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1. Introduction

Critical Point Theory has shown to be a powerful tool for the solution of linear and
nonlinear problems in Analysis, both of abstract nature and/or described by ordinary or
partial differential equations. Indeed as long as these problems are of variational nature,
their solutions are precisely the points x where the derivative f/(z) of a certain differentiable
functional f, attached to the problem and defined on a suitable Banach space E, vanishes;
that is, the critical (or stationary ) points of f.

While relative minima or maxima yield the most familiar kind of critical points, one is
often led to consider saddle points of f, that is (strictly speaking) points zo € E such that,
for some neighborhood U of 0 € E,

f(zo+v) < f(xg), veUNV
{ flzo +w) > f(zo), weUNW

where V,W are complementary subspaces of E. By extension, is often named ”saddle
point” any critical point of f which - loosely speaking - stems from an essentially different
behaviour of f on two complementary subspaces of E.

Fundamental results on the existence and properties of critical points of saddle type for
C! functionals on Banach spaces have been proved among others by P. H. Rabinowitz, and
we recommend in particular his monograph [Ra] for an overview of this subject and of its

applications; see also [Kr] and [Pa] for general reference in Critical Point Theory.
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In this lecture (which is based on the paper [C2]), we shall briefly describe how these
methods can be used in particular to study the effect that some nonlinear perturbations
have upon the spectra of linear elliptic operators acting in a bounded domain ) of R¥.
Precisely, we consider the semilinear elliptic eigenvalue problem

L.1) { Lu = pu+m(z,u)u inQ

u=~0 on A€

where 95 is the boundary of Q and L is the uniformly elliptic operator

0 Ou
Lu:=— igz:l E(a”(w)a—xz) + ao(T)u
with L°° coeflicients ai; = a;i (1,7 =1,...,N) and ag, while m = m(z,s) : 2 x R — R

is assumed to be uniformly bounded ‘and (for simplicity) continuous in both variables.

Without loss of generality (see [C2]) we can assume that
(HO) | 0<m(z,s) <a

for some a > 0 and all (z,s) € @ x R. Since u = 0 solves (1.1) for all p € R, we look for
values of 4 (eigenvalues ) for which there exists a nontrivial solution (an eigenfunction )

of (1.1). We let £ denote the spectrum of (1.1), that is

Y={u€eR:pu isan eigenvalue of (1.1)}.

As is well known from linear spectral theory, the eigenvalues of the problem
' Lu=pu inQ

(1.2) #

u=0 on 9f)

form an infinite sequence pf < pd < ud < ... with u — co as n — oo; each eigenvalue
is repeated as many times as its multiplicity. We let po be a fixed higher order eigenvalue
of (1.2) (i.e. po = p2 for some k > 1)and ask about the structure of ¥ near yo.

When m does not depend on s, i.e. m(z,s) = m(z) with m € L*°, then (1.1) is itself a

linear problem of the same kind of (1.2), except that L is replaced by L, Lu = Lu—m(z)u.
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The corresponding spectrum is thus of the same type, i.e. formed by a sequence going off
to +oo, and therefore near u° ¥ will consist of finitely many points. We shall show on the
contrary that when - loosely speaking - m depends on s in a nontrivial way, then locally
near 1 ¥ is an interval . In particular, we shall give conditions on m ensuring that for

some neighborhood U of py,

]:U’O - a,IJ'O[C XNUC [/‘LO - (l,,Ll,()].

We deal with (1.1) by variational methods, and consequently seek its (weak) solutions -
as critical points of some suitable functional. However, two different points of view can be
adopted about (1.1), depending on whether one looks at it as a constrained critical point
problem or rather as a free critical point problem. To bé more precise, we let HJ () be

the first Sobolev space on () equipped with scalar product and norm

(u,v)=/QVu-Vvdm ull? = (u,w).

A weak solution of (1.1) is an u € HJ(f2) such that

(1.3) a(u,v) = u/ﬂuv dr + /ﬂm(:z:,u)uv dr Yo € H3 ()

where

(1.4) a(u,v) = Z / a”(m) Ou —@ida:%—/nao(x)uv dz

ij=1

is the Dirichlet form associated with L. Let Qo(u) = a(u,u) be the corresponding
quadratic form; assuming - as we do here and henceforth - that ap > 0 a.e. in 2, we
have Qo(u) > pdllul|? for all u € H}(Q) by the variational characterization of the first
eigenvalue of (1.2) ([CH, Chapter 6]). Also set F(z,t) = f(f m(z,s)s ds for (z,t) € A xR
and define the functionals I and J on Hj(f2) by the rules

(1.5) J(u) = /Q F(z, u(z)) dz, I(u) = %Qo(u) — J(w).
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Then (1.3) can be written

(1.6) I'(u)v = u/ wdz Vv e HHQ)
Q

where I’(u) stands for the Fréchet derivative of I at the point u. Therefore, finding a
solution u € HE() of (1.1) with given L? norm [, u?(z) dz = r? is equivalent to finding

a constrained critical point of I on the manifold

(1.7) M, = {u€ H}(Q) : /ﬂu2(x) dzr = r?}.

In this case, u appears as a Lagrange multiplier, and we have to find solutions u, € M,
with Lagrange multiplier p, near pg. On the other hand, we can let p run as independent

variable near pup and, setting

(1.8) L(w) = I(w) - & /Q () da,
can write (1.3) as
(1.9) I, (u)v = I'(u)v - ,u'/nuv dr =0 Vve H}Q).

Following this alternative point of view, we are looking at free (nontrivial) critical points
of I, on H}(Q) for p near po. We shall employ both methods, applying to our concrete
problem two different abstract results on the existence of saddle points for a C! functional
f on a Banach space X (respectively, Theorem A [C1] in Section 2 and Theorem B [Ra]
in Section 3).

Our results depend on the assumption that m be small with respect to d(uo), where
d(po) = dist(po,0 \ {io}) denotes the isolation distance of pg in the spectrum o = {u9 :
n € N} of (1.2). Precisely, letting u < po < i be the eigenvalues of (1.2) nearest to uo, we

assume at first that

(Hi) a < d(po) = min{po — p, & — po}-
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Thus by assumption,

p<po—a and po<p-—a.

Proposition 1. Let (H0) and (H1) be satisfied, and suppose that u is a solution of (1.1)
corresponding to some p €|p, po — a[JJuo, & — a[- Then u = 0.

This is a simple consequence of the comparison principle [CH, Chapter 6] for the eigen-
values of linear problems such as (1.2); see [C2].

Therefore, as a first information on ¥ near u°, we have that
o= Eﬂ]ﬁ,'ﬁ— a[C [po — a, po)-

2. Results by Constrained Critical Point Theory
We now strenghten (H1) to

(H2) 2a < d(po)-

Proposition 2. Let (H0) and (H2) be satisfied. Then for each r > 0, (1.1) possesses an
eigenfunction-eigenvalue pair (ur, u-) € H3(Q) x R with [, u2 dz =r? and

(E) po — a < py < po-

Proposition 2 is aiconsequence of the following abstract result [C1]. Let X Be a
real Banach space, let f be a C! functional on X, and let M .be a C! submanifold
of X; also, let fay = f|m denote the restriction of f to M. We recall that f is said
to satisfy the Palais-Smale (PS) condition on M if any sequence (z,) C M such that
fa(zy) is bounded and f},(z,) — 0 contains a convergent subsequence. Moreover, we
shall say that a C! submanifold M of X (not containing the origin) is spherelike if it is
radially diffeomorphic to S = {z € X : |z|| = 1}, i.e. (C') diffeomorphic to S via the

radial projection R(z) = - # 0. Finally, we recall that ¢ € R is a critical value of

I’

f if f(z) = c for some critical point x.
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Theorem A (Constrained Saddle Point Theorem [C1]). Let X be a Banach space,
let f € CYX;R), and let M be a C? spherelike submanifold of X. Assume that f
is bounded below on M and satisfies the (PS) condition on M. Suppose further that
X =V @ Wwith dimV < oo, and let a, 8 be such that

1) { fz)<a onMNV

f(z)>B onMNW.

Then if o < B, f has a critical value c on M satisfying
(2.2) §<c<La
where f(z) > 6 on M N (Vo ® W), Vp being a nontrivial subspace of V.

Sketch of the proof of PropoSition 2:

Apply Theorem A with X = H}(Q),f = I,M = M, as defined in (1.5) and (1.7).
Indeed (see [C1] or [C2]), M, is a C? spherelike submanifold of X and I is bounded below
on M, and satisfies (PS) on M,. In particular, (HO) implies that

(2.3) 0< F(z,t) < %t? V(z,t) € A x R
and so
(2.4) 0<J(u) < %/ u?(z) dx Yu € Hy(Q).

Therefore we have

(2.5) | I(u) = -;—Qo(u) - J(u) > %(ug —a)r? on M,.

Next let V be the orthogonal (in the L? sense) sum of the eigenspaces corresponding

to all eigenvalues u of Ly with u < pg, let Vp be the eigenspace corresponding to po, and
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let W ={ue Hy(Q): [uv =0 VveV}. Using the variational characterization of the
eigenvalues ([CH, Chapter 6]) and (2.4), we obtain

I(u) < 3por? on M, NV
(2.6) I(u) > 3(B—a)r* on M, NW

I(u) > (o — a)r® on M. N (Vo @ W).

Now (H1) implies that ug < 7z — a, and so the condition & < 3 required in Theorem A
is satisfied on M, with a = Zuor?, 8 = 3(f — a)r®>. We conclude from Theorem A that I

has a critical value ¢, on M,., i.e. there exists (u,, 1) € M, x R so that

(2.7) I(ur) = cy, I'(up)v = u,./ uv Yo € Hy(Q);
Q@ : .

moreover c, satisfies the estimate

1
(2.8) %(#0 —a)r® <¢ < 5#01"2-

Using (2.7), we can also estimate the difference ¢, — %urrz to deduce the corresponding

bounds for y,, which turn out to be
(2.9) po—2a< pur < po+a

However, (H2) implies that p < o —2a and o + a < Ti — a; therefore, using Propo-

sition 1 we infer that u, satisfies the improved bounds (E).

When, in addition to the boundedness of m = m(., s), we know more about its behaviour

at s = 0 and for |s| — oo, then correspondingly the information about u, is richer.

Proposition 3. Let (H0) and (H2) be satisfied and let u.(r > 0) be as in Proposition 2.

Suppose moreover that

(H3) lim m(z, s) = mo, lim m(z,s) = me
s—0 |8]—00
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uniformly for x € Q. Then pu, — po — mo asr — 0 and y, — pp — Mo, as T — 00.

Proof (Sketch): It follows from (H0) and (H3) that

2F(z, s) . m 2F(z,s)

s2 s—0 ’ s2 |s]— o0

(2.10) > Moo

uniformly for ¢ € Q. Now it is just a matter of refining the estimate (2.11) for ¢,
indeed, looking at Theorem A we see that 6, < ¢, < o, whenever I < o, on M, NV,
I>80,on M.N (Vo W). See [C2] for details.

3. Results by Free Critical Point Theory

Let us collect the informations obtained so far about o = X (|, & — a[. We have first
seen ( Proposition 1) that, under the assumptions (HO) and (H1), X¢ C [po — a, o). Next,
reinforcing (H1) to (H2), Proposition 2 shows that (1.1) possesses a one-parameter family

() >0 Of eigenvalues with pp —a < pu, < pp for all » > 0; that is,

{pr 17 >0} C Zo C [0 — a, o).

Finally by Proposition 3, we have that lim, o yu, = po —me and lim,_, o gy = po — Moo
if in addition (H3) is satisfied. Evidently 0 < mg,ms < a; and it follows that if my #
Moo, then Yo contains at least two distinct points. It is now natural to ask whether X,
contains an interval , and whether in particular, if e.g. mg < Mmoo, it contains the interval

o — Moo, o — mo|. This is indeed the case:

Proposition 4. If (H0), (H1) and (H3) hold, and if moreover my < m,, then for each

p €] po — Moo, o — Mo there exists a nontrivial solution of (1.1); that is,

(3.1) 0 — Moo, po — Mo[C Xp.

Proposition 4 is a consequence of the following abstract result [Ra]. Let X be a Banach

space; for r >0, weset By ={r € X : ||lz|| <r} and S, = {z € X : ||z| = r}.
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Theorem B (Generalized Mountain Pass Theorem [Ra]). Let X be a Banach space
and let f be a C! functional on X satisfying the (PS) condition. Suppose that X = Vew
with dimV < co. Given e € W with ||e|| = 1, set for R > 0

(3.2) Qr:=(BrNV)® {te: 0 <t < R}

and denote with Qg the boundary of Qg relative to the subspace V & Re. Assume
that there exist 3 > 0 and R > p such that

f(z)<0 on 0Qr
(3.3) .
f(x)>B on S,NW.
Then f has a critical value ¢ > 8. In particular, ¢ > 0 and so, if f(0) = 0, f has a

nontrivial critical point.

Remark.
i) If V = {0}, then Theorem B reduces to the ordinary Mountain Pass Theorem ([AR]).
ii) Looking at OQR, it is easy to check that the first condition in (3.3) is satisfied if
a) f<OonV and b)f<Oon{zreVa&Re:|z|> R}

Sketch of the Proof of Proposition 4: |
Apply Theorem B taking X = H3(f2) and f = I,, as defined in (1.10), with

(3.4) Ho — Moo < i < o — My.

Moreover, letting Vp,V and W be as in the proof of Proposition 2, we choose
V to be the sum of the eigenspaces corresponding to the eigenvalues u < p
(so that V=V @& Vp) and W = Vp @ W. Therefore X =V & W.

Also let e be any unit vector in Vp C W. First consider the behaviour of I, !

the complementary subspaces V,W when p varies in the larger interval

p < p < po—mo.
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One can check that I,, <0 on V (using (HO) and the variational characterization of )
and that, for suitable > 0and p >0, I, > B0on S,N W (using (H3), and in particular
the definition of my).

Moreover, when pg — meo < p, we have (using (H3), and in particular the definition of

Meo ), that

I,(u) > —oco as |jul| 200 with uweV.

Using the above Remark, we see that for up — mo, < p < pg — my, all conditions of
Theorem B are satisfied except the verification of the (PS) condition for I,,. However, this

can be checked making use of results of de Figueiredo ([DF], Lemma 6.3); see [C2].

Corollary. Assume that m satisfies (H0), (H1) and (H3) with mg =0 and 0 < m, = a.

Then % is the (open, or closed, or semiopen) interval of endpoints po — a and pp.

Example. Suppose that for fixed z € Q, m(z, s) is increasing for s > 0 and decreasing
for s < 0. Then mo, =a (witha= sup m(z,s)).
(z,3)eRxR
REFERENCES

[AR] A. Ambrosetti and P. Rabinowitz, Dual variational methods in critical point theory and appli-
cations, J. Funct. Anal. 14 (1973}, 349-381.

[C1] R. Chiappinelli, Constrained critical points and eigenvalue approzimation for semilinear elliptic
operators, Forum Math. 11 (1999), 459—481.
[C2] R. Chiappinelli, Locating the point spectrum of some semilinear elliptic operators, Nonlinear

Anal. TMA 50 (2002), 471-484.

[CH] R. Courant and D. Hilbert, Methods of Mathematical Physics, Wiley, 1953 (Vol. I).

[DF] D.G. De Figueiredo, Lectures on the Ekeland variational principle with applications and detours,
Tata Institute of Fundamental Research, Bombay, 1989.

[Kr] M. A. Krasnoselskii, Topological methods in the theory of nonlinear integral equations, Macmillan,
1964.

[Pa] R.S. Palais, Critical point theory and the minimaz principle, in Global Analysis, Proc. Symp.
Pure Math. Vol. 15, Amer. Math. Soc., 1970, pp. 185-212.

[Ra} P. Rabinowitz, Minimax methods in critical point theory with applications to differential equa-

tions, CBMS Regional Conference Series Math. Vol. 65, Amer. Math. Soc., 1986.

Via DEL CAPITANO 15 53100 SIENA, ITALY
E-mail address: chiappinelli@unisi.it



