [resp., C-maximal] points of A by MinA [resp., MaxA]. If
C is RY then MinA is the set of pareto solutions, where Rf denotes the non-
negative orthant of R? and if p = 1 then R% is writen by R,. Also, C°-minimal
and C°-maximal points of A are defined similarly, and denoted by Min, A and
Max,, A, respectively.

Definition 2.1 A point (zo, yo) is said to be a C-saddle point of f with respect to
X X Y; Zf f(mO) yO) € Ma,xf(aco, Y) n Mlnf(X7 yO); where f(X) y) [resp., f(.’E, Y)]
denotes gx f(z,y) [resp., gyf(x, y)]-

T Yy

Definition 2.2 A point (zo,yo) is said to be a weak C-saddle point of f with
respect to X x Y, if f(xo,y0) € Maxy f(z0,Y) N Miny, f(X, ¥o).

3 First type existence results for cone saddle
points

In this section, we introduce some existence theorems of cone saddle points for
the first type.

Theorem 3.1 (See Theorem 8.1 in [5].) Let X C R® and Y C R™ be nonempty
convez compact sets. Let f : X xY — RP be jointly continuous in (z,y), conver
in x for every y € Y and concave in y for every x € X. Then, f has at least
one R" -saddle points.
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Definition 3.1 Let X be a topological space and Z an ordered topological vector
space with an ordering defined by a pointed convex cone C. A vector-valued
function f : X — Z is said to be lower level-closed if f~'(z — clC) is closed in
X for each z € Z, where cl A stands for closure of a set A.

Theorem 3.2 (See Theorems 3.1 and 3.2 in [11] and Theorem 4.1 in [12].) Let
X and Y be nonempty compact sets in two topological spaces, respectively, and
Z an ordered topological vector space with an ordering defined by a solid pointed
convez cone C in Z. A vector-valued function f: X XY — Z has at least weak
C-saddle point if one of the following conditions holds:

(i) f is of the type f(z,y) = u(z)+v(y) where u and —v are lower level-closed;

(1) f is of the type f(z,y) = u(z) + B(z)v(y) where u is continuous, —v is
lower level-closed, and 8 : X — R, is continuous. '

If, in addition, C satisfies clC + (C\{0}) C C, then f has at least one C-saddle
point.

Definition 3.2 Let X be a topological space and Z an ordered topological vector
space with an ordering defined by a solid pointed convez cone C. A vector-valued
function f : X — Z is said to be C-lower semicontinuous on X if for each zg € X
and any open neighborhood V of f(x¢), there exists an open neighborhood U of
zo such that f(x) € V+C for allx € U. If —f is C-lower semicontinuous then
f s said to be C-upper semicontinuous.

Definition 3.3 Let X be a topological space and let Z be a topological vector
space. A vector-valued function f : X — Z is said to be demicontinuous on X if

FF'M):={zeX | fz)e M}
is closed in X for each closed half-space M C Z.

Definition 3.4 Let X be a convez set in a real vector space. A vector-valued
function f : X — Z is said to be C-naturally quasiconvez if

f(zy + (1 = N)x3) € co{ f(z1), f(z2)} = C

for every x1,12 € X and X € [0, 1], where coA denotes the convex hull of the set
A. Also, a vector valued function f is said to be C-naturally quasiconcave on X
if —f is C-naturally quasiconver on X.

Theorem 3.3 (See Theorem 3.1 in [9] and Theorem 3.3 in [10].) Let X andY
be nonempty compact convex sets in two topological vector spaces, respectively,
and Z an ordered topological vector space with an ordering defined by a solid
pointed convex cone C in Z. If a vector-valued function f : X XY — Z satisfies
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(i) z— f(z,y) is either C-lower semicontinuous or demicontinuous, and
C-naturally quasiconvexr on X for everyy € Y;

(i) y— f(z,y) is either C-upper semicontinuous or demicontinuous, and
C-naturally quasiconcave on'Y for every z € X,

then the vector-valued function f has at least one weak C-saddle point.

Theorem 3.4 (See Theorem 4.1 in [8] and Theorem 3.1 in [8].) Let X and Y
be nonempty compact convex sets in two locally convex spaces, respectively, and
Z an ordered topological vector space with an ordering defined by a solid pointed
convez cone C in Z. If a vector-valued function f : X x Y — Z is continuous
and if the following sets

T(y):=={z € X | f(z,y) € Minuf(X,9) },

Ul):={yeY| f(z,y) € Maxy, f(z,Y) }
are convezx for every y € Y and x € X, respectively, then the vector-valued
function f has at least one weak C-saddle point.

4 Second type existence results for cone saddle
points

In this section, we deal with the second type of existence thereoms.

Definition 4.1 Let X be a conver set in a real vector space. A vector-valued
function f : X — Z is said to be C-convez if for each z,y € X and X € [0,1],

Af(@)+ (1 -Nfly) - fz+(1-Ay) €C.

Lemma 4.1 Let X be a convez set in a real vector space. If a vector-valued
function f is C-convez [resp., C-concave] then f is also C-naturally quasiconvex
[resp., C-naturally quasiconcave).

Theorem 4.1 (See Theorem 2.3 in [3].) Let X C R and Y C R™ be a
nonempty closed convez set and a nonempty compact set, respectively. Assume
that f : X xY — RP is continuously Fréchet differentiable and R”. -convez in the
first argument; moreover assume that a multifunction T : X — 2Y is defined by
T(z) := Maxy, f(z,Y). Suppose that, for each fized (x,y) € X x Y, the function
(f'(z,y),u — ) is a R -naturally quasiconvez function in u € RP, where f'(z,y)
stands for Fréchet derivartive of f with respect to first variable at (z,y). If there
erist a nonempty compact subset B of R™ and zo € (B N X) such that for any
z € (X\B), there ezists y € T'(x) such that

(f'(z,y), 2o — ) € —int R},

then the vector-valued function f has at least one weak RE -saddle point.
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Theorem 4.2 (See Theorem 2.3 in [4].) Let X andY be a nonempty closed con-
ver subset of a normed space E and a nonempty compact subset of a topological
vector space F, respectively, and Z an ordered normed space with ordering de-
fined by a solid pointed closed convez cone C in Z. Assume that the vector-velued
function f : X x Y — Z is continuously Fréchet differentiable and C-convez in
the first argument and f' is continuous in both x and y, and let T : X — 2Y
be the multifunction defined by T'(z) := Maxy, f(z,Y). If there exist a nonempty
compact subset B of X and zo € (BN X) such that for any x € (E\(X N B))
and y € T(z),
(f'(z,y),z0 — z) € —int C

then the vector-valued function f has at least one weak C-saddle point.

Definition 4.2 Let X be a convex subset of a normed space and Z an ordered
normed space; let a vector-valued function n : X x X — E. Suppose that a
vector-valued function f : X — Z is Fréchet differentiable on X. A vector-
valued function f is said to be C-invex with respect to 1 if

f(@) = fy) —(f'@W)nlz,y) eC
for every z,y € X.

Lemma 4.2 Let X andY be a nonempty closed convez subset of a normed space
E and a nonempty compact subset of a topological vector space F, respectively.
Assume that the vector-valued function f is Fréchet differentiable and C-invez
with respect to 1 in the first argument, where n : X x X — E satisfies the
following three conditions: for all x € X,

() n(-,x) is affine,

(i) n(z,-) is continuous, and
(1i1) n(z,z) =0.

Moreover assume that Fréchet derivative f' is continuous in both x and y. If
there ezist a nonempty compact subset B of E and zo € (BN X) such that for
any z € (X\B) and y € T(z),

(f'(x,y),n(z0, z)) € —int C,
then the vector-valued function f has at least one weak C-saddle point.

In order to prove Theorem 4.5, we need the following two theorems.
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Theorem 4.3 Suppose that X C R™ is nonempty conver, Y C R™ is nonempty
and f : X XY — Rf is subdifferentiable with respect to n in the first ar-
gument. Moreover assume that a multifunction T : X — 2Y is defined by
T(z) := Maxy f(z,Y). Then

{(Zo,0) € X x Y | (A, n(z0, z)) ¢ int RY,yo € T(zo) and A € 8f (0, y0) }
C {(zo,%) € X XY | Maxy, f (2o, Y) N Miny f(X, %) }

Theorem 4.4 (See [2]) Let Y be a subset of the topological vector space X. For
each z € Y, let a nonempty closed set F'(z) in X be given such that F(z) is com-
pact for at least one x € Y. If the convez hull of every finite subset {z,,...,z,}
of Y is contained in the corresponding union Ui, F(z;), then Nzey F(z) # &.

The mapping F : Y — 2Y is called the KKM-map if conv{z,...,z,} C
*_, F(x;) for every finite subset {zi,...,z,} of Y, where conv D denotes the
convex hull of the set D.

Definition 4.3 Let X be a convez subset of R® and a vector-valued function
n:X x X — R". Assume that a multifunction 0f : X — L(R", RP) is defined

by
0f(a):={Ae L(R",RP) | f(z) — f(a) — (A,n(z,a)) € RE for all z € X },

where L(R", RP) denotes the set of bounded linear operater from R® — RP. A
vector-valued function f : R* — RP is said to be subdifferentiable on X with
respect to n if for every z € X, 0f(x) # ¢.

Theorem 4.5 Let X andY be a nonempty closed convez subset and a nonempty
compact subset of R* and R™, respectively. Assume that the vector-valued func-
tion f : X XY — RP is subdifferentiable with respect to n in the first argument,
where n : X x X — R" satisfies the following three conditions: for all x € X,

(Z) 77(a33) i aﬂine;
(ii) n(z,-) is continuous, and
(iii) n(z,z) =0.

Moreover assume that a multifunction T : X — 2Y is defined by T(z) :=
Maxy, f(z,Y’). If there ezist a nonempty compact subset B of RP and 2o € (BNX)
such that for any z € (X\B), y € T(z), A € 8f(z,y)

(A,n(z9,z)) € —int RE,

then the vector-valued function f has at least one weak C-saddle point.
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Proof. Define a multifunction F : X — 2X by

Fu):= {z€ X | (A n(u,x)) ¢ —int R,
for some y € T'(z) and A € dL(z,y)}, u€ X.

In order to prove the theorem, it is sufficient to show that the set { (zo,¥0) €
X x Y | (A,n(z0, 7)) ¢ int RE, for some yo € T(zo) and A € 0f(z0,40) } # ¢
by Theorem 4.3. So we should show, by Theorem 4.4, the following three points:

(a) F is a KKM-map;
(b) F(z) is closed for each z € X; and
(c) there exists £ € X such that F(£) is compact.

First, we prove the condition (a). Suppose to the contrary that there exist
ZT1,%2,...,Tm and aq,qy,...,ay, such that

m m m
z:= Za,-xi¢ UF(.’IJ,), Za,-zl.
i=1 i=1 i=1

Then, Z ¢ F(x;) for all i =1,...,m, and hence for any y € T(Z), A € 0L(%,y),
(A,n(z;,2)) € —int RY,

foralli=1,...,m. Since int Rf_is convex, we have
’ 3 -+ b)

3 (A, (i, £)) € —intRY,.

=1

Since A is a linear operater and 7 is an affine operater, we have

<A, n (E T, Z aifc) > € —int Rg_
i=1 =1

Therefore
(A,n(£,2)) =0 € —int RY,,

which is inconsistent. Thus, we deduce that
m
conv{z1,Za,...,Zm} C |J F(z:).
i=1

Next, we show that the condition (b) holds. For each u € X, let {z,} C F(u)
such that z, — = € X. Since z,, € F(u) for all n, there exist y, € T(x,) and
A, € OL(zy,,y,) such that

(An,n(u,z,)) €W,



where W := RP\(—int R%). As {y,} C Y, without loss of generality, we can
assume that there exists y € Y such that y, — y. Now T is closed, so y €

T(z). Because of the closedness of W, the upper semicontinuity of dL and
(An,n(u,z,)) € (RP\ — int RY) for all n, there exists A € 0L(z, y)

(A,n(u,x)) € (RP\ —int RY).

Hence z € F(u). As a result the condition (b) holds.

Finally we prove the condition (c). Since F(Z) is closed and B is compact,
it is sufficient to show that F(Z) C B. Suppose to the contrary that there
exists £ € F(Z) such that £ ¢ B. Since £ € F(Z), there exist § € T(£) and
A € OL(&, ) such that )

<A, 7)(3_5, 57)) ¢ —int R?I- (1)
Since £ ¢ B, by the hypothesis, for any y € T(£) and A € dL(%,y),

(A,n(z,%)) € —int R,

which contradicts condition (1). Hence F(Z) C B. Since B is compact and F(Z)

is also closed, F'(Z) is compact, i.e., the condition (c) holds. Consequently by

Fan-KKM Theorem, it follows that () F(z) # ¢. Thus, there exists o € X
zeX

and yo € T(yo) such that
(A’ ﬂ(ff,xo» ¢ —int Rg-,

for all x € X. As a result the vector-valued function f has at least one weak
C-saddle point. |

Definition 4.4 Let f : X — R be a lower semi-continuous function, where X
is a nonempty convez set in R*. Then the convex envelope of f(z) taken over X
i3 a function F(z) such that

(i) F(z) is convez on X;
(ii) F(z) < f(z) forallz € X;

(111) If h(zx) is any conver function defined on X such that h(z) < f(z) for all
z € X, then h(z) < F(z) for allz € X.

Geometrically, F'(z) is precisely the function whose epigraph coincides with the
convex hull of the epigraph of f.

Definition 4.5 Suppose that vector-valued functions f and h consist of p real-
valued functions fi,...,f, and hy,...,hy on X XY, respectively. If each of
components of h are the convez envelope of fi,..., fp, respectively, then h is
called the vector convez envelope of f.
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Assumption A. For f : X — RP and its vector convex envelope h, the
following condition holds:

{ze X | h(z)—h(y) ¢ intRE, Vy € X }
C{zeX|f(zr)— fly) ¢intRE Vy € X }.

Corollary 4.1 Let X andY be a nonempty closed convex subset and a nonempty
compact subset of R™ and R™, respectively. Suppose that a vector-valued function
H : X XY — RP is the convex envelope of L : X XY — RP in the first argument
and that H satisfies the conditions on L in Theorem 4.5. If h(z) := H(z,y) and
f(z) := L(z,y) satisfy Assumption A for each y € Y, then L has at least one
solution. '

Proof. Since H satisfies the conditions on L in Theorem 4.5, H has at least one
weak R -saddle point by Theorem 4.5. Since H satisfies Assumption A, then L
has at least one solution. [ |

5 Conclusions

We have seen existence theorems which are classified roughly into two types. In
the first type of theorems, each payoff function is a saddle function, which has
some dualities, e.g., convexity of f(-,y) for every y € Y and concavity of f(z, )
for every x € X, lower-semicontinuity of f(-,y) for every y € Y and upper-
semicontinuity of f(z,-) for every £ € X and so on. Those theorems seem to be
much polished. For the second type theorems, though those required conditions
are anti-duality and there are some stronger conditions than the first type of
theorems, there seems to be a room for evolution.

References

[1] F. Ferro (1989). A Minimax Theorem for Vector-Valued Functions, J. Op-
tim. Theory Appl. 60, 1, 19-31.

[2] K. Fan (1961). A Generalization of Tychonoff’s Fixed Point Theorem, Math.
Ann. 142, 305-310.

[3] K. R. Kazmi and S. Khan (2000). Existence of Solutions for a Vector Saddle
Point Problem, Bull. Austral. Math. Soc. 61, 201-206.

[4] K. Kimura and T. Tanaka. (2001) Existence Theorems of Saddle Points for
Vector Valued Functions, to appear in the Proceedings of the Second Inter-
national Conference on Nonlinear Analysis and Convex Analysis, Yokohama
publishers, Tokyo.

149



[5] J. W. Nieuwenhuis (1983). Some Minimax Theorems in Vector-valued Func-
tions, J. Optim. Theory Appl. 40, 3, 463-475.

[6] D. S. Shi and C. Ling (1995). Minimat Theorems and Cone Saddle Points
of Uniformly Same-Order Vector-Valued Functions, J. Optim. Theory Appl.
84, 3, 575-587.

[7] K. K. Tan, J. Yu, and X. Z. Yuan (1996). Existence Theorems for Saddle
Points of Vector-Ualued Maps, J. Optim. Theory Appl. 89, 3, 731-747.

[8] T. Tanaka (1989). Existence Theorems for Cone Saddle Points of Vector-
Valued Functions in Infinite-Dimensional Spaces, J. Optim. Theory Appl.
62, 1, 127-138.

[9] T. Tanaka (1994). Generalized Quasiconvexities, Cone Saddle Points, and
Minimax Theorem for Vector-Valued Functions, J. Optim. Theory Appl. 81,
2, 355-377.

[10] T. Tanaka (1997). Generalized Semicontinuity and Existence Theorems for
Cone Saddle Points, Appl. Math. Optim. 36, 313-322, .

[11] T. Tanaka (1997). Existence Theorems for Cone Saddle Points and Vector-
Valued Minimax Theorems. In: R. Caballero, F. Ruiz and R.E. Steuer
(eds.), Lecture Notes in Economics and Mathematical Systems (Advances in
Multiple Objective and Goal Programming), Vol.455, pp.210-218, Springer,

- Berlin.

[12] T. Tanaka (2000). Vector-Valued Minimax Theorems in Multicriteria
Games. In: Y. Shi and M. Zeleny (eds.), New Frontiers of Decision Making
for the Information Technology Era , pp.75-99, World Scientific.

150



